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Abstract
We show there is a translation surface (the golden L) that has unbounded
bunching: for every positive integer K there exists a ball B of radius 1 in R?
that contains at least K vectors that are periods of saddle connections on this
surface.

1 Introduction

A translation surface is a pair (X,w), where X is a compact Riemann surface and
w is a holomorphic 1-form on X. Equivalently, a translation surface is a finite
collection of disjoint polygons in the plane, with each edge paired with a parallel
edge of the same length, such that paired edges lie on opposite sides of the polygons
they bound. A saddle connection on (X,w) is a geodesic segment that starts and
ends at a zero of w, with no zeros on the interior of the segment. Integrating the
form w over a saddle connection gives a complex number, its period. It records the
length and direction of the saddle connection.

Definition 1.1. We say a translation surface (X,w) has unbounded bunching if for
every positive integer K there exists a ball B of radius 1 in R? that contains at least
K vectors that are periods of saddle connections on (X,w).

Question 1.2. Does there exist a translation surface with unbounded bunching?

Let ¢ := HT\/E be the golden ratio, which satisfies the quadratic equation ¢* —
¢ — 1 =0. The golden L translation surface is the one given in Figure
In this note, we answer Question [1.2]in the affirmative.

Theorem 1.3. The golden L has unbounded bunching.

The proof that we give is elementary, using only basic properties of quadratic
irrationals. It is somewhat intricate since one ends up considering products of powers
of 4 matrices.
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Figure 1: The golden L translation surface, presented as a polygon with edge iden-
tifications. The resulting differential has a single zero of order 2.

Relation to prior work. Saddle connections and cylinders on translation surfaces
have been of great interest for many decades. Masur proved coarse upper and lower
quadratic bounds on the growth of saddle connections and cylinders of length at
most R [Mas88| [Mas90]. Our initial interest in Question was that if no surface
had unbounded bunching, this would have provided a different explanation for the
coarse quadratic upper bound, and would have also implied coarse upper bounds on
saddle connections with periods lying in other shapes, such as strips of fixed height
and growing width.

Wu proved that on non-arithmetic Veech surfaces one can find arbitrarily small
balls that contain at least two saddle periods [Wul6]. However, the argument does
not readily generalize to give more than a fixed constant number of saddle connec-
tions (related to the maximal number of cylinders in a fixed direction) in balls of
fixed radius.

Samuel Lelievre conjectured a stronger version of Theorem namely that for
any K and € > 0 one can find a segment of length e that contains at least K saddle
periods for the golden L. Bashan has made progress towards this conjecture, showing
the K = 3 case [Bas25]. To our knowledge, the general case remains open.

AT use and formalization. The proof was found via extensive use of OpenAl’s
ChatGPT 5.5 Pro. The exposition presented here is entirely human-written. A
formal statement of the key new result in the proof, Proposition 2.1, was written
in the Lean language and carefully checked (the deduction of our main theorem
from this proposition is routine and short, but formalizing this deduction in Lean
would involve formalizing many concepts that are not currently in Mathlib). Us-
ing OpenAl’s Codex, a formal Lean proof of this proposition was produced, which
successfully compiles. Thus Proposition can be considered “computer verified”.



See the attached ancillary files:

e GoldenLUnboundedBunchMathlibStatement.lean contains the formalization
of the statement of Proposition

e GoldenLUnboundedBunchMathlib.lean contains both the formal statement
and proof.

Acknowledgements. We thank Joseph Helfer for help with Lean.

2 Proof of Theorem (1.3
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Our main theorem will follow easily once we have established the following propo-
sition concerning the above matrices acting on R2.

Define

Proposition 2.1. Let T" be the group (U, L). Then for any positive integer K, there
exist Yo, ..., Yik—1 €I and a ball B C R? of radius 1 such that ype1, ..., Vix_1e1 all
lie in B and are distinct.

Remark 2.2. In fact the above proposition and the proof we give below can be
modified to work for any ¢ > 0 with ¢? a quadratic irrational.
A

Before beginning the proof of the proposition, we set up some notation.

o Define p:=¢? =¢p+1= 3+T\/g Define the Galois conjugate p’ := 3;2\/5 Note
that p+ p/ = 3 and pp’ = 1.

e Define o := 1+ rp.
e Given a family of real numbers (d,),cs, define the oscillation

oscr d, := sup |d, — ds|.
r,sel

Proof of Proposition [2.1] It will suffice to consider group elements of the form

UML"U"Ley = U™ ( o1 i‘rmr)> (1)
_ <Oér ;gi(lnl—jar)) . 2)



The idea is to take m some large fixed number, and then choose K different
values of r and n. We can pick out the terms in the z-coordinate above that depend
on r or n; summing them gives a,. +mpna,. We want to choose r varying in a block
of consecutive integers of size K, and then choose n, depending on r, so that this
sum is approximately constant. Lemma below accomplishes this, as we now see.
For the R, M, A, n, given by that lemma, we get using that the z-coordinate of

is
(147p) + Mp(1+A—r/M +E/M)=1+Mp(1+A)+pE,,  (3)

forall r € {R,R+1,...,R+ K — 1}, and since osc; E, < é, we get that the
oscillation of the above is less than 1/8.

Now we consider the y-coordinate of , which Lemma has also been crafted
to handle. This coordinate becomes

¢(1+A—r/M+ E,./M), (4)

and since oscy(—r/M + E, /M) < é < é, we get that the oscillation of the above
is less than 1/8.

Now define ~; := UM L r+iURH L, for i = 0,..., K — 1. Take the ball B to be
centered at ype; (in fact any 7;e; would work). Combining the oscillation estimates
for x, y coordinates in and respectively, we get that all the v;e; lie in this B,
as desired.

It remains to show that qpei,...,vx_1€e1 are distinct. Suppose the contrary.
Since they correspond to products with the same m = M in the left-hand side of
, and U™ is invertible, we see from the x-coordinate of the right-hand side of that
formula that we would have a,. = ay for some s # r. But this is a contradiction,
since a,, = 1 4+ rp. Thus they are distinct, and we are done.

|

Lemma 2.3. Given K a positive integer, there exist integers R, M, A and integers
n, for each r € I, where I :== {R,R+1,...,R+ K — 1}, such that the following
holds. Let E, be defined to satisfy

r E,

nrar:A—M—l—M. (5)
Then
B < 2 (6)
OsC -
1 L Spa
T E, 1
OSCr <—M + M> < % (7)

To prove the above lemma, we will divide both sides of by a,, and then
use Kronecker’s theorem to produce A and n,.. We first give a useful description of
1/a;, a simple exercise in quadratic field arithmetic.



Lemma 2.4. For each integer r, we have

1
0, == — = a, + brp,

Oy
where a,, b, are rational numbers. Furthermore, bya, = b, /0, = ﬁfp,.
Proof. We have
1 L+rp _143r—rp
ar 14+rp  (A4+rp)(1+rp) 14 3r+1r2
14 3r -
- + Qpa

14+3r+r2 1+4+3r+r

so we take a, = 7 Jrl?j; ?j:TQ and b, = ﬁ, which are both rational numbers. Fur-
thermore,
_r _ _r
b =— (1 = 1 = —.
rar 1+37‘+7‘2( +ro) (1+rp)(1+rp’)( 7o) 1+rp

Proof of Lemma[2.3. Choose M > 2 such that M > 16pK. Choose R > 2400pK2.
Rearranging , we see that we want A such that

0, A= ]%(r —FE,) mod1 (8)

for all » € I. Now pick @ a large integer that is divisible by all the denominators
of the a, and b, (for r € I). By Lemma 0,A = (ar + byp)A, and so if we take

A = Qt, where t is an integer (to be chosen later), we get
0,A = (Qa, + Qbyp)t = Qb.pt mod 1. (9)

So substituting this into (8]), we see that we need to find ¢ that solves the
congruences

Qb,pt = &(7‘ — FE,) mod 1, (10)
M
for all r € I, for an E, that has small oscillation over I. The idea is that if the right
hand side of the above only depended on r through a factor of b,, we could cancel
it from both sides, and then we would only need to solve a single congruence.
To this end, we will pick a suitable C' and define E, by

—Cb, = 0,(r — E,). (11)

This will allow us to cancel as suggested. We will then approzimately solve with
this F,, and then our choice of F, will absorb the small approximation error. We



need to arrange that our E, has small oscillation (and then E, will too). In order to
get this, we will pick C' such that the derivative j E, is small. To this end, we write
E, in terms of C’ giving E, = r + Cb, /0, =1 — 15 ;, where the second equality is
from Lemma 2.4 Then we get

d ~ C

—F=1——.

dr" (14 rp)?
So we take C := (1 + Rp’)?, which makes d%ET equal to 0 at » = R, the beginning
of our block. To estimate it on all of I, we observe that, with our chosen value of

3 < 100/R. Integrating, and using

(12)

C, we have the coarse bound ’

(2,

ﬁnd

< 100K/R. Then integrating again, we

osc; B < 100K?/R < — (13)

24p

where to get the last inequality we have used our choice of R from the beginning of
the proof.

We now turn to approximately solving , with E, replaced by E,. Using ,
we find that we need to solve

Qb pt = % mod 1

ie.
b (Qtp+C/M)=0 mod 1. (14)
This we can approximately solve using Kronecker’s theorem: since {tp};cz+ is dense
mod 1, we can find integers t, ¢ such that
C 1
QM Qb (24pM (1 + 2Rp))

for each r € I (we are using that [ is finite). Then multiplying through by |Qb,|
gives

tp+ ~——

€‘<

Cb, 1
—Qbt| < .
@b 24pM (1 + 2Rp)
Since b,/ is an integer, we have solved up to error 1/(24pM (1 +2Rp)), for all
rel.
Now we unwind everything to complete the proof. From the previous inequality,

and then using @D, , we find that there are integers n!. and n, such that

1 o Cb,
T T M

24pM (1 + 2Rp)

(15)

>




Multiplying by «, = 1/6, gives

(073

24pM (1 + 2Rp)

>

r E
r&r — A_i = .
Ny QL < M—I—M)'

So for these r,n,, we get from , that

~ Mo, 1
E —E —
Er =Bl < S a1 oRp) < 215

(16)

where in the last inequality, we have used that o, = 1 4 rp, which for r € I is less
than 1+ 2Rp, since R is greater than 2K.

Combining with gives

. - 1 1 1
E,. < E.+2 E,—FE — 42— ==
osc; B, < oscr B, + ilell?| - v < 24p+ (24p> 5
which establishes the desired @ It is then easy to deduce the desired as

well: notice that, by our choice of M from the beginning of the proof, we have
oscr(—r/M) < K/M < %p and oscr(E,/M) < oscr(E,)/M < %p, hence

P B _ L1
oscy | —— + — — =
T\"M M) T 16p " 16p  8p

Proof of Theorem[I.3. 1t is easy to check that U, L are in the Veech group of the
golden L, i.e. the matrices stabilize the surface under the action of SLy(R) on the
ambient stratum. And e; is a period of a saddle connection (and in fact also a
cylinder), e.g. the one at bottom left of Figure The whole orbit of e; under
the Veech group consists of saddle connection periods. So our theorem follows from
Proposition 2.1} [
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