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We investigate the closure M of a linear subvariety M of a stratum of meromorphic
differentials in the multiscale compactification constructed by Bainbridge, Chen,
Gendron, Grushevsky and Méller. Given the existence of a boundary point of M
of a given combinatorial type, we deduce that certain periods of the differential are
pairwise proportional on M, and deduce further explicit linear defining relations.
These restrictions on linear defining equations of M allow us to rewrite them as
explicit analytic equations in plumbing coordinates near the boundary, which turn out
to be binomial. This in particular shows that locally near the boundary M is a toric
variety, and allows us to prove existence of certain smoothings of boundary points
and to construct a smooth compactification of the Hurwitz space of covers of P!. As
applications of our techniques, we give a fundamentally new proof of a generalization
of the cylinder deformation theorem of Wright to the case of real linear subvarieties
of meromorphic strata.
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1 Introduction
For an n—tuple of integers u = (my,...,my) satisfying m; + --- +m, = 2g — 2,

QMg n (1) denotes the stratum of meromorphic differentials of type u, that is, the
locus of triples (X, x, ) where x = {xq,..., Xy} is a collection of distinct marked
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points on a smooth genus g Riemann surface X and w is a nonzero meromorphic
differential on X such that its divisor of poles and zeroes is div(w) = ) m;x;. We
call points (X, x, w) € QMg n(1) flat surfaces of type i, and will also write z C X
for the set of all zeroes of w, that is, all x; such that m; > 0, and p C X for the set
of all poles of @. A natural set of local coordinates on the stratum is given by period
coordinates: the integrals of @ over a chosen basis of Hy(X \ Dz 7). The group
GL* (2, R) naturally acts on the stratum, linearly in period coordinates. This dynamical
system is the central object of study in Teichmiiller dynamics.

The foundational results of Eskin and Mirzakhani [11] and Eskin, Mirzakhani and
Mohammadi [12] show that, for holomorphic strata (that is, if all m; are positive),
the closure, in the Euclidean topology, of any GL* (2, R)—orbit is cut out by linear
equations with real coefficients. Throughout this paper, when we say “linear equation”,
we mean an equation with no constant term. Filip [13] showed that such orbit closures,
commonly called affine invariant manifolds, are algebraic varieties.

In this paper, we study a more general class of subvarieties of the strata than affine
invariant manifolds. An algebraic subvariety M C QMg ,(u) of complex codimen-
sion m is called a linear (sub)variety if at any point it is locally a finite union of linear
subspaces, in period coordinates. Most of our results are in this generality, i.e. allowing
complex coefficients and allowing meromorphic strata— note in particular that a linear
equation with complex coefficients does not need to be preserved by the GL* (2, R)—
action. While we require M to be algebraic, note that recent examples of Bakker and
Mullane (personal communication) indicate that a locus given locally in a meromorphic
stratum by complex-linear equations may not be algebraic. Our paper continues in
the spirit of the works of the second author [10] and the first author [4], using and
developing degeneration techniques for flat surfaces to prove various properties of linear
subvarieties. We also obtain information about the geometry of defining equations.
This could be used to understand (or rule out the existence of certain) linear subvarieties
in general, while our more precise results for affine invariant manifolds could provide
tools for classifying GL™ (2, R)—orbit closures.

Bainbridge, Chen, Gendron, Grushevsky and Mdller [3] constructed the moduli space
of multiscale differentials E Mg , (1), such that QMg » () C EMg (1) is open
dense, and such that the quotient PE Mg (1) = EMg »(1)/C*, where C* scales
the differential, is compact. A key property of both E M, (1) and PE Mg »(1) is
that they are smooth (as complex orbifolds) algebraic varieties, with normal crossing
boundary. A multiscale differential is a stable Riemann surface X together with a
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map £: V(I') - {0,—1,...,—L(I")} from the set of vertices of the dual graph I" of X,
and together with a collection 1 of meromorphic differentials 1, on the irreducible
components X, of X satisfying certain compatibility conditions (additionally one needs
an enhancement of the level graph and a prong-matching; see below). The boundary
dE Mg (1) is stratified, with open strata Dr indexed by enhanced level graphs T'.
Up to finite covers, each such stratum is a subspace of a product of certain strata of
differentials given by certain residue conditions, and, as such, it (more precisely, some
cover of it— see Remark 3.2) also admits local period coordinates, see Costantini,
Moller and Zachhuber [9, Section 4] for much more on the geometry of the strata,
which we will also use below.

In [4], the first author used a detailed analysis of the degeneration behavior of period
coordinates to prove that the intersection M1 := dM N Dr of the boundary M :=
M NIEM g.n() of the closure of any linear variety M with any boundary stratum is
locally given by linear equations in period coordinates on that boundary stratum. Here
we investigate geometric properties and stratifications of boundaries of linear varieties.
While our results are described and obtained locally near the boundary of E Mg »(u),
they provide global geometric information: given the existence of some degeneration,
they restrict the defining equations of M.

Defining equations of linear subvarieties

We fix once and for all a boundary point py € Dr, and work throughout in a small
neighborhood U of pg in E Mg (@), which we may need to shrink further finitely
many times. Recall that the edges e € E(I") of the dual graph are called horizontal or
vertical depending on whether they connect vertices of same or different levels for ¢;
we write E(I') =: EP"(I") U E¥*"(T"). For a vertical edge e € EV*(I"), we denote by
£(e*) the levels of its top and bottom vertices, respectively.

We will consider the defining equations of M at a point p = (X,w) € M NU. In
general, M is an immersed, and not embedded, submanifold of the stratum, and we
always require p to be a point where M is locally embedded (and so M is smooth
at p). We then call a defining equation (of M at p) a linear equation F satisfied locally
on M near p. We think of F as an equation F(X,w) = f g = 0 for some relative
homology class B € H{(X \ p,z; C). The vector space of such defining equations F
of M at p is locally constant on M in a neighborhood of p.

Recall that corresponding to any node e € E(T") there is the pinching curve A, C X.
Denote by A, the homology class of A, called the vanishing cycle. We say that F
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crosses e if the intersection number (B, A.) is nonzero. We denote by E"'(F) C
EM"(T") the set of all horizontal nodes crossed by F.

We now define the notion of two nodes e; and e, being M —cross-related. A particular
case of being M —cross-related is when there exists a defining equation F of M at p
crossing the two nodes, i.e. e, e, € EMT(F), while there is no defining equation F’
crossing a nonempty proper subset of the nodes of F, i.e. EM'(F’) ¢ EM(F) and
EMT(F") #£ @. We define M —cross-equivalence classes to be the equivalence classes
in EM°(T") generated by this particular case, and call two nodes M —cross-related if they
are in the same equivalence class (see Definition 3.5 for a more detailed discussion).

Our first result is that the periods over the vanishing cycles for any two M —cross-related
nodes are proportional.

Theorem 1.1 (periods over horizontal vanishing cycles are proportional) For any
paire;, e, € EMN(I") of M —cross-related horizontal nodes, the integrals of w over the
corresponding vanishing cycles A, and A, are proportional on M. In particular, the
nodes are at the same level.

In the case when M is an affine invariant manifold, the above can be deduced from
Wright’s cylinder deformation theorem [21]. We give a fundamentally new proof of a
generalization of the cylinder deformation theorem (see Theorem 1.9 below), and the
above is one of the key tools we use. See Example 3.8 for a simple example of a set of
M —cross-related nodes and how the above theorem applies.

For periods over the vanishing cycles for vertical nodes, we have:

Theorem 1.2 (relations among periods over vertical vanishing cycles) For any defin-
ing equation F of M at p and for any level i < T(F), let eq,...,e; € EY (') be all
the vertical nodes crossed by F such that E(e;r) >i> E(ej_), i.e. all vertical nodes that
cross the level transition between levels i + 1 and i. Then the set of periods of @ over
vanishing cycles A.; satisfy a linear relation on M near p.

Here recall that cutting X along A, for all e € EY*"(I") decomposes X into the level
subsurfaces X = |_J; X(;). For a collection of paths #’ C X we call its top level T(B’)
the maximal i such that ' N X(;) # @. The top level T(F) denotes then the top
level of the homology class [B], which is defined to be the minimum of T (B’) over all
collections of paths B’ representing the class [8]. In Proposition 3.11 we will prove a
more precise version of this theorem that gives the coefficients of such a relation.
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Figure 1: Left: a flat surface in QM3 3(1, 1, 2). Right: the limit as A — 0.

Example 1.3 Consider the flat surface in the stratum M3 3(1, 1, 2) shown on the
left in Figure 1. We claim that Theorem 1.2 implies that there is no linear subvariety M
containing this surface that is locally described by the single equation

F:/ a)—/ w=0.
Y1 ¥2

In fact, if there were, we could degenerate, staying in M, by sending the period of the
side labeled A to 0 (and keeping the rest of the surface unchanged). This would give a
family of surfaces converging to a point pg € EM3 3(1, 1,2) with two levels and no
horizontal nodes, in which the class A is the vanishing cycle of a vertical node, with the
curve A representing the homology class A depicted in Figure 1, right. The period over
this vanishing cycle is nonzero on all flat surfaces near po. The equation F crosses
the (vertical) vanishing cycle A, and no other vanishing cycles. By Theorem 1.2, there
is a nontrivial linear relation among the periods of the vanishing cycles crossed by F
on flat surfaces near pg. Since this set of vanishing cycles is just {A}, it follows that
/; 5, @ = 0 for all surfaces in M near pg, which is impossible.

(In this particular case, such a linear manifold can also be ruled out using the cylinder
deformation theorem [21], but in more complicated examples this would not be possi-
ble.) <

We further show that defining equations split into those that do not cross any horizontal
nodes, and those that only cross horizontal nodes at their top level.

Theorem 1.4 (decomposition of linear equations) Any defining equation F' of M
at p can be written as a sum

(I-1) F=H + -+ H+G
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of defining equations of M at p (possibly with k = 0) such that:

(1) Each Hj crosses a primitive collection of horizontal nodes of level T (H;), and
no other horizontal nodes.

(2) EMT(H;) C EM(F) for any j.

(3) G does not cross any horizontal nodes: E™(G) = @.

Here primitive means that there does not exist a defining equation H' of M at p such
that @ # EPT(H') C EP(Hj). This theorem gives a restriction for the form of the
defining equations, given the existence of a boundary point of M with enhanced level
graph .

Our methods allow us to control the dimensions of dMt and in particular describe
the boundary strata that may contain irreducible components of dM. Recall that the
codimension codimg Men () Dr of a boundary stratum is equal to H(I") + L(T"),
where H is the number of horizontal edges and L is the number of levels below zero.

Theorem 1.5 (boundary components of M) The general point of any irreducible
component of the boundary OM is contained in an open boundary stratum Dy such
that either L(I') = 1 and H(I') =0, or L(I") = 0.

In the latter case, for any pair of nodes e1, e; € E(I'), there exist a defining equation F
of M such that EM"(F) = {ey,e,}.

We note that in the latter case it follows that ¢; and e, are M —cross-related and thus
by Theorem 1.1 the periods over the two corresponding vanishing cycles are proportional
on M. What the theorem shows is that for divisorial degenerations there moreover
exists a defining equation that only crosses this pair of nodes (see Theorem 1.10 also
for the related results for affine invariant manifolds in the minimal stratum).

Enumerating strata as above that could contain irreducible components of dM is easy,
and one can envision applying this to rule out the existence of certain linear subvarieties
via degeneration analysis. Our most precise technical result in studying the equations
and stratification of linear subvarieties is Proposition 3.11, which gives the coefficients
of defining equations, starting from the basis for defining equations of M at p taken in
reduced row echelon form with respect to a suitable homology basis.

Our proof will in fact yield a more general statement than the theorem above: for any
linear subvariety of any boundary stratum Dr, the general points of its irreducible

Geometry & Topology, Volume 26 (2022)



Equations of linear subvarieties of strata of differentials 2779

boundary components are contained in the strata D where I is a purely horizontal
or purely divisorial degeneration of I', obtained from I either by introducing one new
vertical level, or by introducing a new collection of cross-related horizontal edges.
This will allow us to recursively apply this theorem and thus navigate the boundary
stratification of a linear subvariety.

The analytic structure near the boundary of linear subvarieties

Our next set of results provide some more detailed information about the geometry of
a linear subvariety near its boundary. We recall that M is an immersed subvariety of
the stratum, not an embedded one, and at its singular points we can only say that its
local irreducible components are given by linear equations (this is simply to say that
locally M looks like a finite union of linear subspaces). Similarly, when working with
the closure M near its boundary point py € dM, we will work separately with the local
irreducible components Z of M at pg andlet Z = Z N M.

Period coordinates on a stratum do not extend to the boundary; instead we have
analytic plumbing coordinates in a neighborhood of the boundary. Using the precise
information on the coefficients of defining equations for linear subvarieties obtained in
Proposition 3.11, we can explicitly convert the linear equations in period coordinates
into holomorphic equations in plumbing coordinates.

Theorem 1.6 Let M be a linear subvariety and let po € OM. The local analytic
equations for a local irreducible component Z of M near po can be computed explicitly
from the defining equations of M at a smooth point of Z. Analytically locally, Z
is isomorphic to the product of C" and varieties defined by binomial equations. In
particular, Z is locally isomorphic to a (not necessarily normal) toric variety (see (4-4)

and (4-5)).

The strength of this result is that it allows us to describe the local structure of Z and
of 0Z near pg very precisely. Recall that an open stratum D N U is contained in the
closure of the open stratum Dp N U if and only if T is an undegeneration of I". Any
undegeneration is a composition of a horizontal undegeneration, which contracts some
collection of horizontal edges of I', and a vertical undegeneration, which contracts a
number of level transitions in I". The local defining equations allow us to show that
certain such undegenerations occur in M.
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Theorem 1.7 If Mt is nonempty, i.e. if py € M N Dr, then, for any I'’ obtained
from I" by a composition of a vertical undegeneration and of a horizontal undegeneration
that smooths some collection of M —cross-equivalence classes, the intersection oMy, =
0M N Dr. is also nonempty.

In [9] it is shown that the union D" of all open boundary strata D of E M gn(i)
such that T" does not have horizontal nodes has simple normal crossings in &M gn(l).
The above theorem says that in particular M is generically transverse to D'°"; a more
precise statement is the following corollary of Theorem 1.6:

Corollary 1.8 For any local irreducible component Z of M at py, if none of the
defining equations of Z cross any horizontal nodes, then Z is smooth and 3Z C Z is
normal crossing.

All periods of exact differentials over vanishing cycles are equal to 0, and thus horizontal
nodes cannot arise when these are degenerated. This provides a very interesting situation,
where all defining equations are nonhorizontal. The case of the double ramification
locus will be treated by the first author in [5]. Here we consider the Hurwitz spaces of
covers, the spaces of branched covers f: X — P! with prescribed branching over a
number of points (see (4-7) for a precise definition). In Proposition 4.6 we use exact
differentials to realize Hurwitz spaces as linear subvarieties of the strata and to construct
a smooth compactification of Hurwitz spaces.

Cylinder deformation theorem

Given a boundary point py € dMt and a node ¢ € E(I"), it is impossible to choose a
relative homology cycle crossing A, that varies continuously in U, as there is nontrivial
monodromy. From the point of view of flat geometry, however, for any flat surface
near po one can naturally choose a “long cylinder” around the vanishing cycle A.
Wright has proven the fundamental cylinder deformation theorem, describing geomet-
rically the types of deformations that can appear in affine invariant manifolds. We give
a fundamentally new proof in a somewhat more general context.

Recall that two cylinders on a flat surface are called parallel if the periods of their
circumference curves are real multiples of each other. For an affine invariant manifold
M C QMg n(1), cylinders Cy, C, C X € M are called M —parallel if they are parallel
on X and parallel for all flat surfaces in a neighborhood of X in M. An equivalence
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class of M —parallel cylinders on X is a maximal collection C = {Cy,...,C;} of
cylinders on X that are pairwise M —parallel. The original intuition for the cylinder
deformation theorem arose from the idea that affine invariant manifolds should be
algebraic subvarieties (unproven at the time), which restricts the type of linear equations
that are possible. However, the original proof used quite different methods, relying on
deep results of Minsky and Weiss [15] and Smillie and Weiss [18] on the dynamics of
the horocycle flow. Our proof follows the strategy of the original intuition.

Theorem 1.9 (cylinder deformation theorem) Let M be an algebraic subvariety of
a meromorphic stratum cut out by linear equations in period coordinates with real
coefficients. Let C = {Cy,...,Cy} be an equivalence class of M —parallel horizontal
cylinders on some (X, w) € M. Then, for any t,s € R, the flat surface aSu$ (X, w)
obtained by applying to each C; the matrix

1 1
asoug with a; = (0 2) and uy = (0 i)

and leaving the rest of the flat surface unchanged is also contained in M.

The above is a generalization of [21, Theorem 5.1], where it is assumed that M is an
affine invariant manifold (living in a holomorphic stratum). We stress that to prove
our results, we use degeneration techniques, only working near the boundary oM
in Mg »(n); note, though, that the theorem above applies at any point of M, not
necessarily close to its boundary. Essentially what happens is that we know that M is
cut out by linear equations near each of its points and, by analyzing the behavior of
these equations near dM, we obtain sufficiently many necessary conditions on these
equations in order to control deformations at each point of M.

The linear equations of affine invariant manifolds

Affine invariant manifolds are linear subvarieties of holomorphic strata, with all equa-
tions having real coefficients. Equivalently, by the foundational results of Eskin,
Mirzakhani and Mohammadi, combined with the result of Filip, these are the (topo-
logical) closures of orbits of the GL™ (2, R)—action on the holomorphic strata. These
GL* (2, R)-orbits come up naturally in the study of billiards on rational polygons and
the Teichmiiller geodesic flow.

In this more restricted context of most interest we are able to obtain further information,
similar to some results of Mirzakhani and Wright [16]. Of fundamental importance
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for us is the result of Avila, Eskin and Moller [1] that, for affine invariant manifolds,
the tangent space projected to absolute homology is symplectic. This gives a way to
use our precise understanding of relations among periods over vanishing cycles, given
by Theorem 1.1, to obtain further results on top-horizontal-crossing equations. Our
strongest result in this direction is for affine invariant manifolds in the minimal stratum:

Theorem 1.10 Consider an affine invariant manifold M in the minimal stratum
QMg 1(2g —2). Then:

(1) The space of defining equations of M is spanned by defining equations that cross
at most two horizontal nodes.

(2) The space of defining equations of M that are linear combinations of periods over
horizontal vanishing cycles is spanned by defining equations that are pairwise
proportionalities of vanishing cycles.

The two statements will follow from Propositions 6.4 and 6.5, respectively. Note that (2)
above is the same statement as that of Theorem 1.5 for the case of horizontal divisorial
degenerations — but in the context of affine invariant manifolds of the minimal stratum
we prove it for arbitrary degenerations.

This precise description does not directly generalize to the case of the general stratum
QMg (1), as we demonstrate in Examples 6.8 and 6.7. The main difficulty in
discovering a suitable general statement lies in the fact that, while vanishing cycles
are naturally elements of absolute homology group H;(X:Z), the defining equations
naturally lie in H; (X, z; C) (recall that we are in the holomorphic case, so p = &). We
will investigate this general situation and application to classification of affine invariant
manifolds in further work.

We also record some special properties of the boundary stratification of affine invariant
manifolds in Proposition 6.9 and Corollary 6.10.

Outline of the paper

¢ In Section 2 we recall the moduli space of multiscale differentials, describe the
setup and notation for our study of linear subvarieties via degenerations, and
recall the relevant machinery and results of the first author from [4].

¢ In Section 3 we start by studying irreducible components of the boundary dM,
proving Theorem 1.5, and then use this recursively to prove Theorem 1.1. We

Geometry & Topology, Volume 26 (2022)



Equations of linear subvarieties of strata of differentials 2783

then further study top-horizontal-crossing and nonhorizontal equations in detail,
proving Theorems 1.2 and 1.4. Our most precise result is Proposition 3.11, which
gives the coefficients of defining equations.

¢ In Section 4, we use these detailed results to focus on the nonemptiness and
dimensions of the strata dMT, converting linear equations to equations in
plumbing coordinates to obtain Theorem 1.6. The form of the equations in
plumbing coordinates yields Theorem 1.7, and allows us to construct a smooth
compactification of Hurwitz spaces in Proposition 4.6.

e In Section 5 we further analyze the linear equations and degenerations to
prove Theorem 1.9, our generalization of the cylinder deformation theorem.

¢ Finally, in Section 6 we specialize to the case of affine invariant manifolds.
By [1], the tangent space of an affine invariant manifold, projected to absolute
homology, is symplectic. We use this to prove Propositions 6.4 and 6.5, which
together constitute Theorem 1.10.
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2 Notation and setup

In this section we recall those aspects of the setup, construction and results of [3] that
we need, and also the setup and results of [4]. The most technical aspect of [4], log
period spaces, is not necessary for our study.

Level graphs and multiscale differentials For a stable Riemann surface (X, x) €
Mg n we denote by I' its dual graph. We will follow the convention of [3] in always
suppressing the notation for marked points, unless they are used explicitly. A level
graph structure T on I is given by a function £: V(I') — {0,—1,...,—L(I")}. For
any i € {0,—1,...,—L(T")}, the subgraphs F(i), I(<i) and so on are defined by taking
the induced subgraph on the set of all vertices v € V(I") such that £(v) =i, or £(v) <1,
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and so on. For example, the vertices of I:(i) are all vertices at level i, and the edges are
those edges e € E(I") both of whose endpoints lie at level i.

An edge e € E(T) is called horizontal if it connects two vertices of the same level,
and called vertical otherwise, and we write E(T') = EM"(T") U EY*'(T"). For a vertical
edge e € EV*'(T"), we denote by £(e™) and £(e™) the levels of its bottom and top vertex,
respectively. We denote by E ?I.")r(F) C E"(T") the set of horizontal edges connecting
vertices of level i. A multiscale differential is the data of a stable Riemann surface
X together with a collection n = {1, } of meromorphic differentials on the irreducible
components X, of X satisfying various conditions described in [2; 3] —in particular,
1 has simple poles at all horizontal nodes. An enhancement I't of a level graph is
a choice of a positive integer k. for every vertical edge e. This integer prescribes
the order of zero of the multiscale differential to be «, — 1 at the top preimage of the
node e, and the order of the pole to be k. + 1 at the bottom preimage of e. We will
always work with level graphs with a chosen and fixed enhancement, but, to keep the
notation manageable, from now on we will simply write I" for an enhanced level graph.
Additionally, the data of a multiscale differential includes a prong-matching, and great
care is needed in understanding equivalence of multiscale differentials, but, as we will
be working locally on EM ¢.n(1), we will be able to mostly avoid these considerations.

Undegenerations and plumbing The boundary dE Mg ,(w) is stratified. It is conve-
nient for us to denote by Dr the open boundary strata (note that in [9] this notation
is used for closed boundary strata) indexed by enhanced level graphs. A stratum Dr
is essentially a finite union of some finite covers of products of linear subspaces
of products of some strata of meromorphic differentials; in particular, Dr may be
disconnected (see [9, Section 4] and Remark 3.2 below for more discussion). All of
our constructions will be performed locally in a neighborhood U, which we will now
describe, of a chosen fixed point py = (Xo, [', 9) € Dr.

The codimension of a stratum codimg Men () Dr is equal to H(I") + L(I"), where
H(T') := #E"(I"). Fix a small open neighborhood py € W C Dr. Then a neigh-
borhood of pg in E Mg ,(it) can be given as U := W x AHDTLI) where A is
a sufficiently small complex disk around zero. Coordinates on the second factor are
called plumbing coordinates, which we denote by {/t¢ }oe gror(ry and {Z; }ie(—1,...,— L(T)}-
We will denote by U° := W x (A*)HI+LT) the set of all smooth flat surfaces in U.
From now on, when we speak of U and W, we will allow ourselves to further shrink
the neighborhoods as necessary.
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An open stratum Dr intersects U if and only if the (enhanced) level graph ' is an
undegeneration of " (which we write as I'' » T'). Equivalently, there is a simplicial
graph morphism dg: I — T", which is obtained as a composition dg = dg"" o dg**" of

the horizontal undegeneration dg"®

that only contracts some set of horizontal edges,
and a vertical undegeneration that only contracts some set of level transitions. We
refer to [3] for a discussion of the behavior of enhancements and the (very delicate)
behavior of prong-matchings under undegeneration. Explicitly, the closure Dr» N U is
the coordinate subspace of U given by equations /4, = 0 for all e € EP°"(I'") € EPor(T")
and #; = 0 for all level transitions of I" that persist in I'. From now on, whenever
we speak of an undegeneration ', we implicitly mean with a given graph morphism
dg:T — T

Any flat surface p = (X, w) € U° can be obtained by plumbing some (X3, 1) € W C Dr-.
The plumbing procedure replaces a neighborhood of each node e € X3, which is locally
a union of two disks identified at the origin, with a cylinder, suitably glued to the rest
of the surface. We denote by A, C X the pinching curve, also called the seam, which
is the circumference curve of this cylinder. The vanishing cycle is the homology class
Ae:=[Ae]l€e Hi (X \z, p; Z). Werecall that Hy (X \z; Z) — H;(X \z, p; Z) (thinking
of the vanishing cycles_in relative, rather than absolute, homology will be essential in
Section 6). The intersection pairing Hy (X \z, p; Z)x H{ (X \ p, z; Z) — Z then allows
us to compute intersection numbers of A, with elements of H_l (X'\ p,z;C). We note
that A is only defined up to sign; most of our formulas will include )»_e with coefficient
proportional to the intersection number (y, A,) for some y € H{ (X \ p, z; C), which
will eliminate this sign ambiguity. Cutting X along the multicurve A = {ActecET)
decomposes the smooth Riemann surface X into the union Xy U X(_1)U---UX(_r(T))
of its levelwise pieces, where the pieces intersect along the seams A, for e € EV¥'(T").

While, as discussed above, the local coordinates on &M g.n() transverse to Dr are

given by 7_1, ..., () and {/¢}.c gror(ry, the plumbing coordinates s, for vertical
nodes are related to #; by the equation

Let)—1
@1 se= [T 4"

i=t(e—)

where we recall that, by definition [3, (6.7)], a; is the least common multiple of «, for
all e € EY'(T) such that £(e™) > i > £(e™), and m,; := a; /K.

The boundary neighborhood in M We fix once and for all a linear subvariety
M C QMg () of codimension m, and will consider its closure M C E/Wg,n (n),
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Figure 2: The top-level restriction of a homology class.

so that the projectivization PM C P EM g,n() is compact. Since M is the closure of
an algebraic subvariety M C QMg , (1) in the algebraic compactification EM gn(i)
of QMg (1), it follows that M is algebraic [17, Corollary 10.1].

We will choose py € dM N Dr and, for any undegeneration I'” ~»» T, let OMps :=
dM NU N Drs C Drv. Recall that in general M is an immersed submanifold of QM ,,
and we will always want to work at a flat surface p = (X, @) that is a smooth point
of M N U, to avoid having to deal with M having multiple local irreducible compo-
nents at p (each linear in period coordinates). We use (X/, T, 7’) to denote points
(X', ®") € dMr- on the (local) open strata corresponding to undegenerations I/ ~> T.
We will often omit w or ' in our notation for flat surfaces.

Top level of paths and homology classes In [4], the first author determined the
defining equations for dM1 C Dr at pg, in (generalized) period coordinates on Dr,
starting from the defining equations for M C QM , (1) at a nearby point p € M NU.
Qualitatively, the result is that dMT is given by linear equations on Dr, but we will
need the precise description of these equations, which we now recall.

To state the results of [4], we need to restrict paths in X to their top level. The top
level T(f) of any collection of paths 8 C X is the largest i such that 8N X(;) # &. The
top level T([B]) of aclass [B]€ H{ (X \ p, z; C) is the minimum of T (8) over all collec-
tions of paths B representing the class [78]. For a homology class [], we define its top-
level restriction [fT] to be the element [1] € Hy (X(T(g)) \(gUA?Plf(ﬂ))), gUAZflf’(Z)) : 7))
defined by choosing a collection of paths B representing [8] such that T (8) = T ([8]),
and restricting each path in 8 to X g)), considered as a relative homology class there.
In [4, Proposition 4.2], it is shown that this is well defined. See Figure 2.
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For a smooth flat surface p € U° a homology class [8] € Hi(X \ p, z; C) is said to
be crossing a node e € E(I') if {[B], Ae) # 0, where recall that we think of Ae as an
element of H{(X \ z, p; Z). We call [B] a top-horizontal-crossing cycle if it crosses
some horizontal Vanis}_ling cycle at level T ([B]). To simplify language, we will call
non-top-horizontal-crossing any class [f] that is not a top-horizontal-crossing cycle,
and emphasize that such a non-top-horizontal-crossing [] may still intersect horizontal
vanishing cycles at levels strictly below T ([8]).

A I'-adapted basis Recall from [4] that a '-adapted basis is a basis for H; (X'\ p,z;7Z)
satisfying the following properties. First, all of its elements that are top—hori_zontal—
crossing cycles have intersection 1 with A, for a unique e € EM"(T"), where these e
are distinct for different top-horizontal-crossing cycles in the basis and do not cross
any other horizontal nodes. Elements of a I'-adapted basis that have top level i can be

listed as

@ @ @ (@)
16,7, SC(I),OZI ye O‘d(z)}

where each 8( Disa top-horizontal-crossing cycle with (8( DA <,)) = 1 for some distinct
horizontal node e( D e E hor (F) and such that 8 @ does not cross any other horizontal
nodes at any level Furthermore the deﬁnltron of being a I'-adapted basis requires

(@

that each o; does not cross any horizontal nodes at any level and that, for any 7,

the top- level restrictions {[(a(’)).l_] L[ (x g()l)) ]} form a basis of the quotient of
Hi (X \ (pU At(‘l")r) zU AVer *+. Z) by the subspace of global residue conditions. The
existence of a I'-adapted basrs for any I is proven in [4, Proposition 4.8]. Sometimes
we do not need to specify the level of the homology classes or whether they cross

horizontal nodes or not. In this case we write the I'—adapted basis simply as
0

(2-2) evxd= ] 608 el el

i=—L(T)
where K :=dim H; (X \ p,z;C) = dim EMg n(p). We will choose and fix a T'-
adapted basis from now on.

Defining equations of M The technical core of our arguments is investigating the
linear equations for 0Mrp. To keep the notation manageable, we simply say that
F € Hi(X\ p,z:C) is a defining equation of M if [ w = 0 holds identically on M
in a neighbor_hood of a fixed chosen flat surface p € M N U. We will denote by
N C H{(X\ p, z; C) the linear space of all defining equations of M at p, denoted thus
because it is the normal space in period coordinates. As discussed in the introduction, the
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space N is locally constant along M near p, and thus throughout the paper we should
be carefully treating irreducible components Z of M NU (which, after shrinking U, are
in bijection with the local irreducible components of M at py) individually. To keep
the notation and language manageable, we will just speak of defining equations, making
the discussion of local irreducible components precise in Section 4, where it is crucial.

Denote by C; € C the coefficients of F in our fixed ['—adapted basis {y;};—;
that

K
(2-3) F(X.0)=) C / .
=1 Vi

Equivalently, writing out the basis elements separately, we denote the coefficients of F
by A;l), Bl(l) € C, so that

K-> SO

.....

TFE) cl) d(i)
- = Q) Q)
(2-4) FX.0)= > (§ A; /s<f>w+§ B, /a<f>w)'
i=—L() =1 1 I=1 [

Writing down all defining equations of M at p involves a choice of the basis of the
vector space N. We will always choose a basis of defining equations such that the matrix
C = (Cy;) of the coefficients of defining equations (2-3) is in reduced row echelon
form (rref) with respect to our chosen I'-adapted basis, and denote by Fy, ..., Fyy
such an rref basis.

Equations of dMr from equations of M In [4], the main quantitative result is a way
to read off the equations for dMt C Dr from an rref basis:

Theorem 2.1 [4, Theorem 1.2 and Proposition 8.2] Foreach j = 1,...,m, if Fj
is a nonhorizontal cycle, let Gj := [(F})+], and if F; is a top-horizontal-crossing
cycle, thenlet Gj := 0. Then Gy, ..., Gy, form a basis for the space of local defining
equations for dMt within Dr.

Essentially what this says is that we represent each equation F; by a collection of
paths whose top level is minimal possible, equal to T (F}); then, if this collection of
paths crosses any horizontal node at its top level, then on Dr we “lose” this defining
equation F;; otherwise, the equation F; on Dr yields the equation [(F})-].

In view of this theorem, for our fixed linear subvariety M and for any undegenera-
tion I'" » T" we denote by ¢(I'’) the number of defining equations of M at p that are
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lost on Dys N U. Thus, the number of defining equations for dMT- inside Dy is equal
to m —¢(T"), and thus Theorem 2.1 implies that

(2-5) codimg 7, ) (OMr7) = HT')+ L) +m—c(I'),

since M- has codimension m — ¢(I"") within the open stratum D, which itself has
codimension H(I'")+ L(T") in E Mg »(1). For further use, we call an undegeneration
dg: T — I divisorial if dim¢c M = dimc OMps — 1.

Remark 2.2 A consequence of Theorem 2.1 is that linear equations for dMT can be
lifted to M. More precisely, if F is a linear equation among periods which is satisfied
on Mt in a neighborhood of pg, and F is completely contained in level i, i.e. F can
be represented by paths contained in X(;), then there exists a linear equation G for M,
valid in a neighborhood of a nearby point (X, w) € M, such that Gt = F. In other
words, F is the top-level restriction of the linear equation G. We stress that one can
only lift an equation F for dMT if it is completely contained in a fixed level. Any
linear equation defining Mt can then be written as a sum of linear equations, each
of which is completely contained in some level (these levels might be different for
different summands), and each of these summands can be lifted. N

3 Degenerations of linear equations

In what follows, given a defining equation F' of M at p, it will be useful to consider
various associated periods. For any undegeneration I'” » I' and for any collection of
integers {n, : e € E(I')}, we define the (I'/, n)—residue of F by

(3-1) R(F.T'.n):= > ne(F,xe)/ .

ecE(I)

Proposition 3.1 (the monodromy argument [4, Proposition 7.6]) For any defining
equation F of M at p, if dMr- is nonempty for some undegeneration I’ ~» T, then, for
some collection n of positive integers, the residue R(F, T, n) is identically zero on M.

For the convenience of the reader, we quickly recall from [4] the outline of the proof.

Proof Let f: A— M be a holomorphic map from a disk such that f(A*) is contained
in the smooth locus of M, p € f(A) and f(0) = po. We define n, to be the (positive
since Se(po) = 0) vanishing order of s, o f at z = 0 € A, where we recall that s,
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is the plumbing parameter for the corresponding node. Using Picard-Lefschetz, the
monodromy of any cycle [f] € H(X \ p,z;Z) for the Gauss—Manin connection
along f can be computed in terms of vanishing cycles as

BI= 1B+ Y nely hedke.
ecE(I)
Thus, parallel transport along the generator of 771 (A*) transforms the equation F written
in the form (2-3) into

éCz(/ylw+ > ne(yz,?»e)f w)

ecE) he
which must then also be a defining equation of M at p, and then subtracting F in the
form (2-3) from this equation yields the proposition. a

‘We now use this monodromy argument to quickly prove the necessary conditions for
boundary strata of EMg ,(14) to contain irreducible components of the boundary dM.
Since M € EM ¢,n() is an algebraic subvariety, its intersection dM with the bound-
ary of EMg (1), which is a divisor, is an equidimensional variety of dimension
dimc 0M =dimc M —1. For U > py sufficiently small, each irreducible component Y
of dM N U must contain pg. Thus, the generic point of ¥ must be contained in the
open stratum D for some undegeneration I'' »> T'.

Proof of Theorem 1.5 Denote by Y° := Y N Dy the open part of a divisorial
boundary component, so that dim¢ Y? = dim¢c M — 1. Substituting the dimension
of Y? from (2-5) yields

(3-2) HITY+ LT +m—c(T)=m+1.

Recall that ¢(I'") is the number of equations F; in the rref basis that are “lost” on dMp,
which are those where Fj is top-horizontal-crossing. Proposition 3.1 shows that every
equation Fj crosses at least two horizontal nodes (otherwise, if it only crossed one
horizontal node, then the period of w over the corresponding vanishing cycle would
vanish, which is impossible, since the twisted differential must have a simple pole at
every horizontal node). By definition, for each top-horizontal-crossing equation Fj of
the rref basis, the pivot corresponds to a horizontal node A, crossed by Fj. Thus, either
HT')=0orc(I'")< H(I')—1. In the first case we conclude from (3-2) that L(I'") = 1.

In the latter case, substituting H(I'') > ¢(I'') 4 1 into the left-hand-side of (3-2) yields
c(I'y+ 1+ L)+ m—c(’) > m+ 1, which is only possible if L(I'’) = 0 and,

Geometry & Topology, Volume 26 (2022)



Equations of linear subvarieties of strata of differentials 2791

moreover, if H(I'') = ¢(I'’) + 1. In that case the set of equations of the rref basis of
defining equations can cross only one additional horizontal node in addition to the
pivots, and the matrix, in rref, of defining equations of M must have the form

(1 0 ... 0 dq \

0 . . : .

© 0 1 0 dyayr

00 0 1 dH(F’) ’
0 * )

where the upper rows correspond to top-horizontal-crossing equations for I/, the d;
are nonzero and the lower rows correspond to nonhorizontal equations for I", m]

3.1 Generalized strata, and constructing degenerations recursively

In the proof of Theorem 1.1 below, and for potential applications of our machinery
to classifying or ruling out existence of linear subvarieties of a given stratum, one
needs to apply Theorem 1.5 recursively. Starting from a noncomplete linear subvariety
M C QMg (1), we consider a divisorial boundary component M’ := Mt C Dr,
for which Theorem 1.5 gives necessary conditions on the graph I". By the results
of [4], M’ is locally given within Dr by linear equations, and we would like to apply
Theorem 1.5 again to yield a further divisorial degeneration of M, assuming again that
M is noncomplete. However, Theorem 1 of [4] as stated does not apply to show that
dM{, inside of Drv is a linear subvariety, because in general D will be singular.

Remark 3.2 (generalized strata of differentials) The stratification of the boundary
of EM ¢n(p) is discussed in detail in [9, Section 4]. The boundary strata are called
there generalized strata of differentials. We now recall their geometric description and
explain how our results can be adapted to this generality.

Let g =(g1,...,gx) be atuple of genera, n = (ny,...,n;) atuple of positive integers
and u = (uyq, ..., ux) atuple of types of differentials, i.e. y; is a partition of 2g; — 2
into (not necessarily positive) integers of length ny. The disconnected stratum is defined

to be
k

QMg n(p) = 1_[ QMagi n; (i),

i=1
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and the projectivization PQMg ,(p) is the quotient of QMg ,(p) by the diagonal
C*-action. A residue subspace R is a set of linear equations on residues, modeled
on the global residue conditions and matching residue conditions; see [9, Section 4.1]
for the precise definition. The generalized stratum QM?,,, () modeled on a residue
subspace A is the subspace of 2Mg ,(p) consisting of all surfaces with residues lying
in fR. In [9, Proposition 4.2] the authors construct a compactification ]P’Q/W?’n (p) of
]P’QM?, (@) similar to the moduli space of multiscale differentials. For an enhanced
level graph IT" and for each level 7, let (g, nlid i1 R be the tuple consisting of
the genera, number of points, types of differentials and residues conditions at each
irreducible component of level i. The generalized stratum associated to I' is

-1
0] (i1 ;
Br = QM?[O]’,,[O] (IL[O]) X 1_[ PQM?{:’],”U](ILM)
i=—L(I)
and, by replacing PQMX li] () with IPQ./\_/I?[[:]] n[i](u[i]), we define Br similarly.

gl
The generalized stratum Br admits a system of generalized period coordinates as

described in [4, Section 2.6], with transition functions that are linear on the top level
and projective-linear on lower levels.

In [9], the authors construct the diagram

EF(—"BF DF;)BF

where ¢ and pr are covering maps. We do not give the precise definition of D5, cr
and pr and instead refer the reader to [9, Section 4]. <

The main theorem of [4] can then be rephrased as:

Proposition 3.3 Let M € QMg , (1) be a linear subvariety. Then
pr(cg'(dMr)) € Br

is a levelwise linear subvariety for the linear structure on Br.

By abuse of notation, we will just write M for pr(cp 1(dMT)). Levelwise here
means that the linear equations defining dMr only restrict periods of the same top
level. Now, given a linear subvariety M’ of Br and a boundary stratum D of Br, we
proceed in the same way and can thus consider aMf, C Dy also as a linear subvariety,
by the same abuse of notation as above.
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Remark 3.4 (constructing chains of divisorial degenerations) By the previous remark,
we can now use Theorem 1.5 to construct chains of undegenerations, where each is
divisorial in the next. Let M be a linear subvariety in a (possibly generalized) stratum B
and pg € OMr a boundary point. The undegenerations I'" ~» T" corresponding to
boundary divisors Dp» C B are those where I'/ either has only two levels and no
horizontal nodes or has a unique edge which is horizontal. In the former case, the
undegeneration I'” »> T" corresponds to keeping only those edges of T" that cross some
level transition (i.e. such that £(et) > i > £(e™)). Since po € IMp € IMy, in either
case the intersection of M with Dr is nonempty. Since it is an intersection with a
divisor, it follows that dim Wr‘/ =dimM —1.

If Drv is a purely vertical divisorial stratum, by Theorem 1.5, a generic point of the
intersection of M with Dy is contained in the open boundary stratum Dr.

On the other hand, if Dy is a purely horizontal boundary stratum, again by Theorem 1.5
there exists an intermediate undegeneration I'' »> I'” ~> T" such that some irreducible
component of dM is generically contained in 0Mrt~, dimc dMr» = dimec M — 1 and
furthermore I'” is a purely horizontal level graph.

We can thus construct chains of undegenerations
pt=Ty»w I~ ---mwIly="T
such that each boundary stratum dMT; is nonempty, each undegeneration
Iy » T
is either purely vertical or purely horizontal and furthermore
dimc M, , = dim¢ IMr; — 1.

Note that pt, a single vertex and no edges, corresponds to the open stratum B itself.
Such a chain of divisorial degenerations is determined by prescribing at each step j
whether the undegeneration I'; ~ I'; 1 smooths some given level transition (and
nothing else) or smooths a given horizontal edge. In the latter case the undegeneration
may also have to smooth some further collection of horizontal edges.

Sometimes it will be more convenient to think of degenerations rather than undegener-
ations. When thinking of I'; ~» I'; 1 as a degeneration of I';, instead of smoothing
out a level transition or a collection of nodes we will then say that the degeneration
pinches a level transition or a collection of nodes. <
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Proof of Theorem 1.2 Consider the closed boundary divisor 51“[,’] ={t, =0} C
dE Mg »(1). In other words, I'[i] is the undegeneration of T" opening up all horizontal
nodes and all level passages except the one between level i 4+ 1 and level i. In particular,
E[[i]) :={e € E(T'): £(e*) > i > £(e™)}. Since the intersection Br[,-] N M is
nonempty because it contains pg, this intersection is a divisor in M. Let ¥ be an
irreducible component of dM contained in Wr[,-]. By Theorem 1.5, Y is generically
contained in Dr[;}. Then let F be any defining equation of M, written in the form (2-3).
Since dMr[;) is nonempty, it follows from Proposition 3.1 that there exist positive
integers n, for e € E(I'[{]) such that

(3-3) > ne(F,ke)/ w=0.
ecE(T'[i]) ¢

We recall that the integers n, are computed as vanishing orders of the plumbing
parameter s, along a degenerating family and thus by (2-1) there exists an integer d
such that

ne=d *Me i,
and thus (3-3) is equivalent to
(3-4) Ri(F):= > mei(F. k) / w=0. O
ecE(T'[i]) ¢

3.2 M —cross-related nodes, and proofs of Theorems 1.1 and 1.4

We now further investigate the form of linear equations crossing horizontal nodes,
setting up the notation and preliminary results for the proof of Theorems 1.1 and 1.4.

Definition 3.5 For a defining equation F, we let
E"(F):={e € E™ ()| (F. ) # 0}

be the set of horizontal nodes crossed by F. A set S € EM(T") is called M —correlated if
S = EMr(F) for some defining equation F of M at p. An M —correlated set S is called
M —primitive if no proper subset of S is M —correlated. We let ~ be the equivalence
relation on E""(T") generated by M —primitive subsets and, if e ~ ¢/, we say e and e’
are M —cross-related. In words, two nodes e and e’ € EM(T") are M —cross-related if

there exist M —primitive collections S, ..., S of horizontal nodes, and a sequence
e=ey,...,e =e' of horizontal nodes such that {e;, ¢; 11} S S; 41 fori =0,...,k—1.
The relation ~ partitions E""(I") into M —cross-equivalence classes. <
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Remark 3.6 The purpose of this definition is to formalize the notion that there is a
defining equation F that crosses both nodes and that cannot be written as a sum of
two defining equations that each cross a strictly smaller collection of horizontal nodes.
Note that the definition does not require M —cross-related nodes to be of the same level,
but, as periods of w over horizontal vanishing cycles of different levels go to zero at
different rates, we will see below in Corollary 3.9 that M —cross-related horizontal
nodes must in fact have the same level. <

We now show that M —cross-equivalence classes can be computed using the rref basis
(Fi,..., Fn). We say two nodes e, e’ € EM"(T") are rref-cross-related if there exists a
chain of elements Fj,, ..., F, of the rref basis and a sequence e = e, ..., e, =€’ of
horizontal nodes such that {e;, e; +1} S Ehor(Fll.H) fori =0,...,k—1. Said differently,

rref-cross-equivalence is the equivalence relation generated by EM"(Fy), ..., EM'(Fy,).

Lemma 3.7 Two horizontal nodes are M —cross-related if and only if they are rref-
cross-related.

Proof We first claim that the set E""(F 1) is M —primitive for each j =1,...,m.
Assume for contradiction that there exists a defining equation F with E""(F) ¢
EMr(F 7). If we write F = Y JL, a;F; in terms of the rref basis, then assume for
contradiction that a; # 0 for some / # j. But then E""(F) must contain the horizontal
node corresponding to the pivot of Fy, which is not contained in E""(F;). This gives
a contradiction, and thus rref-cross-equivalence implies M —cross-equivalence.

For the other direction, assume that EMT(F) is M —primitive and e, e’ € EM'(F).
Denote by Eq the rref-equivalence class of e, and reorder the rref basis so that
EM(Fj) € Eq for j < u (for some u) and EM'(F;j) N Eq = @ for j > u, and
again write F as F =) j_, a; F}.

We claim that EM'(3/_, a; F;)S EM'(F). Note that E""(3°7_, a; F;)< Eq by
construction. If the claim were false, there would exist a node crossed by Y j_; a; F
but not by F. But then one of the F; with j > u has to cross a node in Ey, which is

impossible.
Since EM(F) is M —primitive we conclude that EM"(F) = E hor(Z};l ap F l) and, by
construction, any pair of nodes in E hor(Z;;l ar F 1) is rref-related. O

We now have the tools to prove Theorem 1.1, which says that M —cross-related hori-
zontal vanishing cycles have proportional periods. Before doing this, we illustrate what
this result means in a simple example.
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Figure 3: A point in the boundary of QM »(1, 1), with three horizontal nodes.

Example 3.8 (M —cross-related nodes) Suppose that we have a linear submanifold M
in the genus 2 stratum QM3 »(1, 1), and that py € dM is as shown in Figure 3, with
three horizontal nodes e, e; and e3 and no other nodes. We suppose that one of the
defining equations of M at p is

c1/ w—l—czf w—I—C3/ w =0,
81 8> 83

where the ¢; are nonzero complex numbers. And suppose that there is no other defining
equation that crosses a proper subset of the horizontal vanishing cycles {A¢,, Aey, Aes -
Then the nodes e, e, and e3 are M —cross-related, and Theorem 1.1 implies that the
periods of w over A,; are all proportional on M.

There in fact exist affine invariant manifolds that locally have the above description
near certain boundary points. For instance, one can take the eigenform locus Ep
(discovered, independently, by Calta [6] and McMullen [14]) for D = 0,1 mod 4 a
nonsquare positive integer. <

We are now ready to prove proportionality of periods over vanishing cycles for M —
cross-related nodes.

Proof of Theorem 1.1 The idea of the proof is to use Theorem 1.5 recursively to
construct a suitable chain of divisorial undegenerations

pt=To»w I}~ - Iy=T.

Geometry & Topology, Volume 26 (2022)



Equations of linear subvarieties of strata of differentials 2797

As explained in Remark 3.4, many such chains can be constructed, and to specify a
chain we need to specify at each step either a level transition that is smoothed or a
horizontal node that is smoothed (in which case smoothing some other horizontal nodes
may be required).

The main technical issue to deal with is choosing the appropriate chain of degenerations
so that the monodromy argument can be applied. Recall that the results of [4] apply to
an rref basis of defining equations with respect to a chosen I'-adapted homology basis.
For an arbitrary chain of divisorial degenerations, it may happen that a homology basis
that is '-adapted is not I';—adapted for some 1 < j < d. We will thus choose the chain
of divisorial degenerations so that a homology basis can be chosen that is I'j—adapted
simultaneously for all 0 < j < d. The chain of undegenerations that we choose is the
following. Starting from I'y = pt, we first take degenerations that pinch horizontal nodes
of top level in I, i.e. we take some ¢ € E 1(‘8; (I') and take the divisorial degeneration
Iy ~> I7 that pinches e; — which may possibly pinch some other horizontal nodes. If
some top-level horizontal node is not yet pinched, we take ¢, € F ?g)r (I)\ E(I'), and
take the divisorial degeneration I'y ~» I that pinches e;, and continue in such a way
until £ ?(‘)’)r (I') = E(Ik). We then let I, 4| be the degeneration of I} that pinches the
level transition between levels 0 and —1, and then start pinching the horizontal nodes of
level —1 in I' until all of £ ?ﬂrl)(l") is pinched, then pinch the level transition between
levels —1 and —2, and so on. We will want to track levels when we do this to eventually
deal with a I'-adapted basis. We now choose a chain pt =Ty »> I} »» --a» Ty =T
of undegenerations satisfying all the conditions mentioned above and fix it for the rest
of the proof.

The first issue is that, a priori, requiring some horizontal node to be pinched may lead
to some other horizontal nodes at a different level being pinched. We prove that this
is not the case. (In order to avoid confusion, in this proof the top level of a cycle
always refers to the level with respect to I' and not with respect to some intermediate
undegeneration).

Claim If [; » T4 is a purely horizontal divisorial degeneration appearing in the
chain of degenerations pt = Iy »> I'} » --- » [y = T constructed above, then all
horizontal nodes that are pinched in the degeneration I; ~> 141 have the same top
level (in T').

Proof Let H(i,i+ 1) be the collection of horizontal nodes pinched in the degeneration
I; » I;4+1. By the discussion after the statement of Theorem 1.5, we know that for any
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pair of nodes in H (7, i + 1) there exists a defining relation crossing exactly this pair of
nodes. We then apply the monodromy argument (Proposition 3.1) to dMr, € Dr; and
conclude that the vanishing cycles of nodes in H (i, i + 1) are pairwise proportional
on OMr,. By taking the limit of this proportionality relation to the boundary point
Po € IMr, we see that both horizontal nodes are of the same level in I', since otherwise
the period over the vanishing cycle of one of the horizontal nodes would become zero,
which is impossible. This proves the claim. |

We now claim that there exists a '-adapted homology basis that is I';j—adapted for all
0 < j <d. Indeed, we first choose a I'-adapted basis where the elements are ordered
by level, with homology classes of higher top level appearing first. We then reorder
the set of basis elements crossing horizontal nodes so that they appear in the order in
which the corresponding horizontal nodes are pinched in our chain of degenerations.
That is, if j < i then any cycle of the ['-adapted basis crossing a node in E"'(T}) is
listed before any cycle crossing a node in EPr(T}) \ EMr (I'j). Note that because of
the claim proved above the reordering only changes the position of cycles of the same
level, so that cycles of higher levels still appear first. The resulting ordered I"-adapted
basis has the desired property that it is I';—adapted for every j. We then choose this
ordered I'-adapted homology basis, and take the rref basis of defining equations with
respect to it, which will thus be an rref basis for every I'; at once.

Since, by Lemma 3.7, M —cross-equivalence and rref-cross-equivalence are the same,
it suffices to show that, for any equation F that is an element of the rref basis, the
vanishing cycles of all horizontal nodes in E""(F) have proportional periods on M.
Moreover, our proof will in fact give a certain rationality result: for any two nodes
e,e’ € EMT(F), there exist nonzero integers n(e, e’) and n’(e, e’) such that

(3-5) n(e,e')(F,ke)/ a)zn'(e,e')(F,)\e/)/ 1)

holds locally on M near p. Let H; be the subset of EM"(F) pinched at I}, i.e.
H; = EM(F)n E(I}).

We will prove by induction on i that the periods of w over all the vanishing cycles
corresponding to nodes in H; are pairwise proportional on M. Since Hy = E"'(F),
the theorem will then follow. For the base case, we take the smallest j > 0 such that
Hj # @. Applying the monodromy argument (Proposition 3.1) to the equations lost
at the degeneration I';_; ~> T'; shows then that, for any two nodes in Hj, the periods
over the corresponding vanishing cycles are proportional on dMr;_,. Denote by G this
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proportionality, considered as one of the defining linear equations of dMT;_, . Note that
G is completely contained in the bottom level, since it is a relation between vanishing
cycles contained in the bottom level. Thus, by Remark 2.2, we can lift the linear
equation G for IMT;_, to a local defining equation G’ for M. A priori, G’ could have
additional terms of lower levels that disappear when restricting to dMr,_,. However,
by construction of the chain of degenerations and by our choice of j, T(F)=T(G) =
—L(T'j—1) is equal to the bottom level of the graph I';_;. Thus, there are simply no
levels below that level, and thus G’ cannot have any additional summands at lower
level. Thus, it follows that G’ is a proportionality on M of these two nodes in Hj,
which is thus one of the defining equations of M. This concludes the proof of the base
case of the induction.

For the inductive step, we will prove the proportionality of periods of w over the
vanishing cycles for any two nodes in H; 1, assuming that this holds for any pair of
nodes in H;. This statement is vacuously true if H; = H; 1, so the inductive step holds
automatically unless i > 1 and I; ~» T4 is a purely horizontal degeneration. For such
an undegeneration, denote by {41, ..., hx}:= E(Ii+1) \ E(I;) the new nodes that are
pinched, all of which are horizontal. Since the degeneration I; ~» I; 1 is divisorial, the
number of defining equations of M lost on I in addition to those lost on I; must be
equal to k — 1, one less than the number of horizontal nodes pinched. Each of the lost
equations has a pivot variable in the reduced row echelon form, and by Theorem 1.5
there exists exactly one horizontal node among the /1, ..., i (which by renumbering
the /1; we will assume to be /1) that is not a pivot for any of the lost equations. Then
hy,...,hi_q all correspond to pivots of the lost equations, and, since all the equations
are in reduced row echelon form, we see that F' cannot cross any of these, since F was
lost at the base case degeneration. On the other hand, H; & H;, | means that EM(F)

-~

must contain some /2, and thus we must have /iy € EM(F), and H; 1y = H; U {hy}.

We now apply the monodromy argument to F with respect to the boundary stratum
Dr;, considered within the closure boundary stratum l_)r‘]._ ,» Where j was the index
introduced in the base case. This is to say, we consider monodromy around the vanishing
cycles for the nodes in E(I541)\ E(I'j—1), obtaining in this way a defining equation G
of IMT;_, thatis a linear combination of periods over the vanishing cycles in H; U{/ }
and possibly also periods over some vertical vanishing cycles crossed by F, with all
the coefficients nonzero. Note that all these vanishing cycles are of level —L(I'j_1)
when considered in I';_; and thus the equation G can be lifted to a linear equation
on M, which by abuse of notation we will denote by G again. First consider the case
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where all the degenerations I'j_y ~> - -+ ~> I3 are purely horizontal. In this case I} 4
has the same number of levels as I';_; and F' does not cross any vertical vanishing
cycles. By induction, we already know that the periods of w over the vanishing cycles
of nodes in H; are pairwise proportional on M, and substituting this into G implies that
the period of w over the remaining vanishing period A, is also proportional to these,
on dMr;. The coefficient of |; @ in G is given by monodromy, and is thus nonzero,
so the period | @ is a nonzero multiple of the period over the vanishing cycle for any
node in Hj. Proceedlng exactly as in the base case of induction, we conclude that this
proportionality is actually satisfied on M, and not only on dMT,. Tracing through the
argument, we see that the proportionality relations are of the form (3-5).

It remains to treat the case where some undegeneration in the chain I'; 1 »> -+~ I
is vertical. In this case the application of the monodromy argument to F' might pick up
additional contributions from the vertical vanishing cycles that F crosses. Note that
the contributions from vertical vanishing cycles are (up to multiplication by a constant)
independent of the order in which undegenerations are performed and which boundary
point is chosen to apply the monodromy argument; this follows from the computation
leading to (3-4) and is incorrect for horizontal vanishing cycles. Thus, to see that the
contributions from vertical vanishing cycles vanish we can, starting from I'; _;, only
perform vertical degenerations and then the contributions vanish by (3-4). O

Corollary 3.9 Any pair of M —cross-related nodes lies on one level.

Proof Lete,e’ € EM(T") be a pair of M —cross-related nodes, so that, by Theorem 1.1,
the periods over the corresponding vanishing cycles are proportional on M. The
rescaled limits of these periods are the (nonzero) residues of the twisted differential
at the corresponding nodes. If one node is lower than the other, by definition of a
multiscale differential compatible with a level graph this means that the limit of the
ratio of these residues must be equal to zero. Since the residues are proportional with a
constant coefficient, this means that both residues must be identically zero, which is
impossible, as the multiscale differential must have simple poles at all horizontal nodes
by definition. |

We now investigate defining equations that are non-top-horizontal-crossing equations.
We recall that an equation F is called non-top-horizontal-crossing if it does not cross
any horizontal nodes of level T (F). This allows the possibility that ' might cross
horizontal nodes of levels below T (F).
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Lemma 3.10 Let F be a defining equation of M that does not cross any horizontal
nodes at level T (F), but crosses some horizontal node ¢ € E ?lf’)r(F) atlevel i < T(F).
Then F can be written as the sum F' = H + G of defining equations such that T(G) =
T(F) > T(H), where G crosses no horizontal nodes at any level, and H is top-
horizontal-crossing with T (H) being the maximal level of a horizontal node crossed
by F.

Proof Using Remark 3.4, we construct a chain

pt=Tg~> v I v TV s T

as follows.

Here each I} ~ I 41 is a divisorial degeneration pinching some horizontal node
in E'°"(F), and we perform such divisorial degenerations until all nodes in E""(F)
are pinched, i.e. E(I) = E hor(T). Then I ~ T is the purely vertical degeneration
that closes the level passage between T(F) and T(F) — 1. Finally, I » T is the
remaining degeneration, which closes all other level passages and all other horizontal

nodes of I'.

Then F is top-horizontal-crossing for all F]f but not for I'’. Since every defining equation
for dMr is induced by an equation of BMFé, and every defining equation of BMFJ{+l
is induced by an equation of 8M1"]{, it follows that each defining equation of dMr-
is induced from a defining equation of M at p that does not cross any horizontal
nodes. Thus, we can find an equation G with the same top-level restriction as F,
i.e. (Go)T = F, but such that Gy crosses no horizontal nodes. In particular, then,
T(F —Gy) < T(F). Now either F — Gy is top-horizontal-crossing, or we can proceed
inductively and find G as desired. a

We can now prove the decomposition of the linear equations.

Proof of Theorem 1.4 We proceed by induction on #E""(F) 4+ T(F). If F crosses
no horizontal nodes, we set G := F and are done. Otherwise, if all nodes in E""(F)
are at levels strictly below T (F), we write F = H + G as provided by Lemma 3.10,
and apply the induction hypothesis on H.

The remaining case is that F crosses some horizontal node e € EM"(F) N E ?_<|>_r( F))(F).
Given any defining equation of M, by the definition of primitivity, there exists some
primitive equation P that crosses a subset of the horizontal nodes crossed by the

original equation, i.e. E""(P) € E""(F) and T(P) > T(F). By Lemma 3.10, we
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can further assume that T(P) = T (F). Then there exists a constant ¢ € C* such that
either F = cP or EM"(F —cP) < E"(F). We can then apply the induction to F —cP,
and, since E""(P), EN'(F — ¢P) € EM(F), condition (2) of the statement of the
theorem will be satisfied. |

While all the above statements were for arbitrary defining equations, for the rref basis
(F1,..., Fyn) we can obtain more precise results, determining the coefficients of the
equations explicitly. While this, our most precise, result, is more technical, it will be
crucial in enabling us to compute the analytic equations of M in plumbing coordinates
in Section 4, and in particular prove Theorem 1.7.

Proposition 3.11 Let Fy, ..., Fy, be the rref basis, written as in (2-3). Then:

(1) Each F; does not cross any horizontal node at level below T (Fj).

(2) If Fy crossese,e’ € E ?ﬁ’_r( F))(F), then there exist two nonzero integers ny, ny € Z

such that the equation
ni(Fp, ke) / w =ny(Fy, Ae') / w
e Ay
holds on M in a neighborhood of p.

(3) For any level i, the equation

R(F)= Y meitbii) [ o=

e

Z(e+)zi>€(e_)

holds on M in a neighborhood of p, where the m. ; are as defined in (2-1).

Proof We first prove (1). If Fj crosses any horizontal nodes of level below T (F),
then consider the decomposition F; = H; +---+ Hj + G provided by Theorem 1.4.
After reordering the H; we can assume that T (H;) < T(F). Writing H; =) ay Fy,
it follows then that T (Fy) < T (F;) whenever aj # 0. Furthermore, there must exist
J such that aj # 0 and Fj crosses some horizontal nodes. Let e be the horizontal
node corresponding to the pivot of Fj. Then e € EM'(H;) € E"'(F;), which is a
contradiction since the pivot node can only appear in Fj, and in no other equation of
the rref basis.

The proof of (2) was the content of (3-5), while the statement (3) was proved already
in the proof of Theorem 1.2. |
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4 Equations near the boundary in plumbing coordinates

Using the restrictions on linear equations obtained in Proposition 3.11, we can now
convert the linear equations in period coordinates into analytic equations in plumbing
coordinates and thus prove Theorem 1.6. The most precise technical result that we
prove in this direction is Proposition 4.3.

4.1 Converting equations from period to plumbing coordinates

While periods of the differential are not globally well defined on U, recall that in [4] the
so-called log periods were defined (these are related to perturbed periods of [3], and to
the expressions for periods used in [10, Lemma 3.8]). These are well-defined analytic
functions on U, obtained by subtracting logarithmic terms, as we now recall. As always,
we work in the neighborhood U of po € dM, and consider defining equations of M at
a smooth point p = (X, w) € M NU; now we will also fix a class y € H{ (X \ p, z; 7).
Recall that coordinates on U are given by b := (n,¢, h), where n € Dr can be ;hought
of as a twisted differential, and thus local coordinates for 5 are given by its periods,
t ={t_1,...,t_p(r)} are the level scaling parameters, and /1 = {/, },c gror() are the
plumbing parameters at horizontal nodes. The log period of @ along y is defined as

[/ Z Vs Ae)re(w) ln(se):|

v, (w):
! th(1/)1 =

where re(w) := (1/2ni)fxe w and, as in [3], we let

-1
Zm = l_[ l‘i[l",

k=—i
with the a; defined by (2-1). Here y is extended smoothly to nearby curves using
the Gauss—Manin connection. A priori, this might not be well defined because of the
monodromy of the Gauss—Manin connection, but the logarithmic terms are chosen
exactly to cancel out this monodromy, which yields:

Proposition 4.1 [4, Theorem 5.2] The log period WV, is a well-defined analytic
function on U. Furthermore, if y is nonhorizontal, then

W)= [ 0+ H),
Y

where H is an analytic function on U that vanishes identically on Dr N U C U.
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We will now rewrite the defining equations of M at p in terms of log periods, and then
express them in plumbing coordinates. We briefly recall our setup for writing in linear
equations.

Let (F1,..., Fy) be the rref basis of defining equations for M, with respect to a fixed
I'-adapted basis.

To lighten the notation we focus on one of the equations F := Fj, for now.

Then we can write

T(F) c(i) d(i)
_ @) (i)
F(X.w) = Z:(ZA‘ﬂy+ZBLﬂW)
—LT)

as in (2-4). Here we recall that §) are the top-horizontal-crossing cycles of level i and
a® are the non-top-horizontal-crossing cycles of level i for a fixed I'—adapted basis.

By Proposition 3.11(1) all coefficients A(J ) in (2-4) are zero for j < T(F). We thus
write i := T (F) from now on, and A4; := A(l) In terms of log periods, we compute

c(i)

F= Zm@ww+ZWW /wm@
ecE Ae
i d(j)

+ Z Z B(])(tm\I’ o+ Z a(]) Ae) f a)~ln(se))

j=—L(T) I=1 ecE he
c(@) i dj) c(¥)
= ZA;ZM\IJS(I) + Z Z B(j t[ﬂ‘lj (1) +ZA1 /l_ w - ln(sll))
j=—L(T) I=1

where we used Proposition 3.11(3) to substitute R;j(F) = 0 to obtain the cancellation
of terms for the second equality. For future use, write

c(i) i d(j)
L) =Y Ao @)+ Y Y B0 ().
=1 j=—L@) I=1

If F is a non-top-horizontal-crossing equation, then all coefficients A; are zero and we
define

L )=t

(4-1) G(b) =
IT(F) IT(F)

F(b).

which is then a holomorphic function on U.

Geometry & Topology, Volume 26 (2022)



Equations of linear subvarieties of strata of differentials 2805

If F is a top-horizontal-crossing cycle, then, by Theorem 1.1, the periods over vanishing
cycles for all nodes in E""(F) are proportional. Since F is an element of the rref
basis, we have 41 = 1. Since the coefficients of proportionality determined explicitly
in (3-5) are rational, it follows that there exist numbers ¢; € Q \ {0} such that

Ag- w=q- w.
! /A}” 1 /x‘l“
We can thus write

c(i)
POy =L+ (/m w) . (ln(sgi)) + ZCII ln(s;i)))
M 1=2

By clearing denominators (this is where the rationality of ¢; is used), the equation
F(b) = 0 is then equivalent to

c(i)
L(b) + Z nyin(s”) =0

f}"(t) w —1

for some nonzero integers 7;, and without loss of generality we can assume ged(n;) = 1.
By exponentiating, this is in turn equivalent to

c(i)
4-2) SO TPy =1,
=1
where we set
f):= L.

fk(z)a)

Since the point pq for which all s( D — 0 is contained in dM. , we must have f(0,0,0)=0.
Thus, it cannot happen that all n; have the same sign. By separating terms with n;
positive and negative, we can rewrite (4-2) as

(4-3) 0=H(b):=el/®sl s/

@) . We have now converted

for some monomials s/ and s7 in the plumbing parameters 8
an element F of the rref basis for defining equations of M at p to plumbing coordinates
and can now repeat the same process for all remaining equations in the rref basis. Before

proceeding with the general setup, we give an example of how this works in practice.
Example 4.2 Consider a boundary point pg such that the corresponding stable curve is

irreducible — and in particular the level graph has one vertex and some horizontal edges.
Let A; and A, be two horizontal vanishing cycles, and let §; and §, be crossing curves
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Figure 4: A boundary point with two horizontal node vanishing cycles and
two curves crossing these.

for them, as shown in Figure 4. Suppose that M is locally cut out by the two equations
in period coordinates given in the table below, where we note that Theorem 1.1 applied
to the first equation implies an equation relating the two periods in the second — so that
our machinery so far does not automatically produce any further equations. We will
now demonstrate the procedure to convert these into equations in plumbing coordinates
b = (n, h) (since I" has only one level, there are no scaling parameters ¢). The result is
given in the table below:

period equations  plumbing equations

/w—/w:O efsl—sz=0
8 p)

/a)— w=0 /a)—/a)zo
A As A Az

To convert the first period equation, we first express the first equation in terms of log

(\1151 —1—/ w~lns1)—(\1152+/ w-lnsz) =0.
Al A2

Substituting here the second period equation yields

Ws, — Vs, + (/ a))(lns1 —Ins,) =0.
Al

Next we divide through and set L = Wg, — Ws,, which gives

L
—— 4+ (Ins; —Ins,) =0.

fxl w

periods:
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Exponentiating and setting f = L/ [ 5, @ we finally arrive at
ef 818, - 1,
so the first equation becomes efs;—s, =01in plumbing coordinates, as claimed.

The second period equation extends holomorphically to the boundary. Indeed, it does
not involve any top-horizontal-crossing cycles, and thus no manipulations are necessary.
<

4.2 Rearranging equations

Going back to the general case, suppose that among the rref basis {Fi,..., Fi,},
there are u equations that are nonhorizontal, and u#’ = m — u that are top-horizontal-
crossing equations. We denote by Gy, ..., G, the results of converting the non-top-
horizontal-crossing equations to plumbing coordinates according to (4-1), and denote by
Hy, ..., Hy the results of converting the top-horizontal-crossing equations to plumbing
coordinates according to (4-3). These can be then written as

1

T (F)l

(4-4) Gr(b) = Li(b), Hi(b) =elx® gl _ gk

for some monomials s7¢ and s”* in the variables sl(T(F" ) Note that, as ¢ and / tend
to zero, the equations Gy, tend to the defining linear equations for M.

If we now define
Vi=belU :Gi(b)=---=Gyu(b)=H{(b)="---= Hy(b) =0},

then the defining linear equations of M can be rewritten analytically in plumbing
coordinates as the equations defining V' in plumbing coordinates.

We have thus proven:

Proposition 4.3 The local irreducible component Z of M at py containing p is a
local irreducible component of V.

We have thus proven a big part of Theorem 1.6: we have converted the defining
equations into plumbing coordinates, and have given their explicit form in (4-4). The
rest of the proof is a matter of organizing the equations.

Proof of Theorem 1.6 We now rearrange the equations to reveal some of the underly-
ing structure. Let /(1),...,/(u") be the pivots of those equations Fj, ..., Fj,, that are
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top-horizontal-crossing. After a change of coordinates

; T(F;
@ {effk(b)sl((kg i1 = 1(k) and | = T(F,).

X, =
) i .
sl(l) otherwise,

the equations Hj, take the form
(4-5) Hy = xTe — x Ik,
where I and J are the monomials from (4-4).

After this change of coordinates, we write the coordinates on U as (y, x), where y are
all coordinates not involving horizontal nodes, and x is the set of plu_mbing param_eters
at the horizontal nodes that we just defined. Note that y can be separated further into
the rescaling parameters ¢ and the periods f“/( Hn. We furthermore separate x into
sets of coordinates corresponding to individual M —cross-equivalence classes, writing
X = (x1,...,Xq). In these coordinates the local irreducible component Z of M NU
containing p is an irreducible component of the product

a
4-6)  V={y:Gi(p)=-=G,(») =0} x[[{x;: Hi(x)) = (0.....0)}.
=1
where each H; is the vector of all equations Hj crossing nodes in the M —cross-
equivalence class x;; this is possible since all nodes crossed by Hj lie in the same
M —cross-equivalence class.

We now show, that locally in the analytic topology, Z is isomorphic to a product of C”
and varieties defined by binomial equations. Since in the coordinates given by (y, x)
each equation Hj is a difference of two monomials, it remains to show that the factor
{y:G1(y) =--- = Gyu(y) = 0} is smooth and thus locally isomorphic to C”. This
follows in particular from the proof of Corollary 4.5.

To finish the proof of the theorem, we recall the relation between binomial equations
and toric varieties. Recall that by definition a toric variety X contains an algebraic torus
(C*)™ as an open dense subset, so that the action of (C*)" extends to X (note that
here we do not require X to be a normal variety). By [19, Lemma 1.1] (see also [20]),
the zero locus of a binomial prime ideal in C[x1, ..., x;] is an irreducible toric variety.
The ideal generated by the equations for V' is generated by binomials but in general is
not a prime ideal. Using the special form (4-4) of the equations for V' we will explicitly
construct an embedding of (C*)” in Z and thus show that Z is locally a toric variety.
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Figure 5: The square tiled surface from Example 4.4.

Since V, and hence also Z, is a product in (), x)—coordinates, it suffices to define the
algebraic torus on each component cut out l;y H . The crucial observation is that for
each equation H; the pivot variable only appears in Hj, and in no other equations.
Thus, we define the (C*)"—action explicitly in coordinates z1,. .., z., where ¢ is the
number of nonpivots for H;, by sending z; to xy, if x; corresponds to a nonpivot, and
for a pivot variable we define xj as a function of zy, ..., z. by solving the equation Hj
for xp. O

Example 4.4 The following example shows that the local irreducible component Z
of the linear subvariety may not be normal, already for Teichmiiller curves. Indeed,
every 2—dimensional affine invariant submanifold contains completely periodic surfaces
(X, w), by which we mean that (X, w) is a union of horizontal cylinders. Furthermore,
for such (X, w) the moduli of all horizontal cylinders on it are pairwise commensurable,
by the Veech dichotomy (and also as easily follows from Theorem 1.5). Furthermore,
all core curves of horizontal cylinders are pairwise proportional on M and there exists a
choice of cross curves of the horizontal cylinders such that all cross curves are pairwise
proportional as well. For two horizontal cylinders C; and C, on X, let e; and e, be
the resulting horizontal nodes on the nodal curve obtained by applying (eot 69,) to the
horizontal cylinders, while fixing the rest of the surface. Then we can convert a linear
relation |, 5@ =¢ /; 5, @ among the periods of core curves into the analytic equation

x4 :yb’

where we let a/b := m(Cy)/m(C,), with ged(a, b) = 1, the ratio of the moduli of
the two cylinders. For example, we consider the square-tiled surface from Figure 5
in the stratum Q.M ;(2) with a horizontal cylinder of modulus 3 stacked on top of a
horizontal cylinder of modulus 2. In this case the two linear relations defining M are

/wz/a), 2/ a)=3/ w.
51 52 )»1 )\2
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Converting them into analytic equations, we see that the local irreducible component Z
is isomorphic to
2 3
Cx{(x. p) [x* =y}
which is a product of C and a cusp, which is not normal, for example since the singular
locus has codimension 1.

Corollary 4.5 If all defining equations of M are nonhorizontal, then each local
irreducible component Z of M is smooth and transverse to the vertical boundary
stratum given by {t_y = --- =t_p ) = 0}.

Proof Indeed, in this case of only nonhorizontal equations we only have the first factor
present in (4-6), and thus

V={y:G1(p) =-=Gu(y) =0}.
For each equation Gy, the pivot corresponds to a period fa;Tk()Gk)) n, since Gy, is non-
horizontal. By Proposition 4.1, the Jacobian of the set of equations Gy, ..., G, with
respect to coordinates y is in reduced row echelon form and has the same pivots as the
original linear equatio_ns Fj,...., Fj, corresponding to nonhorizontal equations. In
particular, V' is smooth and irreducible, and, since it contains Z, it must coincide with Z.
Furthermore, the normal space to V' is generated by fa;&(ck» nfork=1,...,uand
thus we can choose 71, ..., 7_yr) as part of a local coordinate system on V, which
shows that Z is transverse to {f_j =--- = {_p () = 0}. |

The condition of this corollary is satisfied for example if M is disjoint from the closed
boundary divisor of EM g,n(1) that corresponds to graphs that have a horizontal edge.
In Section 4.3 we will apply this corollary to obtain a compactification of Hurwitz
spaces. We are now ready to prove our result about smoothing a collection of nodes
of I

Proof of Theorem 1.7 First note that the variety defined by equations G{(y) =--- =
G, (y) = 0 is smooth and irreducible; we denote it by Y. As the local irreducible
comi)onent Z of M is an irreducible component of V, which is a direct product, it
follows that Z is a product of irreducible components of the factors, and we write it
as Z =Y x [17=; X;, where the X; denote the individual factors, which are given by
equations in variables x;. As in the proof of Corollary 4.5 above, we know that there is
a local coordinate system on Y including (71—, ..., 7_r(r)). Thus, for any sufficiently
small collection of ¢;, there exists a point in Y with these t—coordinates, which is to
say that any collection of level passages in I' can be smoothed, while remaining in M.
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To show that any M —cross-equivalence class of horizontal nodes can be smoothed
while remaining in M, we simply observe that since Z is a product, and contains the
flat surface p € Z N M, it means that the coordinates x; () of this point are all nonzero,
while x;(p) € X;. But then the point with all the same y— and x—coordinates as po,
except with coordinates x;(p), lies in the product Z =Y x [17=; Xi, which is exactly
to say the /'™ M —cross-equivalence class of nodes has been smoothed. O

4.3 Application: a smooth compactification of Hurwitz spaces

As an application of our study of the local analytic equations of linear subvarieties, we
construct a smooth compactification of Hurwitz spaces.

Recall that Hurwitz spaces are moduli spaces of rational functions on Riemann sur-
faces with prescribed ramification multiplicities. By associating to a rational function
f: X — P! its exact differential df, we can consider Hurwitz spaces as subvarieties
of meromorphic strata. Being an exact differential is characterized by the vanishing of
all absolute periods, which are linear conditions in period coordinates. We can thus
realize Hurwitz spaces as linear subvarieties of strata. The Hurwitz spaces we consider
here are a “rigidified” version of the standard Hurwitz spaces where we mark all points
lying over a branch point. If we only mark the points over two fibers, for example
the fiber over 0 and oo, then we arrive at the definition of double ramification cycles
instead. In [5], the first author will use a similar approach to describe the closure of
double ramification loci inside Mg 5.

We now briefly define the Hurwitz spaces that we consider. Let f: X — P! be a

degree d map, which we think of as a rational function, branched over x1, ..., x, € P!,

(t)

with local ramification indices (e, (’)) over x;. We call the tuple

d=:"....e) @, e

’ ll
the branching profile of f. For a fixed branching profile d, we define the Hurwitz space
(4-7) Hur(d) := {(X,g, X ->Ph ! f has branching profile d,
mult 20 f= e() and
fe) = f(z,(j})) for all k, k', | /~,
where z = (Zgl), el 1(11)’ e an), .. ,Zi(:)) C X is a collection of distinct labeled
points and mult, f denotes the ramification index of f at z. Two such covers (X, z, f)
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and (X, z/, f') are considered equivalent if there exists an isomorphism ¢: (X, z) —
(X', z') of pointed Riemann surfaces and an isomorphism v : P! — P! such that the
diagram
(X.2) 2 (x'.2)

b

pt — ¥, p!
commutes. Note that, for every (X, z, f), after composition with an automorphism
of P!, we can assume that f/~!(c0) = {zgn), ... (")} After this normalization we
can still translate and rescale f. Since df is unchanged when f is translated, a rational

function up to automorphisms is the same as an exact differential up to rescaling.

Given a branching profile d, we define a partition

1
:(/,Li,...,,U/l(l),...,l/l/(ln),...,ﬂln))

of 2g—2 by setting /L(l) :=ord;( df, where we normalize as above, so that f"is assumed

to have poles exactly at Z( ), e (") . Thus, thinking of the triple (X, z, df’) instead of
(X, z, f) gives a map of the Hurw1tz space to the projectivized stratum P QMg , (1),
and we thus see that Hur(d) is isomorphic to the linear subvariety

PQHur(d) := {(X z,w) € PMgn(p) ‘ /a) =0forall y € Hi(X;Z),
/Pz(f) ;.
w=0forall k,k',i ;én}.

P

We can thus compactify Hur(d) by taking the closure of PQHur(d) inside PE Mg, (11).

Proposition 4.6 The closure PQHur(d) € P E M, »(1) is a smooth compactification
of PQHur(d).

Proof For any boundary point po € dP QHur(d), we first claim that I" has no horizontal
nodes. Indeed, at a horizontal node, the residue of a twisted differential is nonzero, but
since the twisted differential is the rescaled limit of exact differentials df, all of whose
absolute periods are zero on all flat surfaces in PQHur(d), this is impossible.

Thus, by Corollary 4.5, every local irreducible component of PQHur(d) at pg is
smooth. Note that Corollary 4.5 has been stated only for unprojectivized strata but the
proof applies also for projectivized strata, as the extra local factor of C* does not make
any difference.
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It remains to show that m is locally irreducible at pg. Assume that Z,and Z,
are two local irreducible components of P QHur(d) near po, and choose smooth points
pi = (Xi,w;) € Z;. Given a '-adapted basis at p; and a path y from p; to p,, we
can transport it to a ['—adapted basis at p, using the Gauss—Manin connection along y .
The resulting homology basis at p, depends on y, but the bases at p, obtained by
translating along different paths will only differ by adding multiples of the vanishing
cycles. Since every vanishing cycle is contained in absolute homology, the resulting
analytic equations for Z, will be independent of the choice of y. Let N be the defining
linear equations for Z; at p; in the chosen I'-adapted basis, and let GM(N) be the
result of transporting them along y using the Gauss—Manin connection. Then GM(N)
are defining equations for Z, at p,, simply because they are again the equations of
vanishing of all absolute periods, and the vanishing of relative periods (which is a
condition that is independent of the choice of the path, as all absolute periods are zero).
Using (4-4), we can convert N and GM(/V) into the analytic equations of Z, and Z,
near po in plumbing coordinates. Since N and GM(/N) induce the same analytic
equations near pg, at every boundary point there can be only one local irreducible
component, and it finally follows that the closure is smooth. |

5 Cylinder deformation theorem

In this section we use the restrictions on linear equations that we have obtained (in
particular, Theorems 1.4 and 1.1) to give a new proof of the cylinder deformation
theorem. The key point is that we can decompose the defining equations in such a
way that all the cylinders crossed by any particular equation are M —parallel. It then
follows that M admits some deformation changing just the cylinders in an M —parallel
equivalence class, and in fact we show that stretching/shearing all these cylinders by
the same matrix remains in M.

Below, we will need to consider a cross-curve § of a cylinder C on a flat surface pg, in
the sense of Wright [21]. This is defined to be a curve represented by a saddle connection
that lies in the cylinder, crosses the cylinder, and has one endpoint at a zero on the
bottom boundary of the cylinder and the other endpoint at a zero on the top boundary
(note that a cross-curve can cease to be a cross-curve under a small perturbation, for
instance if the cylinder contains multiple zeroes on each of its boundary components).

We start with a lemma that gives a connection between horizontal nodes and Euclidean
cylinders for the flat metric of large modulus.
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Lemma 5.1 For any py € Dr C 0EMg n(1), there exists a sufficiently small
neighborhood U > pq and a sufficiently large R > 0 such that, for any flat surface
p =X, 0) e UNQM; () and for any flat Euclidean cylinder C C X of modulus
greater than R, the circumference curve A of C is a horizontal vanishing cycle.

Proof We first show that the core curve of every essential annulus of sufficiently
large modulus must be homotopic to a vanishing cycle. While this is an easy standard
argument, we have not been able to pinpoint a precise reference in the literature. For
this, we forget the flat structure, and work in a neighborhood U of a nodal curve
Xo € OM g¢.n» Where every smooth curve has a thick—thin decomposition, where we
think of U in terms of standard plumbing coordinates near the boundary of M g.n- Let
A be the core curve of an essential annulus on X of sufficiently large modulus R. Then,
by the Schwarz lemma, the homotopy class of A contains a short closed geodesic A" for
the hyperbolic metric on X (where short means of length going to zero as R — 00).
We claim that A" cannot intersect the thick part of X.

To this end, observe that the hyperbolic length of all closed geodesics on the thick part
of all X € U is bounded below by a nonzero constant, and thus, by increasing R if
necessary, we can ensure that it cannot happen that A’ is contained in the thick part. If A’
intersects both the thin and thick parts of X, consider a “shortened” plumbing annulus,
where collars of hyperbolic width 1 are fixed at both ends. Then, by using this smaller
plumbing neighborhood to start with, we can ensure that A’ must intersect both the thin
part in the shortened plumbing annulus and the thick part for the original longer plumb-
ing annulus. In particular, A" must cross from one boundary of the collar to the other, but
then the hyperbolic length of A’ must be at least 1, so A’ cannot be short. Thus, finally,
A’ must be contained in the thin part, but then it must be contained in one plumbing
annulus, and finally it must be homotopic to the corresponding vanishing cycle.

We now switch from this general discussion to the situation of essential annuli that are
Euclidean cylinders for the flat metric. Choose a neighborhood U of py € EM gn(i)
sufficiently small that every p = (X, w) € U is obtained by plumbing some p’ € Dr
under the plumbing construction of [3, Section 10], and so that the above argument
applies for some chosen large R. We claim that (possibly after further increasing R and
shrinking U) the core curve of any Euclidean cylinder C is homotopic to a horizontal
vanishing cycle.

Suppose for contradiction that the core curve of C is homotopic to some vertical
vanishing cycle A, with e € EY*(I"). Recall that the plumbing construction for flat
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differentials glues in a plumbing annulus V, around a vertical node such that w on it
has the standard form 2, given by [3, (10.8)]. In particular, @ has no zeroes or poles
on V.. The cross-curve § of C connects two zeroes of @ and thus must cross into the
thick part of both X¢(.—)) and X(y(.+y)- In particular, we can choose a geodesic A for
the flat metric on C that is in the isotopy class of A, and passes through some fixed
point x in the thick part of Xy +). Let D be a small disk of fixed radius around x,
contained in the thick part of X. Then the length ‘ N a)‘ = [, lw| of A" in the flat metric
is bounded below by

0] = ¢+ [ty
/):’OD [£(e™)]

where #[4(,+)7 1s the scaling parameter for @ on X(y(.+)) and ¢ is a constant independent
of w, which depends on the size of D and the choice of the thick—thin decompositions.
Note that ¢ depends on which zeros are connected by the cross-curve §, but since there
are only finitely many zeros we can choose ¢ to be the minimum.

On the other hand, A is homotopic to a path contained in the thick part of Xy
and thus the length of A, can be bounded above by ¢’ - |f[¢(—y7| for some constant ¢’
independent of w. This contradicts the fact that [f[ge+y1| > |free—)1l on U (after
possibly further shrinking U). |

We are now ready to prove our generalization of the cylinder deformation theorem.

Proof of Theorem 1.9 We begin by using the GL™ (2, R)-action to get to a boundary
point of M where we can apply our results restricting the defining equations of M.
Recall that elements a;, s € GLT (2, R) can be applied to any flat surface, and that a;,
and ug preserve M, since M is given by linear equations with real coefficients. Recall
that transformations a$ and u$ only act on cylinders in the class C, leaving the rest of
the flat surface unchanged, and our goal is to show that they also preserve M.

For any given (X, w), the forward orbit {a;(X, ®)};>¢ is contained in M. Since all
cylinders in C are stretched unboundedly by a; as ¢ — +o00, the underlying Riemann
surfaces in this orbit degenerate as ¢ — 4-00. Thus, the image of this forward orbit in
the projectivization P2 M, ,, (1) cannot be compact, and there must exist a boundary
point P pg = P(Xo, ', o) € IPE M, (1) and a sequence {z,} of positive numbers
such that 7, — 400 and Pa, (X, w) — P pg. Here by P py we mean the image in
PE Mg, n(1) of a point pg € E Mg »(11), as throughout the paper, under the quotient
map EM gn(p) =P EM ¢n(p). This implies that there exist complex numbers 7,
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such that rpa,; (X, w) — po. By taking a subsequence, we can assume that the angles
of the r, converge to some o € .S 1 'We now rotate each r, so that it is positive and
real, and we replace py with —apg. In the end we get a sequence r, of positive reals
such that rpa, (X, w) — po.

By throwing away some of the beginning terms of the sequence, we can assume
that all rpa,; (X, ) lie in U (recall that U is a small neighborhood of the boundary
point pg). Let (Y, wy) :=a f (X, w). It suffices to prove the statement for (Y, wy)
instead of (X, w).

We now subdivide U into a finite number of simply connected sets (as in Section 3.1
of [10] or Section 8 of [8]). By passing to a subsequence, we can assume that rya, X
all lie in one of these sets W. Let {,, :=,,— 1]} be the sequence such that a,,Y =a 7 X
Below we will not need to think of the 1-form separately from the Riemann surface,
so we will drop wy from the notation; we will denote by S(Y) := [, pwy the period
over a relative homology class f.

By Lemma 5.1, the circumference curve of each horizontal cylinder C; on a;, Y must
be the vanishing cycle for some horizontal node of pq (note that we are abusing notation
by thinking of C;, initially defined to be a cylinder on X, as a cylinder on a;, Y'; this
creates no issues since all of these surfaces are in the a;—orbit of X'). By passing to a
further subsequence of #;,, we can assume that the horizontal node efn) € E"(I") whose
vanishing cycle is the circumference curve of C; on a,,Y does not in fact depend on n.

By Theorem 1.4, any defining equation F' of M can be decomposed as
F=H + ---+H.+G,

where each H; crosses a primitive collection of horizontal nodes, all at level T (H}),
and G does not cross any horizontal nodes. To show that aSu{Y € M, it is thus enough
to show that any such defining equations Hj, ..., Hy, G vanish also at the point aSu Y.

We will express this deformation in terms of periods of cross-curves (see the discussion
at the beginning of this section for the definition). Let §; be a cross-curve of the
cylinder C; on the surface Y. Since C; is horizontal, its height /;(Y) on the surface Y
equals Im §;(Y'). Note that §; can be thought of as a relative homology class on all
surfaces in the simply connected set W. For sufficiently small # and s, the deformation
afuf changes periods by

(5-1) §i(Y) = asus(8;(Y))
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for any i, while preserving the period over any curve that does not cross any cylinder Cj.
Since the class G does not cross any horizontal nodes, and in particular does not cross
the circumference curve of any Cj, it follows that G(aSu$Y) = G(Y) = 0 for any
sufficiently small ¢ and s.

For a defining equation Hj, first note that if it does not cross any of the cylinders
in C, then it is similarly preserved under the deformation a$u¢. Suppose now that
Hj crosses some C; € C. Since the collection of horizontal nodes that H; crosses is
primitive, all of these nodes are M —cross-related. Hence, by Theorem 1.1, the periods
over all the vanishing cycles crossed by Hj are proportional on M, and hence all
the cylinders crossed by H; are M —parallel. Since C is a full equivalence class of
M —parallel cylinders, all of the cylinders crossed by H; must lie in C.

We can thus write
d
(5-2) Hp =B+ cjbi.
i=1
where f; is a relative homology class that does not cross any horizontal nodes,
T(Bj) < T(H}) and ¢;,; are some real numbers. Furthermore, T(8;) = T (H;) for

all i, since H; has the same top level as the cylinders in C, and §; is a cross-curve of
such a cylinder.

Without the B; term, a$u$ would act on Hj in exactly the same way that a;u; does,
and H; (@SufY) = 0 would follow from the fact that M is defined by linear equations
with real coefficients, which are preserved by the GL™ (2, R)—action. The presence
of the B; term makes the proof more complicated. We will use our sequence a;,Y to
prove the following:

Claim The imaginary part Im B; (Y') is zero.

Assuming the claim, the fact that Hj(aSu$Y) = 0 follows easily. Indeed, we first
compute the difference

Hj(afufY) —ausH;(Y)

= (Bt 1)+ 2 i) - (s (1) + avns Y 5.0)

= (ﬁj(Y) +azus ZCi,j(Si(Y)) - (azusﬂj(Y) +ausy Ci,j5i(Y))
=B (Y) —asus(Bj(Y)) =0,
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where in the last equality we used the claim: since Im 8;(Y) = 0, one computes
agus(Bj(Y)) = B;j(Y). Now, since H;j(Y) =0, we have a,usH;(Y) = 0, and hence
the above implies H;(aSuSY) = 0, as desired.

To complete the proof of the theorem, it thus remains to prove the claim, for which
we will use the convergent sequence r,a;,Y — po constructed in the beginning of the
proof. Since rya,,Y € M, we know that Hj(rpa,,Y) = 0. Taking the imaginary part
and using the expression (5-2) gives

(5-3) Im(B; (rnds, Y)) + Y _ cij Im(8i(raay, ¥)) =0

i
(note that this again uses the fact that we are working with a linear variety defined by
equations with real coefficients, so that ¢; ; are real).

The curve §; on rya,, Y is a curve that crosses the cylinder C;. While §; on rya;, Y
is not necessarily a cross-curve in the sense above, we claim that it has the same
top level as the vanishing cycle of C;. Indeed, to see this one argues as in the proof
of Lemma 5.1: if §; had higher top level, then one could choose a closed geodesic
representing the circumference curve of C; that would cross the thick part of the surface
at this higher level, which would then have length much larger than the magnitude
of the period over the vanishing cycle; on the other hand, since §; crosses C;, its
top level is at least the level of C;. Since C; is a horizontal cylinder, its height
hi(rnas,Y) = rpehi(Y) = rye™ Im §;(Y) on the surface rya;, Y is approximated by
Im6;(rpay, Y); in fact,

Im §; (rpas, Y ) — rpe™ Im §;(Y) = o(rye™)
as n — oo. Substituting this into (5-3) gives

Im Bj (rpar,Y) + Z ci,j(rne™ Im§;(Y) + o(rpe™)) = 0,
i
and dividing through by r,e’ gives

Im(Bj (rpaz,Y))
rpein

+Y i jImbi(Y) =0.
i

Recall that B; is a curve with top level T(8;) < T(H;), while T (Hj) is the level of
the circumference curve of each of the cylinders C;. Hence, on surfaces in W, the
magnitude of the period of f; is less than a constant multiple of the circumference
of C;. The height of each C; on rya,,Y is within a constant factor of rpe’. Each

Geometry & Topology, Volume 26 (2022)



Equations of linear subvarieties of strata of differentials 2819

cylinder C; is degenerating as n — 0o, so its modulus is going to infinity. It follows
that the left-hand term in the above goes to 0 as n — oo. Taking the limit, we get

> cijIméi(Y) =0,
i

Combining this with the fact that at ¥ the imaginary part of (5-2) is 0, we get
Im B;(Y)) =0, as claimed. a

6 The linear equations of affine invariant submanifolds

In this section we specialize our study of linear subvarieties to the case of affine invariant
submanifolds. In our language, this is simply to say that we are talking about linear
subvarieties of holomorphic strata (so all m; > 0) such that furthermore all the defining
linear equations have real coefficients. Avila, Eskin and Méller [1] show that, for any
affine invariant manifold M in a holomorphic stratum, the image of the tangent space
Tix,oyM C H 1(X,z;C) in H'(X;C) is symplectic under the natural symplectic
pairing. We first carefully set up notation for all this.

6.1 General setup

Denote by
v Hi (X C) > Hi(X,2:C),  u: Hi(X'\z:C) > H (X C)
the natural maps, and by abuse of notation denote by (, ) both natural intersection
pairings
Hi(X;C)x Hi(X;C)->C, Hi(X,z;C)x Hi(X\z:C) - C,

which satisfy the adjunction property

{(x,u(v)) = (t(x),v)
for any x € H1(X;C) and v € H{ (X \ z; C). Given a subspace V C H;(X;C) (or of
Hy (X, z; C), respectively H; (X \ z; C)), we denote by V1 the perp space with respect
to (,) in Hy(X;C) (respectively of Hy; (X \ z; C) or H{(X, z; C)). For a subspace V
of homology, we denote by Ann V' its annihilator in cohomology.
The following result controls the space of deformations in M supported on an equiv-
alence class of M —parallel cylinders, modulo purely relative deformations. In the

below we will study small deformations, which are elements of the tangent space
TM c H'(X,z;C) at the given point (X, w).
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Lemma 6.1 Let M be an affine invariant manifold and let C be an equivalence class
of M —parallel cylinders on some (X,w) € M. Let V C H{(X \ z; C) be the span of
the circumference curves of the cylinders in C. Then

dim*(TM NAm V1) <1.

Note that V1 consists of all homology classes that don’t intersect one of the cylinder
circumference curves in C, so Ann V= is the space of local deformations in the stratum
supported on the union of these cylinders. Hence, one can think of (*(7M N Ann V1)
as local deformations in M supported on the union of cylinders in C, modulo purely
relative deformations.

The proof of the lemma is a simple application of the result of Avila, Eskin and
Moller [1] that ¢*(7'M) is symplectic, together with some formal linear algebra.

Proof We first note that in our linear algebra setup, for any subspace W € Hy (X \z, C),
we have

(6-1) Lu(W)H) S W,

while, for any subspace Z € H;(X;C), we have

(6-2) *(Ann(1(Z))) € Ann(Z).

Using these two facts, we get

(6-3) H(TM NAmn VY € (TM) N (Ann V)
CN(TM)N L*(Ann(t(u(V)J‘)))
C*(TM)NAnn(u(V)4h).

The above are subspaces of absolute cohomology, but the symplectic form is easier to
understand in absolute homology, so we take the annihilator of the last term above:

Ann(H(TM) N Ann(u(V)1)) = Ann(*(TM)) + Ann(Ann(u(V)h))
= Ann(*(TM)) +u(V)*.
By this equality and (6-3), to prove the lemma it suffices to show that
(6-4) dim(Ann(*(TM)) +u(V)*) =n—1,

where n := dim H; (X; C).
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Now recall that V' is spanned by circumference curves of M —parallel cylinders, which
is to say they remain parallel under small deformations in 7M. Thus, annihilating
them imposes only one condition on 7'M, which is to say we have

(6-5) dim(Ann(\*TM) Nu(V)) = dimu(v) — 1.
By [1], **(TM) c H'(X;C) is symplectic subspace, and hence so is Ann(t*(T'M)).
It follows that
dim(u(V) N Ann(*(TM))) + dim(u(V)J‘ N Ann(:*(TM))) = dim Ann(*(TM)).
Combining this with (6-5) gives
(6-6) dim(u(V)* N Ann(*(TM))) = dim Ann(*(TM)) —dim u(v) + 1.
Thus,
dim(u(V)J‘ + Ann(:*(TM)))
=dimu(V)* + dim Ann(* (TM)) — dim(u(V)* N Ann(*(TM)))
= dimu(V)* + dim Ann(* (TM)) — (dim Ann(.* (TM)) — dim u(v) + 1)
=dimu(V)t +dimu(v)—1=n—1,

which establishes (6-4), so we are done. O

We can now easily reprove a partial converse to the cylinder deformation theorem,
originally proved by Mirzakhani and Wright [16, Theorem 1.5]:

Theorem 6.2 Let M be an affine invariant manifold in any holomorphic stratum. Let
(X,w) € M and let C be a full equivalence class of horizontal M —parallel cylinders.
Then, up to purely relative deformations, the only small deformations of (X, w) that
stay in M and are supported on the union of the cylinders in C are given by aSu¢ (X, w)
for small t,s € R.

Proof By Lemma 6.1, the space of such deformations is at most one-dimensional. By
the cylinder deformation theorem (Theorem 1.9), the deformation given by applying
aSu§ lies in M. Hence, this one-complex dimensional family comprises all deformations
of the specified type. O

For further use, we record the following easy statement:
Lemma 6.3 The set of all horizontal vanishing cycles is linearly independent in

punctured homology Hi(X \ z; C).
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Proof For each horizontal vanishing cycle A., we can choose a homology class
6 € Hi (X, z; C) that intersects A, and no other horizontal vanishing cycle. For instance,
d can be constructed by locating two marked zeros at levels below £(e) that can be
connected by a path that crosses no horizontal nodes except e, and is contained in
X(<t(e))- The existence of such marked zeros is guaranteed by [2, Lemma 3.9]. O

We note that it is not true that the set of all vanishing cycles altogether is linearly
independent in punctured homology. Indeed, if some irreducible component of the
multiscale differential does not contain any marked zero, then the sum of the vanishing
cycles that is its boundary is homologous to zero.

6.2 Minimal stratum

We now specialize to the case of affine invariant manifolds in a minimal holomorphic
stratum 2 Mg 1(2g —2), i.e. to the case when the differential has only zero, of maximal
multiplicity. The special feature of the minimal stratum is that both maps ¢ and u above
are isomorphisms; in particular, all horizontal vanishing cycles are linearly independent
in the absolute homology H;(X;C). As always, we study the situation near some
po €OM C EM ¢,1(2g —2), and the first result we obtain is the following.

Proposition 6.4 Let e; # e, € EM'(I") be M —cross-related horizontal nodes. Then

there is a defining equation F' of M that crosses e; and e, and no other horizontal
nodes, i.e. EM'(F) = {e;, e3)}.

Proof Let A; and A, be the vanishing cycles for ¢; and e,, and let A be the M-
cross-equivalence class containing them. Let W be the span of the elements of A.
By Lemma 6.3, dim W = |A|. By Theorem 1.1, the vanishing cycles in A all have
proportional periods on M, and so the corresponding cylinders are M —parallel. Now
let V' be the span of the vanishing cycles of all cylinders that are M —parallel to these.
Since W C V, by Lemma 6.1 (and using that the map ¢ is an isomorphism, since we
are working in the minimal stratum), we get

dim(TM NAnn W) <dim(TM NAm V1) < 1.

Hence,
dim Ann W+ —dim(7M NAnn W) > dimAnn W+ —1 = |A|—1.

The left-hand side above is equal to the number of equations in the rref basis that cross
some vanishing cycle in A. Since no equation can cross exactly one element of A, we
get the desired conclusion. |
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Proposition 6.5 Suppose F = ajA; + ---+ ayiy is a defining equation of M at p,
where the A; are some distinct horizontal vanishing cycles. Then F is a sum of defining
equations of M that have the form of pairwise proportionalities bjA; = c;A; for
1 <j,l <k andsomebj,c; € R.

Proof LetAy,...,Ag,Ag41,..., Ay, beall the horizontal vanishing cycles. By Lemma
6.6, we can write
F=F +-+F,

where each F; is a defining equation of M of the form F = bA; 4 cA;. Order the F;
in such a way that Fy, ..., Fy are of the form bA; +cA; with 1 < j,/ <k, and the
remaining equations Fyr4 1, ..., Fy are not of this form. If £ = ¢/, then we are done,
so suppose £ > ¢’ and recall that A1, ..., A, are linearly independent by Lemma 6.3.
If all the Fy/4q, ..., Fy are of the form bA; + cAj with both j,/ > k, then, since F
itself does not have any A; terms with i > k, we must also have F = Fy +---+ Fy,
and we are done. Otherwise, we can assume that some equation — without loss of
generality Fy/; —is of the form bA; + cA; with j < k < /. In this case, since in the
sum F = Fy +---+ Fy the A; terms must cancel out, some other equation — without
loss of generality Fyy,— must have the form b'A;s + ¢’A;. We can then write the
following new decomposition of F into defining equations:

/ /
F=Fi+et Fy+ (Fopi+ S Fopn )+ (Fora=S Fon) + Foss +-+ F
_ ¢’ / c'b

Note that the (¢/42)" term now involves A j instead of A;. Thus, the total number of
appearances of terms A; with / > k has decreased by 1. Continuing in this fashion, we
arrive at a decomposition with no such terms, and we are done. |

The proof above used the following statement:
Lemma 6.6 Let Ay, ..., A, be all the horizontal vanishing cycles. Then any defining
equation of M of the form F = a;Ay + ---+ anAn = 0 is a sum of defining equations

of M of the form b\ + cA;.

Proof Consider an rref basis of defining equations of M. Suppose that, among these
equations, F1y,..., Fj are the ones that cross some vanishing cycle among A1, ..., Ay.
We first claim that each such F; must cross at least two of the these horizontal vanishing
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cycles. In fact, by Proposition 3.1, there is a linear relation among the vanishing cycles
crossed by F;. This could include vertical vanishing cycles, but, by Proposition 3.11(1),
these all lie at lower level than the horizontal nodes crossed. Considering the limit of
this relation as we approach pg, and noting that the period of a horizontal vanishing
cycle must be nonzero near pg, we see that the relation must involve at least two
horizontal vanishing cycles, as claimed.

Now, for each equation F;, consider the pivot horizontal vanishing cycle A; for that
equation, and choose some other horizontal vanishing cycle A; crossed by F; (whose
existence was just established). By Theorem 1.1, there is some equation o; = bAj +cA;
that holds on M. The «y,...,a; must be linearly independent, since each involves
a pivot node that doesn’t appear in the others. Thus, we get k linearly independent
relations, each establishing that periods over a pair of horizontal vanishing cycles are
proportional.

Now let A = span(Aj,...,A,). By [1], the tangent space TM € H!(X;C) is sym-
plectic (here we again use that we are in the minimal stratum, so absolute and relative
homology are the same). Hence, Ann 7'M is also symplectic, which implies that

dim A NAnn TM = dim Ann TM —dim A+ N Ann TM.

We see that the right-hand side equals k, since by assumption there are exactly k rref
equations cutting out M that have nonzero intersection with an element of A. All
a1, ...,0x liein A N Ann 7'M, and since they are linearly independent we have

ANAn TM =span(ay,...,q),

and we are done, since F' also belongs in the left-hand space. a

Proof of Theorem 1.10 Part (1) will follow easily from Proposition 6.4. We argue by
induction on 7, the number of horizontal nodes crossed by the defining equation F. If
n < 2, there is nothing to prove. So suppose n > 3. First, consider the case where there
exists a defining equation F’ with EMT(F’) C EP'(F) and EM"(F’) # @. Subtracting
from F a suitable multiple ¢ F’ gives an equation F"” that crosses a strictly smaller set
of horizontal nodes than F. Applying the inductive hypothesis to " and F” gives that
each can be written as a sum of defining equations that cross at most two horizontal
nodes, and hence so can F = ¢F’ + F”. On the other hand, in the case that no such
F’ exists, then any pair of horizontal nodes crossed by F are M —cross-related, by
definition. Pick two of these nodes and call them e and e;. By Proposition 6.4, there
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is a defining equation Fy with EMT(Fy) = {e;,e,}. Subtracting from F a suitable
multiple ¢ Fyy gives an equation F” that crosses a strictly smaller set of horizontal nodes
than F. By induction, this " can be written as a sum of defining equations that cross
at most two horizontal nodes, and hence so can F = ¢Fy + F”. This proves part (1).

Part (2) is just a restatement of Proposition 6.5. |

6.3 Counterexamples in general holomorphic strata

In this section, we show that analogs of certain results proved in Section 6.2 fail in
general holomorphic strata with multiple zeros.

Example 6.7 We give an example that shows that Proposition 6.5 fails in general
holomorphic strata. Define an affine invariant manifold M C Q./\/l5,3(18) as follows.
Pick a surface X € QM »(1, 1), make two slits, take two copies of the slitted surface,
and glue the surfaces together along both corresponding slits. This gives an X’ that is
a translation cover of X. Then M is defined as the connected component of X" in the
space of translation covers of X with four branch points, none of which is a zero of the
differential. See Figure 6 for a topological picture. Then M admits a degeneration pg
where six classes in punctured homology, A1, A1/, A2, Ao/, A3 and A3/, are vanishing
cycles of horizontal nodes, as shown in Figure 6. Near this boundary point, M is cut
out by the eight period equations shown next to the figure.

Now note that, taking the sum of the first three equations, and using that the relation
0=A1+ XA+ A3+ A1+ Ay + A3 holds in absolute homology, we see that
/ w=0
2A1+2A2+243

is an equation satisfied on M. However, no pair from Ay, A, and A3 need to have

proportional periods on M, so the above equation cannot be written as a sum of pairwise

equations among these three vanishing cycles. Hence, Proposition 6.5 fails for this M.
<

Example 6.8 We now give a local counterexample M to Proposition 6.4 in a non-
minimal stratum. The meaning of local here is that there exists po € dE Mg »(1t) and
a neighborhood U 3> pg with a subvariety M C U N QMg ,(u) such that:
(1) At each point, M is locally cut out by linear equations in period coordinates.
(2) The closure M in U is an analytic subvariety of U, containing py.

(3) *(TM) is a symplectic subspace.
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period equations cutting out M
/ w— /,a) =0
A |
/ w— [ o=0
A2 VA
/ w— [ o=0
A3 A

/a)— /a):0
Y1 71

/a)— w=0
V2 s
/a)— w=0
V3 3
/a)— w=0
B1 B1
/w— w=0
B2 B

Figure 6: Description of an affine invariant manifold M in the stratum QM g(18).

In other words, our M will be consistent with all the local analyticity and symplecticity
properties used in the proofs above, but we do not claim that M is actually the
intersection of some (global) affine invariant manifold with U.

period equations cutting out M

/w+ w+ w=0
71 V2 V3

/a)+ o+ w=0
Ap A2 A3

Figure 7: A local example in QM3 3(1, 1, 2).
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We define M C QM3 3(1,1,2) according to Figure 7. Here the boundary point has
three horizontal nodes, with vanishing cycles A1, A, and A3, and no other nodes. (This
does not specify a unique boundary point, since there is additional data about the
geometry of the stable Riemann surface with differential. Any choice of this data will
do.)

Note that (1) follows from the way we’ve defined M.

To verify condition (2), it suffices to convert the period coordinate equations into
equations in analytic coordinates around pq, using the ideas of Section 4. Indeed,
the second equation, which involves the periods over horizontal vanishing cycles A;
already extends to an analytic equation. The first equation, which involves the y;, can
be written in terms of log periods as

(\Ilyl —i—/ a)-lnsl) + (‘I’yz +/ w-lnsz) + (‘I’yz +/ w-lns3) =0.
Al A2 ’ A3

Since A and A, are equal in absolutely homology, and using the second equation
relating periods over A;, the above equation becomes

Yy, + ¥y, + V) + (/ a))(lnsl +1Insy —2Ins3) =0.
Al
Exponentiating both sides and rearranging gives
exp(Wy, + Wy, + Wy, )s152 — s% = 0.

This is an analytic equation in analytic coordinates around p, satisfied at the point pq
where 51 = s, = 53 = 0 at pg. This establishes (2).

For (3), observe that the two equations, corresponding to y; + y» + y3 and Ay, A;
and A3, are both absolute homology classes, and their intersection pairing is nonzero.

Having verified that M is in fact a local example, we now show that Proposition 6.4
does not hold in this setting. Indeed, the first defining equation of M crosses all three
horizontal vanishing cycles A1, A, and A3, and is the only defining equation of M that
crosses any of these three horizontal vanishing cycles. Hence, A; and A, are M —cross-
related, but there is no defining equation F that crosses A; and A, but not A3. <

6.4 Boundary stratification of affine invariant manifolds

For potential use for classifying affine invariant manifolds by recursively applying
degeneration techniques, we record here two results on their boundaries. The first result
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applies more generally to real-linear subvarieties of meromorphic strata— the context
in which our generalization of the cylinder deformation theorem applies.

Proposition 6.9 Let M be a linear subvariety defined by equations with all coefficients
real. Then, for any " such that diim dMp > 0, the boundary stratum dMt C M is not
compact.

Proof By [4], the boundary dMT is a product of linear subvarieties of various strata
of differentials, also all defined by linear equations with real coefficients. Suppose
for contradiction that dim oMt is compact. Then, for any irreducible component X,
of X, the image of dMT under the projection to the moduli of differentials on the
corresponding component would have to be compact. Since dim M > 0, there must
exist some Xy such that the image of d Mt gives a positive-dimensional linear subvariety
of the space of differentials on that component. If the differential considered on X}, is
holomorphic, we claim that this is impossible since there does not exist any compact
GL*(2,R) affine invariant manifold (because we can choose a saddle connection and
make it shrink to zero under the action of SL(2, R)). If the differential considered on X,
is meromorphic, then by [7] the corresponding stratum of differentials does not contain
any compact complex subvarieties. Thus, in either case we have a contradiction. O

While we do not know a counterexample to this proposition for linear subvarieties
defined by equations with complex coefficients, note that the proof uses the GL™* (2, R)—
action for holomorphic components, as it is not known whether holomorphic strata
contain any compact complex subvarieties. Even if we start with a linear subvariety of
a meromorphic stratum, it could be that in the boundary there is a top-level component
where the differential is holomorphic.

Applying this proposition recursively, given a real-linear subvariety M of complex
dimension a, one can consider a '] that corresponds to a divisorial boundary component,
that is such that dim¢ M, = a — 1, and then, since dMT is not compact, consider I,
such that dim¢ OMT, = a — 2, and so on, thus constructing a sequence of divisorial
degenerations of length precisely a:

pt=1Io v .-~ I, suchthat dimc IMr, =a—i.

Compare this to Remark 3.4, where many sequences of divisorial degenerations are
constructed, starting from a given I". Here we claim that, choosing at each step any
divisorial boundary component, we can always construct a sequence of degenerations
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of length a, i.e. going down to a point. For the case of affine invariant manifolds, we
can say a bit more:

Corollary 6.10 Let M be an affine invariant manifold, i.e. a real-linear subvariety of
a holomorphic stratum. If 9MT is a deepest stratum of M, that is, )M, = & for any
degeneration I' »> T", then every top-level vertex of T" has a horizontal edge attached
to it.

Proof By the proposition, being deepest is equivalent to M simply being a point.
As in the proof of the proposition, the projection of dMT to the stratum corresponding
to some top-level component X, must be a real-linear subvariety of that stratum, which
in this case must be just one point. If X} has no horizontal nodes, then the twisted
differential n, on X3 has no poles: it has zeroes at any marked points z;, and possibly
zeroes at the vertical nodes. But then, again as in the proof above, there does not
exist any flat surface in a holomorphic stratum fixed by GL*(2,R), so we have a
contradiction. |

We note that this corollary is false for real-linear subvarieties of meromorphic strata.
For example, for the case of the closure of the Hurwitz space considered in Section 4.3,
the boundary points have no horizontal nodes whatsoever. This is also the case for the
closure of the double ramification cycle considered in [5].
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