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Figure 1: Realizations of W N
t for N = 100 (blue), N = 400 (red), and N = 10000 (green).

(b) Stationarity. The statistical distribution of Wt+s − Ws is independent of s (and so
identical in distribution to Wt).

(c) Gaussianity. Wt is a Gaussian process with mean and covariance

EWt = 0, EWtWs = min(t, s).

(d) Continuity. With probability 1, Wt viewed as a function of t is continuous.

To show independence and stationarity, notice that for 1 ≤ m ≤ n

Xn − Xm =
n

∑

k=m+1

ξk

is independent of Xm and is distribute identically as Xn−m. It follows that for any 0 ≤ s ≤ t,
Wt − Ws is independent of Ws and satisfies

Wt − Ws
d
= Wt−s, (3)

where
d
= means that the random processes on both sides of the equality have the same

distribution. To show Gaussianity, observe that at fixed time t ≥ 0, W N
t converges as

N → ∞ to Gaussian variable with mean zero and variance t since

W N
t =

X⌊Nt⌋√
N

=
X⌊Nt⌋
√

⌊Nt⌋

√

⌊Nt⌋√
N

→ N(0, 1)
√

t
d
= N(0, t).

In other words,

P(Wt ∈ [x1, x2]) =

∫ x2

x1

ρ(x, t)dx (4)
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Brownian motion as limit of random walks



Diffusion limited aggregation



Besicovitch set

Besicovitch and Schoenberg’s constructions

Besicovitch (1919) gave the first construction of a Besicovitch set of zero
area.

Due to a reduction by Pál, this also yields a Kakeya set of arbitrarily small area.

Besicovitch’s construction was later simplified by Perron and Schoenberg who
gave a construction of a Besicovitch set consisting of 4n triangles of area of
order 1/ log n.

n = 1 n = 2 n = 4 n = 256

Yuval Peres New constructions of Kakeya and Besicovitch sets


