The Lebesgue Integral

Having completed our study of Lebesgue measure, we are now ready to consider the
Lebesgue integral. Before diving into the details of its construction, though, we would
like to give a broad overview of the subject. Most of the propositions and theorems
in these notes will not have proofs, though all of this will be proven later.

Given a measure space (X, M, u) and a function f: X — R, we wish to define
the Lebesgue integral of f on X, denoted

/deu~

Of course, it is too much to hope that every function f: X — R would be integrable,
and some restriction on f will be necessary.

Measurable Functions

To get a sense of the kinds of functions we will need to exclude, recall that the
characteristic function (or indicator function) of a set S C X is the function

Xs: X — R defined by
1 ifxes,
xs(x) =

0 ifxégs.

If E C X is a measurable set, it seems intuitive that the integral of yz should be the
same as the measure of F, i.e.

/XxEdu = wE).

However, if S C X is a non-measurable set, then the same intuition suggests that we
should not be able to assign a value to the integral of yg. For example, if V' C [0, 1]
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is a Vitali set, then the integral

/ Xv dm
R
should be undefined.
The following definition describes those functions that ought to be “reasonable”
enough to integrate.

Definition: Measurable Function
Let (X, M, u) be a measure space. A function f: X — [—o0,00] is said to be
measurable if the set

7 ((a,0q]) = {z € X | f(z) > a}

is measurable for each a € R.

For example, if xy: R — R is the characteristic function of a Vitali set, then
Xv' ((3.00) =V

is not a measurable set, and hence yy is not a measurable function.

Trouble with Negative Values

Even if we restrict to measurable functions, it is not reasonable to expect to be able
to evaluate any integral. For example, consider the integral

/ cos dm.
R

Though the cosine function is measurable, each full period of cosine bounds an area
of 2 above the z-axis and an area of 2 below the z-axis, which means that this integral
corresponds to the infinite sum

(=) 424+ (-2 + 2+ (=2) + 2+ (=2) + -

Since there is no reasonable way to assign a value to this sum, the Lebesgue integral
of the cosine function on all of R is undefined.
In general, if (X, M, ) is a measure space, then we will be able to define the

Lebesgue integral
/ fdp
b's
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for any non-negative measurable function f: X — [0,00]. Depending on the func-
tion f, this integral may be infinite, but it will always have a well-defined value
in [0, 0o]. For the purposes of these notes, we assume that the Lebesgue integral can
be defined in this case.

Assumption: Lebesgue Integral for Non-Negative Functions
Let (X, M, u) be a measure space, and let f: X — [0, 00| be a non-negative mea-
surable function. Then the Lebesgue integral

/deu

has a well-defined value in [0, oo].

For measurable functions f: X — [—00, 00| with both positive and negative val-
ues, we must analyze the positive and negative parts separately.

Definition: Positive and Negative Parts of a Function
Let X be a set, and let f: X — [—00,00]. Then the positive part and negative
part of f are the functions fT, f~: X — [0, oo] defined by

) = {f(x) if /() 20,

0 otherwise,

—f(z) if f(z) <0,

0 otherwise.

and f(z) = {

Clearly
f=1r -1

for any function f: X — [—o00, c0].

Proposition 1

Let (X, M, ) be a measure space, and let f: X — [—00,00] be a measurable
function. Then the positive and negative parts of f are measurable.

PROOF If a € R, then clearly (f*)™*((a,o0]) = X for a < 0, and

<f+)_1 ((a’ OO]) = f_l ((a’ OO])

for a > 0, and so f* is measurable. For f~, we similarly have (f~)™((a,c]) = X
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for a < 0. For a > 0, observe that

(f7) " ((a,00]) = f7([-00, —a)).
But the set on the right is the complement of f~1 ( [—a, oo]), and

F 7 ([Fa0e]) = () fH((ma =, o)),

neN

which is measurable. [ |

This allows us to define the Lebesgue integral for measurable functions that take
both positive and negative values.

Definition: Lebesgue Integral of Signed Functions
Let (X, M, u) be a measure space, and let f: X — [—00,00] be a measurable
function. We say that f is Lebesgue integrable if either

/f*d,u < oo  or /fd,u < 00.
X X

In this case, the Lebesgue integral of f on X is defined by

/deu = /Xﬁdu—/xfdu.

Incidentally, a measurable function f: X — R is said to have type L' if both of

the integrals
/ frdu and / fdu
b's b's

are finite. Equivalently, f has type L' if

[ 1fldu <

Every L' function is Lebesgue integrable, but a Lebesgue integrable function whose
integral is either co or —oo is not L!.

Elementary Properties

The following proposition lists many elementary properties of measurable functions
and the Lebesgue integral that we will prove in time. For the third property, two
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measurable functions f and g on a measure space X are said to be equal almost
everywhere if they are equal on the complement of a set of measure zero. That
is, f = g almost everywhere if there exists a set Z C X of measure zero such that
f(z) =g(x) forallz € X — Z.

Proposition 2 Properties of the Lebesgue Integral

Let (X, M, i) be a measure space.

1. If E C X is measurable, then xg is a measurable function, and

mezmm

2. If f and g are Lebesgue integrable functions on X and f < g, then

/deu < /ngu-

3. If f,g are measurable function on X and f = g almost everywhere, then f
1s Lebesque integrable if and only if g is Lebesgue integrable, in which case

/deu = /ngu-

4. If f is a measurable function on X, then so is |f], and

‘/deu‘ < /leldu~

5. If f: X — [—00,00] is a measurable function and k is a finite constant, then
kf is measurable. Moreover, if f is Lebesque integrable, then so is kf, with

/kadu = k/de,u.

6. If f,g: X — [—00, 00| are measurable functions and (f+g)(x) is defined for
all x € X, then f + g is measurable. Moreover,

/X(f+9)du = /deu+/xgdu

whenever the sum of integrals on the right is defined.
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Integration on Subsets

Sometimes we want to integrate a function on just part of a measure space. For
example, given a measurable function f: R — [—00, 00|, we might want to integrate
f on a closed interval [a, b]:

fdm.

[a,b]

More generally, if (X, M, p) is any measure space and E is a measurable subset of X,
we want to define the integral
/ fdu.
E

The following definition allows for this sort of integral.

Definition: Integral on a Subset
Let (X, M, 1) be a measure space, let f be a measurable function on X, and let F
be a measurable subset of X. Then the Lebesgue integral of f on FE is defined

as follows:
[ ran= [ rxedn
E X

Note that the function f yg is indeed measurable, since

(fxe)"((a,00]) = EN f((a,0q])

for any a > 0, and

(fxe) " ((a.oc]) = E°U (B0 7 ((a.00)))

for any a < 0. Of course, it’s possible that f yg isn’t Lebesgue integrable, in which

case the integral
/ fdp
E

is undefined. In general, we say that f is Lebesgue integrable on F if the function
f xE is Lebesgue integrable on X.

Of course, this definition isn’t really very satisfying. For one thing, we shouldn’t
need f to be defined on all of X to be able to integrate it on E. If we really want
a satisfying definition of integration on F, we need to make F itself into a measure
space.
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Definition: Restrictions of Measures
Let (X, M, i) be a measure space, and let E be a measurable subset of X.

1. The restriction of M to E, denoted M|g, is the collection of all subsets
of F that lie in M.

2. The restriction of u to E, denoted pu|g is the restriction of the measure
to the collection M|g.

It is easy to check that M|g is a o-algebra on E and p|g is a measure on FE,
and hence (F, M|g, u|g) is a measure space. The following proposition states that
integration with respect to this measure is the same as our previous definition.

Proposition 3 Integrals on Subsets

Let (X, M, u) be a measure space, and let f be a measurable function on X.
Then for any measurable set E C X, the restriction f|g: E — [—o00,00] is a
measurable function on E, and

fEﬂEde - /Efdu-

In general, if f is a measurable function whose domain includes E, we will always

write
/ fdp
E

[E fl dule.

Relation to Riemann Integrals

for the integral

If [a,b] is a closed interval and f: [a,b] — R is a continuous function, we now have
two ways of integrating f, namely the Riemann integral

/abf(x) dx

fdm
[a,b]

and the Lebesgue integral
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where m denotes Lebesgue measure on R. The following proposition states that these
two integrals are in fact the same.

Proposition 4 Riemann vs. Lebesgue Integrals

Let f: ]a,b] — R be a continuous function defined on a closed interval. Then f
18 measurable, and

b
dm = dx.
g / f(x) de

Incidentally, an improper Riemann integral is not always the same thing as a
Lebesgue integral. For example, suppose that f: [1,00) — R is a continuous function
with zeroes at the natural numbers which is positive on (n,n+ 1) for n odd, negative
on (n,n + 1) for n even, and satisfies

n+1 (_1)n+1
dr = ————
|ty = =
for all n € N. Then the improper Riemann integral of f exists, with

/100f(x)dx = Z(_lniﬂ = log2,

n=1

/ fdm
[1,00)

is undefined, since f has infinite area both above and below the z-axis. The trouble
here is that the series

but the Lebesgue integral

> (—1)nt1
o

converges conditionally, but our definition of the Lebesgue integral really requires the
area to converge absolutely.

Convergence Theorems

As we have stated previously, our goal in developing Lebesgue theory is to have a
theory of integration that works well with limits. Ideally, we would like to prove that

lim fodp = / lim f, du
X X n—oo

n—oQ
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for any sequence {f,} of integrable functions that converges pointwise.
However, as the following two examples show, there are certain very fundamental
obstacles to switching limits and integrals.

EXAMPLE 1 Let f,: R — R be the sequence of characteristic functions of the
intervals [n,n + 1], i.e.

£(2) = {1 if 2 € [n,n+ 1],

0 otherwise.

Then f,, — 0 pointwise, since f,(x) = 0 for all n > z, but

lim [ f.dz = lim m([n,n+1]) = 1.

n—oo X n—oo

Geometrically, the area under the graph of f,, is a rectangle on the plane that moves
right to infinity. Note that this example could easily be modified to make the functions
fn continuous, e.g. by replacing the rectangle by a bump of constant area. [

EXAMPLE 2 Let f,: R — R be the sequence of functions defined by

fulz) = {n if x € (0,1/n),

0 otherwise.

Then again f,, — 0 pointwise, since f,(z) = 0 as long as 1/n < z, but
/ fodp =1
be

lim fodr = 1.
b's

for each n, so

n—oo

Geometrically, the area under the graph of f, is a rectangle of decreasing width and
increasing height, with constant area. Note again that this example could be modified
to make the functions f,, continuous, e.g. by replacing each rectangle by a triangle of
width 1/n and height 2n. |

As these examples show, there will need to be some nontrivial hypotheses on
the sequence {f,} of functions. This leads us to the three classical convergence
theorems, all of which use a different combination of hypotheses to exclude the
examples above.

Before stating the convergence theorems, we state and prove an important prop-
erty of measurable functions.
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Theorem 5 Pointwise Limits of Measurable Functions

Let (X, M, 1) be a measure space, let {f,} be a sequence of measurable functions
on X, and suppose that { f,,} converges pointwise to a function f: X — [—o0, o0].
Then f is measurable.

PROOF Leta € R. If x € X, observe that f(z) > a if and only if there exists a k
so that f,,(x) > a+ 1/k for all sufficiently large n. Thus

o) = U U () it (a+ g 000).

keN NeN n>N

Since the functions f,, are measurable, each of the sets f,!((a + £,c]) on the right
is measurable, and hence f~! ((a, oo]) is measurable. |

Theorem 6 Lebesgue's Monotone Convergence Theorem

Let (X, M, i) be a measure space, and let
0< i< fo< fz< -

be a sequence of measurable functions on X. Then

lim fodu = / lim f, dpu.
X X n—oo

n—oo

Note that the limits in the monotone convergence theorem are actually supre-

mums, i.e.
Sup/ Jodp = /Supfndu.
neN Jx X neN

Theorem 7 Lebesgue’'s Bounded Convergence Theorem

Let (X, M, u) be a measure space with u(X) < oo, and let {f,} be a uniformly
bounded, pointwise convergent sequence of measurable functions on X. Then

n—oo

lim fodu = / lim f, dpu.
X X n—oo
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Here uniformly bounded means that there exists a single constant M > 0 so
that |f,| < M for all n. Note the the philosophy here is quite different from that
of the monotone convergence theorem. Instead of requiring the sequence of areas to
be nested, we are simply requiring that all of the area is contained in some finite
rectangle.

The third convergence theorem is the crown jewel of Lebesgue theory.

Theorem 8 Lebesgue's Dominated Convergence Theorem

Let (X, M, ) be a measure space, and let {f,} be a pointwise convergent se-
quence of measurable functions on X. Suppose that there exists a measurable

function g: X — [0, co] with
/ gdu < oo
X

such that |f,| < g for all n. Then

n—oo

lim fodp = / lim f, du.
X b'e n—o0

The function g in the above theorem is known as the dominating function. The
idea here is that the area between the graphs of —g and ¢ is finite, so there’s no way
for the area under the functions f,, to escape to infinity if they are confined to this
space.

Note that the bounded convergence theorem actually a special case of the dom-
inated convergence theorem, where the dominating function is simply a constant
function M.

Exercises

For the following exercises, let (X, M, 1) be a measure space.

1. Prove that if f is a measurable function on X, then the set

f7Ho0) = {z € X | f(x) = oo}
is measurable.

2. Let f and g be measurable functions on X, and suppose that f+ g is everywhere
defined. Prove directly from the definition that f + ¢ is measurable.



The Lebesgue Integral 12

10.

Let f: X — [—00,00] be a measurable function. Prove directly from the defi-
nition that —f is measurable.

Prove that if S C X, then yg is a measurable function if and only if S is a
measurable set.

Let f and g be measurable functions on X, let £ C X be a measurable set, and
define a function h: X — [—o00, 00| by

) flx) ifre R,
he) = {g(m) if x € E°.

Prove that h is measurable.

Let f be a Lebesgue integrable function on X. Use the positive and negative

parts of f to prove that
/ fdu‘ < / |f] dp.
X b's

Let f be a non-negative measurable function on X, and suppose that f < M
for some constant M. Prove that

/Efdu < M u(F)

for any measurable set £ C X.

Prove that if f: X — [—o00,00] is Lebesgue integrable on X, then fxp is
Lebesgue integrable for every measurable set £ C X, and hence all of the

integrals
/ fdp
E

Prove that “f = g almost everywhere” is an equivalence relation for measurable
functions on X.

are defined.

Let f: X — [—00, 00| be a Lebesgue integrable function, and let E, FF C X be
disjoint measurable sets. Prove that

/EUFfdu _ /Efdu+ /Ffdu.
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11.

12.

13.

14.

Let {f.} be a sequence of non-negative measurable functions on X. Prove that
> nen fn is measurable, and that

/X > fudp = Z/andu-

neN neN

Let f: X — [0, 0] be a measurable function, let { £,,} be a sequence of pairwise
disjoint, measurable subsets of X, and let £ =4 _\ E,. Prove that

neN
fdp = fdu.
=2,
1
Prove that lim z"dx = 0.
n—oo O
1 T
Prove that lim [ tan™'(nz)dr = =.



