MATH 4220 HOMEWORK 6 SOLUTIONS

Exercise 1: For j = 0,1, let z;(s,t) be a deformation of the contour I'; to a point
wj, so that z;(s,0) =T;(s), zj(s,1) = w; for all s € [0,1]. Because D is a domain,
we can find a path n : [0,1] — D with n(0) = wy and n(1) = w;. We Then a
deformation of I'y to I'y is defined by deforming I'g to wg via zg, then deforming wy
to wy via 7, and finally deforming w; to I's via z1. More concretely, the deformation
of Ty to I'y is given as follows:

FYO(SaSt) te [071/3]
T(s,t):i=4 nBt—1) te1/3,2/3]
yi(s,3—3t)  te[2/3,1]

Note that I'(s, t) is continuous because it is obtained by "patching together" several
continuous functions which agree where their domains overlap.

Exercise 2: Using the standard parametrization v(t) := €', t € [0, 27|, we compute

1 2w 1 . 27 .
/ ide = / Wiendt = ’L/ el(lik)tdt.
|z|]=1 # o € 0

If k = 1, the integrand on the right is uniformly 1, so we get f|2|:1 27 dy = 2mi. If

k# 1, we get
1 1 )
—dy = 2m(1—k)i _ 1) = 0.
/z—l zk ¢ 1- k(e )

By the linearity of (line) integrals, we conclude
/ f(z)dz = 2miA, —|—/ g(z)dz,
|z|=1 |z]=1

but [_,_, 9(z)dz = 0 since g is analytic in {|2| < 1}.

Exercise 3:
(a) First observe that z — ﬁ is analytic everywhere except z =0 and z = 1.

Moreover, we can deform {|z| = 2} to {|z| = R} without passing through the points
2z =0, z =1, so this claim follows from the Deformation Invariance Theorem (The-
orem 8 in section 4.4).

(b) When |z| = R > 2, we can estimate |z — 1| > R — 1 > 0, so that
2m

1 1
s, 1= e ww

22(z—1)3
(¢) Because limpg_, o R(R —1)® = +o00, this follows from (b).
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(d) By part (a), we know I = I(R) for every R > 2, so the claim follows from part

(©).

Exercise 4: We choose the standard parametrization v(t) := 29 + re®, t € [0, 27],
and apply Cauchy’s integral formula:
1 1 27 it ] 1 27 )
f(z0) = =— 1) dz = — (ot ret) tre )ire”dt =— f(zo +re)dt.
2mi ) 2 — 20 2ri Jo rett 2 Jo
By differentiating Cauchy’s integral formula n times (or equivalently, using Theorem

19 of section 4.5), we also have

! | 2m it
W)= 2 [ SOy ot [Tt e g,
/(=) 2mi [, (¢ —z)nt? omi J, it lginrnt ¢
n! 2

=5 ; f(zo +ret)e ™ qt.

Exercise 5: (a) In this case, I" can be deformed to a circle centered at z with-
out passing through the point ¢, so the Deformation Invariance Theorem gives
G(z) = cos(z), and the continuity of cos implies that the requested limit in (a) is
equal to cos(2 + 3i).

(b) In this case, the function ¢ Coi(g)
region bounded by T, so G(z) = 0, and the requested limit is 0.

is analytic on a domain containing the

Exercise 6: (1) Because f is entire, this follows from the Deformation Invariance
Theorem.

(2) Because

we can take R — oo to get

lim f(z)dz = e ar ="
71

R—o0

Next, we use

to estimate

F(2)dz
72
Next, we observe that because cos |[0, 7] is concave (cos” = —cos < 0 on this

interval), we have cos(t) > 2(Z —t), so

cn [} e
0




MATH 4220 HOMEWORK 6 SOLUTIONS
In particular, imp_s f“/z f(z)dz = 0.
(3) Since e™ = 1—\;%1 and e =i, we can compute

5 f(2)dz = (i;;) /ORe_”zdt = (1\7;) </ORcos(t2)dt—i/ORsin(tg)dt> :

Taking R — oo gives

. 141 .
ll{h_r}n@[{3 f(z)dz = ( 7 ) (C —1iS).
(4) Combining parts (1) — (3) gives

(zg>K7i$RE&ﬁJth%?

Rearranging this expression gives

(C+8)+i(C—8) = g

soC=S8,and C =,/ =35



