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Abstract

An anamorphic projection is an image that is intentionally distorted so that the original
image can be seen only when looked at from a certain perspective, or using a special device,
for example a mirror. Origins of anamorphosis can be traced back to the 16th century
art, but beyond the aesthetic values, anamorphosis has found its uses in many practical
settings, such as road signs, and keystone correction. Despite the widespread uses, there is
a scarcity of detailed explanation of the mathematical principles behind anamorphosis, and
there is hardly any computer software generating the anamorphic projections. The goal of
this project is to apply computer vision techniques to create a program that automates the
process of generating anamorphic projections. We use a projector-camera system to derive
homography mappings between the projector and camera image, and propose a method
for generating an optimal anamorphic image for multiple viewers using least squares.
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1

Introduction

1.1 Background

An anamorphosis (or anamorphic projection/image) is an image that is intentionally dis-
torted so that the original image can be recovered only when looked at from a certain
point of view or using a special device, for example a mirror. Origins of anamorphosis
can be traced back to the 16th century when artists, mathematicians and philosophers,
fascinated by the idea of perspective, experimented with the notions of illusion, truth and
reality [7]. Some of the notable examples of anamorphosis include Jean-Francois Niceron’s
methods for geometrical construction that generated multiple types of anamorphic trans-
forms which involved both exact and approximate methods [7,8]. One of the most famous
anamorphic paintings is Hans Holbein’s The Ambassadors (Figure 1.1.1), in which the
artist embedded an anamorphic image of a skull (Figure 1.1.2) at the bottom of the paint-

ing as a memento mori, a recurring motif in many artworks in the Renaissance period.
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Figure 1.1.1: Hans Holbein’s The Ambassadors, 1533

Figure 1.1.2: Undistorted skull from H. Holbein’s The Ambassadors

Anamorphosis is still prevalent to this day, and is incorporated in many new forms of
art, most notably street art. The undying fascination for anamorphosis is manifested in
numerous artworks centered around the anamorphic principle and using it to create a
unique piece of art. Beyond the aesthetic values, anamorphosis has found its uses in many
practical settings, such as road signs that are elongated so that drivers’ looking at them
from a small angle above the ground can see the signs correctly (Figure 1.1.3), or inverted

“ambulance” signs that are designed to be reflected correctly in the rear-view mirrors.
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Principles similar to those of anamorphosis are also found in keystone correction, which is
a method for eliminating some distortions of projection that may result from misaligning
the projector with the projection screen.

Despite the widespread uses, there is a scarcity of detailed explanation of the mathe-
matical principles behind anamorphosis in the context of computer vision, and even with
the advanced technology there is hardly any computer software generating the anamorphic
projections. The goal of this project is two-fold. First of all, we explore the mathematical
principles behind the most common types of anamorphosis. Next, we combine these the-
ories with computer vision techniques to create a program that automates the process of

generating anamorphic projections.

Figure 1.1.3: Road sign in the shape of an elongated bike. Left: view from the top; right:
view from a driver’s perspective [7].

1.2  Previous Work

We build our research on previous works on the topics related to anamorphosis. The math-
ematical transformations involved in various types of anamorphosis are explained in [7]. In
particular, it describes the transformation of points between planar surfaces in perspective

anamorphosis, which is the main focus of this project. Because of the lack of resources
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about anamorphosis in computer vision, we review other related research projects that
employ methods that are applicable to anamorphosis. There have been some develop-
ment in the area of keystone correction, a topic which greatly overlaps with our project
as it uses a similar projector-camera setup and planar image transformation detection
methods [2,12]. Besides keystone correction, further innovations of [2] and [12] include an
interactive user experience through a laser pointer. Related but outside of the scope of our
project is dynamic anamorphosis, which adapts the generated images to the position of
the viewer by tracking the viewer in real-time [9,11]. We refer to [13] and [6] for compre-
hensive explanations of fundamental computer vision techniques and methods to analyze
images, including feature detection and image transformation. [6] also provides a complete
description of the geometric principles behind multiple view systems and techniques for

reconstructing a three-dimensional scene using projector camera systems.

1.3 Motivation

While the inspiration for this project originates from the intriguing use of anamorphosis
in art, the motivation for our research is the scarcity of previous work exploring the
broad applications of anamorphosis in computer vision. Through this project, we hope to
contribute to and bring the attention to this overlooked subject.

Most research on the related topics deals with reconstructing the three-dimensional ge-
ometry of a scene, for example using a Kinect device or a multiple camera system. This
project, however, takes a different approach in that it not only uses the cameras to recon-
struct the information about the scene, but also optimizes the projections for the camera
views. This work focuses on developing anamorphic models for single and two view geome-
tries, both of which have potential applications in visual and performance arts and can
be used to enhance the viewers’ experience and create unique and engaging visual effects.

We employ anamorphic principles to optimize projected images for a multiple view model,
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which has further use in developing anamorphic imaging systems for a large theatrical
audience. Another advantage to this simple projector-camera model is its relatively low
cost, which means that it can be effectively incorporated into class curricula to facilitate

computer vision learning.

1.4 Summary of Results

The results of this project are described in detail in Chapter 4. The findings in this work are
built upon a review of the mathematical concepts pertinent to perspective anamorphosis
and computer vision techniques, which are employed later in this project.

Chapter 2 discusses the mathematical principles of the Pinhole Camera Model and
two-dimensional image transformations, and introduces the concept of homogeneous coor-
dinates. The theoretical background explained in Chapter 2 serves as a basis for computer
vision applications and methods described in Chapter 3. Based on what we learn from the
review of these concepts, we build three models for generating anamorphic projections on
planar surfaces, discussed in Chapter 4. We first implement a basic planar model using
a simple projector-camera system. We estimate the homography relations between the
images in the system and generate anamorphic images for the camera view. Based on
our observations of some limitations in this simple model, we develop an improved model
which addresses some of these limitations. These two models are presented in Sections 4.1
and 4.2, and a homography estimation method using linear least squares for single view
models is explained in Subsection 3.2.1. Finally, Section 4.3 studies a two view model and
Subsection 3.2.2 develops a new method of homography estimation using homogeneous
least squares which we implement in Python as part of the algorithm for the two view

model.



2
Mathematical Concepts

This chapter defines some basic concepts and terminology needed to describe anamor-
phic projections. In particular, we present the pinhole camera model and introduce ho-
mogeneous representations of geometrical objects used in computer vision to facilitate

performing image transformations.

2.1 Pinhole Camera Model

The pinhole camera model is one of the simplest camera models. Its principles were known
in as early as the thirteenth century, and used in “camera obscura.” [3]

The pinhole camera can be visualized as a closed box with a small hole on one side, and
an image plane on the opposite side. The light rays, which are reflected from objects in
the real world, enter the box through the pinhole, and land on the image plane, forming
a 180° rotated two-dimensional reflection, as shown in Figure 2.1.1. The same mechanism
describes the process of human vision, in which the light passes the through the pupil of

the eye.
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Figure 2.1.1: Graphical representation of the pinhole camera model. [3]

2.1.1 Mathematical Description

For a more rigorous explanation of the model, we introduce a three-dimensional coordinate
system where Z is the axis orthogonal to the pinhole and image plane, X is the horizontal
axis, and Y is the vertical axis, and the origin is placed at the pinhole, as shown in
Figure 2.1.1. The position of any point in the real world in front of the pinhole box can be
represented with the X, Y and Z coordinates. The image plane has its own two-dimensional
coordinate system with z and y axes parallel to the X and Y axes respectively, and the
origin on the Z-axis at a distance f (focal length) from the pinhole.

Using this model, we can easily predict where a point lands on the image plane given its
three-dimensional position in the real world. Observe that the ray connecting the point in
the real world and its reflection in the image plane forms two similar triangles on either side
of the pinhole by projecting itself onto the X Z-plane. Given this observation, we define
the position (z,y) of a point on the image plane corresponding to the point (X,Y, Z) in
the real world as

Y X
y:—fE, andx:—ff.
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2.2 Homogeneous Representation

Homogeneous coordinates were first introduced by August Ferdinand Mobius, and later be-
came a powerful tool with applications in computer vision and projective geometry [1,10].
The homogeneous system is an alternative to the standard Euclidean, or inhomogeneous
system as it solves some of its limitations. One limitation of the Euclidean system is that
it allows only linear transformations that fix the origin to be represented as matrices.
Another limitation is that it does not have a finite representation for a point or line at
infinity. The homogeneous model solves this problem by introducing an extra dimension,
which provides a convenient representation for points and lines at infinity, as described
later in this section. Another benefit of using the homogeneous model, and the reason for
its prevalence in computer vision, is that projective transformations can be represented as

matrices, which offers a convenient way to perform such operations.

Definition 2.2.1. Let P be a finite point in n dimensions, and (z1,x2,...,2,) be its
representation in Cartesian coordinates. A homogeneous representation of point P is any
(n + 1)-tuple (wzy,wxa,...,wTn,w), where w # 0. The last coordinate w is called the
homogeneous coordinate. A homogeneous representation of a finite point has a non-zero

homogeneous coordinate, and a point at infinity has a zero homogeneous coordinate.

The homogeneity of this representation lies in the fact that when a homogeneous point
is multiplied by a scalar, it is still the same point and corresponds to the same Cartesian
point.

A Cartesian point can be converted to a homogeneous representation by appending
w =1 as the (n + 1) coordinate. A homogeneous point can be converted to a Cartesian

point by dividing each of its coordinates by w, and removing the homogeneous coordinate.
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Example 2.2.2. Let P; be a two dimensional point with Cartesian coordinates (z,y). A
possible homogeneous representation of P; is (z,y, 1), or more generally (zw,yw,w) for
any w # 0. Let P» be another point in two dimensions with homogeneous representation

(z,y,w). Py can be represented in Cartesian coordinates as (%, %)

Definition 2.2.3. Let [ be a straight line in two dimensions defined by the equation

ax 4+ by + ¢ = 0. Then (a,b,c) is the homogeneous representation of line .

The homogeneity is preserved in this line representation because (Aa, Ab, Ac) represents
the line Aax + Aby + Ac = 0, which is the same as line ax + by + ¢ = 0 represented by
(a,b,c), for any X\ # 0.

Additionally, it follows from the definition of a line that a point P lies on a line [ if the

dot product of the homogeneous representations of P and [ are zero.

Lemma 2.2.4. A point P is the intersection of two-dimensional lines l1 and ls if and

only if P is the cross product of the homogeneous vector representations of l1 and lo.

Proof. This proof consists of two parts. First, we show that the cross product of the

homogeneous representations of two lines is the intersection point of those lines. Then we

prove that an intersection of two lines must also be the cross product of the two lines.
Let I3 and ly be two-dimensional non-parallel lines represented as (ap,bi,c1) and

(az, ba, c2) respectively. Their cross product is a point P defined as
P = (a1,b1,c1) X (ag, by, ca) = (bica — bacy, azcy — ajca, arba — azby). (2.2.1)
We verify that P lies on both lines I; and ls by demonstrating that the dot product of P
with each line is zero. For line [; we obtain
ai(bicg — bacy) + bi(ager — arca) + ci(aibas — agby)
= aijbica — arbacy + agbicr — arbica + arbacy — azbicy

=0,
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which means that P lies on [;. Similarly, we obtain that P lies on [s:

az(bica — bacy) + ba(azer — arca) + ca2(arbe — agby)
= a2b162 — a2b261 + a2b2c1 — a1b202 + a1b202 — a26102

=0.

Since P lies on both Iy and lo, P, which is the cross product of the two lines, is the
intersection of those lines.

It remains to show that the intersection of two lines is also the cross product of the
lines. Let @ = (x,y,1) be the intersection point of /1 and l. Notice that without loss
of generality, any homogeneous representation can be transformed to a form with the
homogeneous coordinate being 1. Because @) is the intersection point, ot must lie on both
lines, which means that the dot product of Q with each line is zero. The dot product of
Q@ and 7 is

Q -l =(z,y,1) (a1,b1,c1) = a1 + by + c1,
and the dot product of () and [s is

Q- la = (2,y,1) - (a2, b2, c2) = azx + bay + c2.
We need to solve the following system of equations for x and y:

a1z +biy+c1=0

asx + by + co = 0.
We obtain the solution with a simple row reduction:
1
—c5

0 CLle — albg
a9 bg

a1 b
az by

a1C2 — a2C1
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BRI =
a2 0] —cp - 2zpeaen
o ;;zf:Zi§;]

Therefore the coordinates of () are

baci — bica aica — azeq 1
agby — arby’ aghy —arby’ ")’

which in homogeneous representation is equivalent to (bac; — bica, ajco — asey, asby — aibe),
which is the cross product of [; and I, as computed in the equation (2.2.1). Thus, the

intersection point of two lines is also the cross product of the two lines. ]

Definition 2.2.5. The degrees of freedom of a system is the number of independent

parameters that define the system and are free to vary.

Example 2.2.6. It is clear that a Cartesian point in two dimensions is defined by two
parameters: the x and y coordinate. Thus a 2D point has two degrees of freedom. It is
less obvious that a line in two dimensions has two degrees of freedom. Recall that a line
is defined by an equation of the form ax + by = ¢, where the coefficients a, b and ¢ define
the line. Although this equation has three coefficients, a line is unique only up to a scale
of the coefficients, that is a line ax + by = c is the same as a line sax + sby = sc for
any non-zero scalar s. In fact, a line can be defined with two independent parameters: the

slope and the y-intercept, marked as m and c in this common notation: y = mx + c.

2.3 2D Transformations

This section deals with types graphical transformations on 2D images. In computer vision,
these operations are functions of pixel coordinates that return new coordinates for the
given pixel. The simplest types of transformations include translation, rotation and affine.

They form a basis for the projective transformation (homography), which could be thought
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of as an advanced transformation that includes but is not limited to a combination of
those basic transformations. The projective transformation is defined in this chapter and
discussed in more detail in Section 3.2. The procedure of applying a transformation to
an image is referred to as warping. There are two main methods of warping, defined in

Subsection 2.3.2.
2.3.1 Transformations

This section focuses on some fundamental transformations of two dimensional images,
illustrated in Figure 2.3.1. For each transformation, we provide a definition and present
a matrix notation that offers a convenient way to apply them to 2D images. Since the
transformations discussed here do not preserve the origin, their matrix notation is only

possible when we use homogeneous coordinates, introduced in Section 2.2.

translation

e 4

7
\;ET/ A@ -
X

projective

Figure 2.3.1: Examples of basic 2D transformations. [13]

Definition 2.3.1. Translation is a type of transformation that shifts an image by a vector.

It is typically defined as a 2 x 3 matrix

or as a 3 X 3 matrix

for some translation factors ¢, and t,.
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The 2 x 3 matrix can be applied to a homogeneous point this way:

o 10 &) [ T+ t,
)= v y)-Gre)
where (z,y, 1) is initial position, and (2/, 3/ )T is the new position after translation. Observe
that the result of translation using the 2 x 3 matrix is a point in Euclidean coordinates,
without the homogeneous coordinate. This creates a significant disadvantage as it prevents
combining several transformations. For example, if we want to apply another translation

on this result, we need to convert it to the homogeneous coordinates first.

The 3 x 3 matrix gives the same result, but in homogeneous coordinates:

z 1 0 t, x T+t
vyl =(0 1 ¢t vyl =(y+ty
1 0O 0 1 1 1

This notation makes it easy to apply another transformation such as translation directly

to the result, as the result is already in the homogeneous form.

Definition 2.3.2. Rotation is a type of transformation that preserves orientation, lengths

and angles. In the most compressed form it is defined as a 2 x 2 matrix R:
cosf —sind
k= <sin9 cos @ )
for some angle 6. In this 2 x 2 form, rotation is applied to an Euclidean point, and the

result is also in Euclidean form, and is the position of the initial point rotated by the angle

f around the origin. Another more versatile form of the rotation matrix is

cosf) —sinf 0
R=[sinf cosf 0],
0 0 1

which is applied to a homogeneous point, and returns a rotated homogeneous point.

Definition 2.3.3. Scaling is a transformation that preserves orientation and angles. It
takes a form of a non-zero scaling factor s, which can be applied to both homogeneous

and inhomogeneous points.
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Rather than appearing separately, translation, rotation and scaling are often combined
to create more complex transformations. For example, a combination of rotation and

translation is called rigid or Fuclidean transformation, and is of the form
cosf —sinf t,
sinf cos® t,)°
A combination of all three basic transformations (translation, rotation and scaling) is

referred to as similarity transform is defined as

<scos€ —ssinf stx>

ssinf)  scosf sty
or more generally as
a —b t,
b a t,)°
Definition 2.3.4. An affine transformation is a type of transformation that preserves

parallel lines. It takes the form of any 2 x 3 matrix

app @op1 aop2

aipp ann a2/’
Definition 2.3.5. A homography, also known as projective transformation or perspective
transform is a transformation of a two-dimensional image I to another two-dimensional

image I’ (referred to as the anamorphic image), such that all straight lines in I are pre-

served in I'. Tt is represented as a 3 X 3 matrix

hoo hor  ho2
hio h11 hi2
hao ha1  hoo

Lemma 2.3.6. A homography H produces the same transformation as a homography A\H

for any non-zero \.

Proof. Let p = (z, y)T be a point in 2D, and H be a homography matrix defined as:

hoo hor  ho2
H = |hip hi1 hi2
hao hor  haoo
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By Definition 2.2.1, (z,y, 1)T is a homogeneous representation of p. Let point ¢ be the

result of the homography transformation H on the homogeneous point p. Then

hooz+ho1y+ho2

hoox + ho1y + ho2 h2ox+h21y~+ho2

=Hp= |hijpx+ h +h = | hwozthiiythia

q p 10 1y 12 haox+h21y+ha2
hoox + ho1y + hao 1

The last step of the derivation of ¢ is valid because a homogeneous point remains un-
changed when multiplied by a scalar.
Let H' be another homography defined as H' = AH for some non-zero \. Let ¢’ be the

result of the homography H’ on p. Then

A(hOOCC"FhOly"FhOZ) hoox+ho1y+ho2
A (hOOx + hory + h02) A h2oz+ho1y+ha2) hooz+ho1y+hos
/ /
=H'p= |A(hiox +h11y+h = | Mhozthuythiz) | = | hwozt+hiiythis
q p ( 10 1y 12) A(h2oT+ha1y+ha2) hoox+ho1y+hos
A (h2ox + ha1y + ho2) 1 1

Thanks to the property of scalar invariance of the homogeneous representation, the two

transformations H and H' = AH are the same. O

By Lemma 2.3.6, projective transformation matrices are invariant to scale, and therefore
have eight degrees of freedom. This fact is of particular significance as we introduce a

method for homography estimation that uses this property in Section 3.2.

2.3.2  Warping

Definitions 2.3.1 through 2.3.5 are different types of two-dimensional transformations. The
process of applying a transformation, or a combination of transformations to an image is
called warping. We distinguish two basic types of warping: forward and backward, which
differ in that forward warping directly transforms the original image to the final image,
while backward warping fills in each pixel of the final image with the corresponding color

from the original image.
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Definition 2.3.7 (Forward Warping). Let ¢ be a transformation function that maps pixels
from image I to another image I’. An image can be forward warped by copying the color

at each pixel at point p € I to a point p’ € I’, where p’ = t(p).

Definition 2.3.8 (Backward Warping). Let ¢ be a transformation function that maps
pixels from image I to another image I’, and ¢! be the inverse warping that maps pixels
from I’ to I. An image can be backward warped by iterating through points p’ € I’, and

“coloring” it with the color at the point p € I, where p = t~1(p’).

In practice, warping is often improved by some methods of interpolation that take into
account a cluster of pixels to determine the best color for each pixel on the final image,
rather than copying a single pixel from the original image. Interpolation is designed to
create smoother and more accurate color transitions, and further minimizes the distortions
generated by warping. In this project, we use a warping method provided by the OpenCV
library which uses bilinear interpolation and nearest-neighbor interpolation [15]. These
interpolation methods determine the color value at each pixel by averaging over the pixels

around it.



3
Algorithmic Methods

This chapter deals with the techniques and methods used in the implementation of the
automated anamorphic projection program that we develop in this project. We introduce
the linear least squares minimization method, which is a crucial tool for estimating the
projective transformations of various surfaces in our anamorphic model, which we discuss
in more detail in Chapter 4. We also explain the main feature detection algorithms such
as Harris Corner Detection and Chessboard Corner Detection, which are used to facilitate

the process of computing the transformations.

3.1 Least Squares Minimization Method

The least squares method is a technique to estimate the best possible solution to a system
of equations, which is especially useful when the exact solution to that system does not
exist. This approach is designed to solve overdetermined systems, which means that there
are more equations than unknowns. This estimate is obtained by searching for a solution
that minimizes the error, defined as the sum of squared differences of the result of the

estimated solution and the desired result. One of the most prevalent uses of this method
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is in finding the line of best fit to a set of data points, such that the sum of the squared
vertical distances from the line to each data point is minimized. The least squares model
can be used to predict the outcomes of the points not included in the finite input data.
For example, the line of best fit provides a prediction of the outcomes for all points in
the domain, and not just the input data points. Because of its application as an error
minimization method, the least squares estimation is used in many optimization problems
in practical experiments to minimize the errors resulting from inaccuracies of a practical
setup. For the same reason, it is of great significance to this project as it is the main
technique to estimate projective transformations between the computer screen image,
camera image, and the projective screen.

We distinguish two types of least squares methods: linear and non-linear least squares.
The linear least squares is an approach for finding the model that best describes a set of
input and output data, in which for pair of corresponding input and output data points,
the model can be expressed as a linear function of the parameters. Notice that the linear
least squares model is not necessarily a linear function in terms of the data points. For
example f(r) = ar? + blog(z) is a valid model because f(z;) = az? + blog(x;) is linear
in terms of the coefficients a and b for all data points x;. On the contrary, the non-linear
model is not linear in terms of the coefficients, although some non-linear models can

4% can be

be transformed into linear models, for example the non-linear model g(x) = e
transformed into h(z) = In (g(z)) = ax with the output data being In(y) instead of just
y. We mentioned that the least squares solves overdetermined systems. This means that
for an assumed model with m coefficients a1, as, . .. a,, we need n input data points, and
n corresponding output points, where n > m.

This section deals with the linear least squares as it is the method used in this project.

We demonstrate the method of finding the least squares solution on a simple linear model,

and a more general model.
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3.1.1 Linear Model

This is an example of the linear least squares on a linear regression model.

Let f : R — R be a linear function that models the data with input {1, z2,...,z,} and
observed output {y1,y2,...,yn}, where n > 2. The function f is of the form f(z) = mz+c
for some coefficients m and ¢, where m # 0. In order for f to be a “good” model of the
data, we need to pick the values of m and ¢ so that f(x;) ~ y; for all 1 <i < mn.

We define an error function E as E(m,¢) = Y21, (f(zi) — yi). To shorten the deriva-
tions and make it easier to read, we assume that all summations ), in this subsection are
equivalent to Y ;. The error function serves as a measure of how well f represents the
data. We need to find m and ¢ such that the value of E(m, ¢) is closest to 0. Because F is
always positive (E is a sum of squares), this statement is equivalent to finding m and ¢ at
the minimum of E. In order to find the minimum of F, we take the partial derivative of
FE with respect to each of its arguments, and solve the system of equations in which each
derivative is equal to 0. The partial derivative of E with respect to m is

0 0 e
a—mE(m,c)—a—mZ(mxl—i—c Yi)

7

= 22% (mz; +c—y;)

2

() () ()

The partial derivative of F with respect to c is

0 0 . 2
%E(m,c)—&z:(mxz+c )

)

:Z2(mxi+c—yi)

) (z ) e ()

We set each derivative to zero and solve the simple system of linear equations in which

the first column contains the coefficients of m, and the second column corresponds to the
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coefficients of ¢, and the last column has the constant terms of the resulting equations:
We perform a simple row reduction to transform it to the reduced row echelon form:
[0 (327) = (20" 0

| 2.i%i " > i
el EeE

0 »| - R
el e

DY (Zz 5’31)2(22 yz)*(nZZ Izyz)(zz%)
0 1 L2
I n (n2 3, 22) (2, i)

and obtain the optimal values for the coefficients m, c:
(n32ia?) = ()
n n (3 )’ - (n? 32, 27)

We substitute these values in the equation f(x) = ma + ¢ to obtain the line of best fit.

m =

C =

3.1.2 General Model

This section presents the linear least squares derivation on a general model.
Let fi, fo,..., fin be functions R — R and let f : R™ — R be the model function,

defined as

f(@) = a1 f1(Z) + agfo(F) + - + am [ (T),

where a1, a9, ..., a, are the coefficients of f. As we mentioned before, f does not need

to be a linear function on the variables £ € R™, but f must be linear in terms of its
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coefficients. This is important because in the process of finding the least squares solution,
the coefficients of f become the unknowns, and the initial arguments of f take values
of the known input data, and form the coefficients for the new unknowns. Let the input
data be {71, 23, ..., 45} and the corresponding observed output be {y1,y2,...,yn}, where
n > m, and &; = (21, T2, - - ., xim)T for all 0 < ¢ < n. Let X be the matrix of the values
that the input data takes in function f, where row ¢ of X contains the values of the input

data x;, defined as:

X1 X2 - Xim
Xo1 Xog -0 Xop
X=1 . o .
an Xn? T Xnm
where X;; = f; (&;). Notice that Xj; is independent of the coefficients a1, as, . .., @, which

satisfies the restriction of the linear least squares model.

Let @ be the vector with all the coefficients of f:

ai
a2

STl
I

am

and let ¢/ be the vector containing the output data:

Yn
Then for each data point x;, the value of f is f(x;) = X, - @, which we want to be equal
to y;, which means that we want X, d= y;. Our system can be represented as Xd = v/,

expanded to:

X1 X2 - Xim ay Y1
Xo1 Xoo - Xop az || v2
X1 Xn2 o Xom Qm Yn

Because this is an overdetermined system, which means that the number of equations is

greater than the number of unknowns, the solution to this system might not exist. However,
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we can still use the least squares method to estimate a solution for the coefficients that
best approximates the input data to the observed output.

We define the error E function as:

n n
S 2
E(a1, a2, am) = Y (@) —y:l> = )Xz- d—yi| =|1Xa— g’
i=1 i=1
To find the values of a1, as, . . ., a,, that minimize the error E, we find the partial derivatives

of F with respect to the parameters a; and set them equal to zero. The system of linear
equations resulting from that operation is equivalent to X7 Xa@ = X7 It remains to solve
the system for the unknown @. The product of the matrices X7 and X is a square matrix
with size m, and X7T7 is a vector of length m, so the number of equations is the same as
the number of unknowns, which means that we have an exact solution to the system. The

solution aq, as, ..., a,, defines the model f that best fits the data.

3.2 Projective Transformation

The relation between the anamorphic (distorted) image on a plane and the correct im-
age that the viewer observes is equivalent to that of an image projectively warped and
the original undistorted image, and so is simply a homography. This relation has in fact
been discussed in some previous research dealing with keystone correction [12]. Although
seemingly a separate problem, keystone correction involves the same plane-to-plane ho-
mographies, and the results of it can very well be adapted to our anamorphic problem.
The setup for this project consists of three surfaces detailed in Table 3.2.1.

Consider the transformation of an image from the projector screen to the projection
surface. Because the projection surface is a plane, this transformation is a homography.
Similarly, the transformation on the image from the projection surface to the camera

screen is also a homography because both of these surfaces are planar. If follows that the
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Surface Explanation

camera image/screen image seen by the camera, also interpreted as the image seen
by the viewer

projector image/screen | image projected by the projector; this is the image that the
computer gives to the projector, and not the projected image
on the projection surface

projection surface the actual projection on the screen (e.g. wall), with real-
life coordinates as opposed to the virtual coordinates of the
camera and projector image

Table 3.2.1: An explanation of the naming convention of the surfaces used in this project.

transformation from the projector screen to the camera screen is simply a composition of
the two homographies, and therefore is also a homography.

We differentiate between different homographies by introducing the following notation:
Hap is a homography mapping from surface A to surface B, where A,B € {C,P,S}
with C, P, S corresponding to camera, projector, and projection surface respectively, rep-
resented on the diagram in Figure 3.2.1. For example, Hpc is the homography mapping

each point in the projector image to a point on the camera image.

Projection surface (S)

I$
Q

Camera image (C) Projector image (P)

Figure 3.2.1: The homographies between the projector image, camera image, and projec-
tion surface.
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3.2.1 Homography Estimation with Linear Least Squares

This subsection explains a method of homography estimation for a simple anamorphic
model using the least squares. While there are various methods of homography estimation,
for example the approach suggested in the Smarter Presentations model by Sukthankar et
al. [12], we present this method of estimating the homography as an illustrative example.

To simplify the notation, let H = Hpc be the mapping from the projector to camera
plane, as shown in Figure 3.2.1. Its inverse, H !, maps from the camera image back to
the projector image. The experimental design excludes the possibility of the last entry of
the matrix H being zero. This is because a homography with zero as the last entry maps

the point at the origin to a point at infinity, as demonstrated in this example:

h()(] h01 h02 0 h02
hl() h11 h12 0 = h12
hQQ h21 0 1 0

This case is not applicable to this project because our controlled experiment ensures that
all relevant points, including the origin, are mapped to points that are finite in Euclidean
coordinates.

We formulate the problem as follows. Let {pg,p1,...pn—1} be a set of points in the
projector image, for some n > 4. The reason for n to be at least 4 is explained later in this
section. Each point p; can be expressed in homogeneous coordinates as p; = (x4, ¥, I)T.
Let {po,p1,...,pn-1} be the set of points in the camera image such that ¢; corresponds
to p; for all 0 < i < n — 1. Each point ¢g; can be expressed in homogeneous coordinates as
g = (X;,Y;, 1)T. Since the points in the projector image are transformed to points in the
camera image by projective transformation, any point p; is transformed into Hp; in the
camera image, where H is the homography mapping the projector to the camera image.

Without loss of generality, we assume that the last entry of H is 1, so H is of the form:

hoo hor  ho2
H=\|hio hi1 hi2
hao hor 1
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for some unknown entries hqg, ho1, - - -, ho1. It follows that for any point p;, we have
hooxi+ho1yi+ho2
hooi + ho1yi + hoo haozit+ha1yi+1
Hp; = | hiox; + h1iy; + h = | Pwozithiiyithia
Di 1044 11Y; + hi2 hooTitho1yi+1 )
haox; + ha1y; + 1 1

where the last step is true by the Definition 2.2.1 of the homogeneous point representation.
Our goal is to find the values of hgg, ko1, . .., ho1 such that Hp; =~ ¢; for all 0 <¢ < n — 1.

This can be expressed as:

hoozi+ho1yi+ho2
haoxi+ho1y;+1 X;
hiozithuyithiz | = [ Y, | . (3.2.1)
h2oxi+ho1y;+1
1 1

We transform this system of non-linear equations into an equivalent system of linear

equations:
hooxi + ho1yi + ho2 Xi (haowi + ho1y; + 1)
hiow; + h11y; + haz | = | Yi(hoows + ho1y: +1) | - (3.2.2)
1 1

For each point p; and the corresponding point ¢;, we have two constraints:

hooxi + ho1yi + ho2 = Xi (heoxi + ho1yi + 1)

hioz; + h11yi + hi2 = Y (hoow; + ho1y; + 1),
which can be rewritten in terms of all variables hgg, ho1, ..., ho1:

xihoo + yiho1 + hoz + 010 + Oh11 4 Ohia — Xixh00 — Xiyihor = X;

Ohoo + Oho1 + Oho2 + x;h10 + yih11 + hi2 — Yizihoo — Yiyihor = Y.

Combining all equations resulting from all n point correspondences, we obtain the following

system of linear equations:

To vw 1 0 0 0 —Xowo —XoYo hoo Xo
0 0 0 = yo 1 —Yoxo —Yoyo hot Yo
Tn—1 Yn—1 1 0 0 0 —Xp—1Tp—1 — n—1Yn—1 h21 Xn—1

0 0 0 Zp—1 Yn—1 1 —Yn1Zp—1 —Yn-1¥Yn—1 Yo
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Observe that n point correspondences give us 2n equations, and we have eight unknowns
hij, so we need n > 4 so that the number of equations is at least the number of unknowns.
When n > 4, our system is overdetermined, which means that there is no exact solution
to it; in that case we use the least squares method. To shorten the notation of the system,
let A denote the matrix of coefficients, h denote the vector of unknowns, and b denote the
vector of X; and Y; coordinates of points ¢;, so that our system of equations is Ah = b.

We define the error function F as:

2n—1

E (hoo, hots - - -, ho1) = Z ‘Ai-ﬁ—bi
=0

2 N N
= ||Ah — b||°.

We need to find £ that minimizes F , or in other words, h at the minimum of function E. To
compute the minimum of F, we solve a system of equations in which the partial derivatives
of E are equal to zero. This is equivalent to solving AT Ah = ATb. Finally, we populate
the entries hgo, hot, - - -, ho1 of the homography H with the entries of ﬁ, and the last entry

of H with 1.

3.2.2  Homography Estimation with Homogeneous Linear Least Squares

The homography estimation method presented in the previous Subsection 3.2.1 is a con-
venient way to transform the nonlinear homography estimation problem into a linear one.
Recall that the goal of the previous estimation was to find the entries hgg, hot, - - -, ho1 of
the homography H that give the best solution to the system of nonlinear equations (3.2.1)
for all point correspondences. Finding the best solution to that system is equivalent to

minimizing the error function £ defined as:

haozi + hory; + 1 haoxi + hory; + 1

hooi i ? i i ?
E:Z< 00%i + hory +h02—Xi> +<h109€ + h11y +h12—Yi> '
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Although this system is nonlinear, it can be easily transformed into an equivalent linear

system with the error function:

E =" (hoowi + horyi + hoz — Xi (haowi + hary; + 1))

7

+ (h1oxi + h11yi + haz — Yi (haoz; + haryi + 1))2.

This technique was used in the previous homography estimation method to create the
linear system, as shown in equation 3.2.2.

While this method offers a simplification to the nonlinear homography estimation prob-
lem and allows us to solve the problem with the linear least squares, it is not the only
way to approach this problem. This section introduces another method for estimating the
homography using the homogeneous linear least squares. We begin with formulating the
goal of this problem: we need to find a homography H such that for every point p; on the
projector image and the corresponding point ¢; in the camera image, Hp; is approximately
equal to ¢;. An intuitive yet incorrect representation of the goal statement is Hp; =~ ¢;. It
is false because it fails to take into account the fact that in homogeneous representation,
q; represents the same point as Ag; for any non-zero A, so the best solution H might ap-
proximate Hp; to some multiple of ¢;. To address this problem we introduce a modified
equation Hp; ~ \;q;, where \; is an auxiliary scaling variable for every point ¢;. To find
the best solution to this problem, we calculate H and A; for 0 < A < n — 1 that minimize

the error function
E=>|Hpi— Nal*.
i

By the linear least squares method, we set the partial derivatives of F to zero, and solve
the resulting system of linear equations to find the best H and A;, and then use the H to

compute the anamorph.
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3.3 Feature Detection Methods

Feature detection is one of the most crucial tools to this project. Since our goal is to
create a system that automatically generates anamorphic images, we need a way to tell
the program about its surroundings, and more specifically about the surface that it needs
to project the anamorphic image on. A convenient way to gather information about the
scene is by using a camera to capture the necessary details of the scene. However, while
a person is able to easily recognize and differentiate between objects in the scene as soon
as he/she sees it, the image of the scene is nothing more than a collection of pixels to a
computer program. To help the computer understand visual signatures of the scene, we tell
it to find some unique characteristics in the image based on the distribution and intensity
of the pixels. For example, analyzing an image in terms of the difference in intensity of the
neighboring pixels gives us information about the location of potential edges in the image.
In the context of this project, this is one way to detect the position of the projection
screen. Besides edges, other common easily detectable features include corners and blobs,
and these will prove especially useful in this project. In this section, we explore some
methods of feature and pattern detection, including the popular Harris Corner Detection,

and its improved version called Good Features to Track.

3.3.1 Harris Corner Detection

The Harris Corner Detection is one of the most common methods of feature detection.
It takes advantage of the observation that the change in intensity of the pixels around
a corner, relative to that corner is relatively large, so corners can be easily detected by
searching for pixels with the greatest variance in intensity of the pixels around it. This
procedure can be visualized as shifting a small window across an image, stopping at every
pixel and counting the sum of squared differences of the intensity of that pixel and each

pixel that is around it and inside the window.
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We present the method based on the publication of Harris and Stephens in 1988 [5]. Let
I be an image. Without loss of generality, we assume that the image is in gray scale. Let
I, denote the intensity, or gray scale color, of the pixel at position (z,y) on the image.
Let E be the change in intensity resulting from a shift (u,v), defined as:

2 : 2
I?y

where w; 4 is the window with unity in the desired region, and zero elsewhere.
A corner occurs when the change F is large in two dimensions, and is classified as a

relevant feature if the value of F at that corner is above some threshold value.

3.3.2 Good Features To Track

The Good Features to Track algorithm was developed by Shi and Tomasi [14] as an
improvement to the Harris corner detection, and a tool to facilitate feature-based vision
systems that require excellent tracking of features from frame to frame. This algorithm is
an improvement from the earlier feature detection methods in that it utilizes new tracking

algorithms [14,15].



4
Results

This chapter describes the implementation and results of different models of perspective
planar anamorphosis. Specifically, the chapter presents the experimental setup, procedures,
and limitations for each model as well as explains the algorithms and main functions
utilized in the implementations. This chapter begins with a simple planar model that
serves as a platform for implementing more complex types of anamorphosis. Due to the
iterative nature of the project, later sections integrate functions and computations derived
in preceding sections as appropriate. Unless otherwise indicated, these functions serve the

same purpose as they first appear in the chapter.

4.1 Basic Planar Model

The goal of this section is to build a program that generates an anamorphic image on a
planar surface. The only equipment needed is a projector and camera connected to a com-
puter, and a blank flat surface. The setup for this model consists of three surfaces: camera
image, projector image, projection surface, defined earlier in Table 3.2.1. For simplicity

purposes, we make several assumptions before the experiment. First, we assume that the
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camera is the viewer in order to avoid the necessity to define the position of the viewer,
and to make it easier to record the image seen by the viewer. Second, we assume that
the camera and projector are both pointed at the projection surface (although preferably
from different locations) so that the projector image is within the projection surface and
the camera’s scope encompasses the entire projection surface. It is also advised to keep
dim lighting because it makes the projection more distinguishable from the background
of the projection surface.

In order to maintain the consistency of the terms used in this chapter, we also introduce

the following naming convention:

Name Explanation

pre-anamorph | the original image that will be used for warping

anamorph or | the warped image that looks askew before projecting, but
anamorphic appears “straight” when viewed by the viewer (or the camera)
image

Table 4.1.1: An explanation of the naming convention for the anamorphic and pre-
anamorphic image.

The main task in generating the anamorphic image is finding the relevant homographies
that, when applied to the pre-anamorph, produce an anamorph that appears correctly in
the camera image. The algorithm for generating the anamorphic image is outlined in the

following four steps:
1. Project a pattern.
2. Find at least four common points in the projector and camera image.
3. Estimate homography Hpc using the least squares method.
4. Use Hop = H;é to warp the original image.

Figure 4.1.1 provides a conceptual diagram illustrating this algorithm. In step 1. of

the algorithm, we project a simple rectangular pattern (Figure 4.1.1a), and capture the
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projection with the camera (Figure 4.1.1b). We find the homography H pc using the point
correspondences in the projector and camera image, and use Hp¢c to create the anamorphic
image. Figure 4.1.2 illustrates the steps involved in projecting the anamorphic image and

verifying that it is seen correctly by the camera.

A

N

(b) (@)

Figure 4.1.1: Steps involved in finding the homography Hpc: (a) project a rectangular
pattern (b) Detect the pattern in the camera image

(b)

Figure 4.1.2: Verify that the anamorph is seen correctly by the camera: (a) project the
anamorph (b) The image (white rectangle) is seen correctly in the camera image.

The result of the algorithm for generating the anamorphic image is shown in the screen
shots and camera captures in Figure 4.1.3. The camera captures of the projection are taken
with the long exposure technique, which takes multiple pictures from the same position and

averages over them to reduce the blinking effect of the projector. A detailed explanation



4. RESULTS 40

(a) Camera image with detected projection (b) Pre-anamorph (original unwarped im-
corners; this corresponds to Fig. 4.1.1b. age); target image.

(¢) Anamorph after warping; this corre- (d) Anamorph seen correctly by the camera;
sponds to Fig. 4.1.2a. this corresponds to Fig. 4.1.2b.

Figure 4.1.3: Screen shots and camera captures of the program

of each step of the algorithm, and a discussion of the challenges and limitations of this

model are provided in the following subsections.

4.1.1  Pattern Detection

A simple white rectangle is projected on the projection surface, and captured by the
camera. Next, the corners of the projected rectangle are detected in the camera image
using the Good Features to Track algorithm, described in Section 3.3.2. This algorithm
is convenient in that it allows us to specify the number of corners to be detected, and
returns that number of the “best” corners. The four corners of the rectangular projection

are correctly detected and marked with blue circles in the camera image as shown in 4.1.3a.
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4.1.2  Homography Estimation

The corners of the projection detected in the previous subsection (4.1.1) are arranged in
the clockwise order starting from the top-left corner. The ordered corners from the camera
image are then paired up with the corners of initial pattern in the projector image, which
in this case are simply the outermost corners of the projector image, arranged in the same
clockwise order. We use the homography estimation method available in the OpenCV
Python library to obtain the best homography Hpc relating the projector image to the
camera image. The OpenCV estimation function gives the same result as the homography

estimation method described in Section 3.2.1.

4.1.8  Generating the Anamorphic Image

The ultimate goal of this model is to obtain the undistorted original image in the camera.
The question is: What should we project to obtain correct the projective distortion of the
camera? The answer to this question becomes clear if we reverse our perspective. So far,
we have considered the transformation of images from the projector image to the camera
image. However, in this problem, the camera image is the given factor (we know that
the camera should obtain the undistorted original image), and the projector image is the
unknown that we need to solve for.

It follows that the anamorphic image (which will be projected) can be generated by
applying forward warping on the original image (Figure 4.1.3b), as it is exactly the target
image that we want to receive in the camera. For every pixel in the original image, we
apply Hep to its homogeneous position (z,y, 1) to obtain a new position (z/, 4y, w) in the
projector image, and copy the pixel to that new location. The result is an anamorphic
image that looks distorted in the projector (computer) screen (Figure 4.1.3c), but appears

correct once projected and captured in the camera image (Figure 4.1.3d).
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One technical issue that we encounter in this step of the algorithm as a result of the
setup of this experiment is that some parts of the camera image correspond to the area
outside of the projector image. For example, if we apply the homography Hcp directly
to the original image (pre-anamorph), then some parts of the resulting anamorphic image
will be outside of the projector image. Instead we must choose a target area within the
camera view that lies inside the projection area.

Figure 4.1.4 illustrates a situation in which a point in the camera image is transformed
to a point beyond the projector screen. The gray rectangle in the left (a) is the camera
image, and the white quadrilateral shape inside the rectangle is the projection area. This
quadrilateral projection area in the camera image corresponds to the projector image,
represented as the white rectangle on the right (b). A point p lies outside of the projection
area in the camera image (a). When the entire camera image is warped to the projector
image, the point p is transformed to a point p’ in the projector image. Because p lies

outside of the projection area, the point p’ must lie outside of the projector image.

““h
p"/‘\\ ~~“~..
\ 1
\ 1
\ I
\ 1
\ 1
\ 1
\ 1

\
(a) (b)

Figure 4.1.4: Diagram of the scenario in which the points in the camera image are mapped
outside of the projector image: (a) camera image (b) projector image

A temporary solution to this problem is to reduce the size of the original image by

some fixed factor, and place it in the center of the potential (target) camera image, which
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is some estimate/guess of where the projection lands in the camera image. If the scale
factor is small enough, this solution would work for most projector-camera arrangements.
However, this method does not guarantee that the anamorph fits inside the projector
image for all possible projector and camera positions, and might significantly decrease the
size of the resulting anamorphic image. We will describe a better solution to this problem

in the Improved Model discussed in the next section (4.2).

4.1.4  Challenges and Limitations

As explained in Subsection 4.1.3, the current algorithm for generating the anamorphic
image might produce an image that does not fit inside the projector image. An example

of this is shown in Figure 4.1.5.

(a) (b)

Figure 4.1.5: (a) Anamorphic image not fitting inside the projector image. (b) When the
anamorphic image in (a) is projected, the camera receives an incomplete image.

Figure 4.1.6 shows an example of incorrectly detected projection corners, which pre-
vented the program from generating a correct anamorphic image. This error might be
caused by poor lighting of the system, which affects the contrast between the projection
and the projection surface, making it less detectable by the corner detection function. In
some situations, the projection corners are not detected due to the position of the cam-
era, which might be at an angle relative to the projection such that some parts of the

projection do not appear clearly in the camera image.
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Figure 4.1.6: Incorrectly detected projection corners.

4.2 Improved Planar Model

The Basic Model described in the previous section (4.1) presents a simple method for
generating an anamorphic image based solely on the homography between the projector
and camera image. While effective and sufficient in the simple scenario of our project,
the said method has three major limitations. First, it neglects the relationship between
the physical projection surface to the virtual projector and camera images. Although this
missing relationship does not affect the process of generating the anamorphic images when
using a camera as the viewer, it is necessary for potential future directions of this project.
In particular, the homographies mapping to the projection surface are crucial if we want to
generate an anamorphosis for a real person as the viewer instead of the camera, and allow
us to easily adapt this system to create a keystone correction model. Second, the previous
method also fails to reliably eliminate the case of the anamorphic image not fitting inside
the projector image. Lastly, the pattern detection method described in Subsection 4.1.1 is
deficient because it supplies only four point correspondences, which is the minimum num-
ber of correspondences required to estimate the homography Hpc. When the conditions

such as lighting, and projector and camera angle are unfavorable, this limitation hinders
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the process of homography estimation because the error from detecting each of the four
corners of the rectangular pattern projected has a significant effect on the accuracy of the
resulting homography. This section uses a modified set-up to incorporate the projection
surface, proposes a more complex pattern detection algorithm, and introduces a method
for repositioning of the pre-anamorph to guarantee that it fits inside the projector image

after warping.

(c) (d)

Figure 4.2.1: Screenshots of the program: (a) Detected chessboard corners. (b) Prepared
pre-anamorph. (¢) Anamorphic image after warping. (d) Anamorphic image seen correctly
by the camera.

The modified algorithm is outlined below:

1. Project a chessboard pattern.

2. Find the inner corners of the chessboard in the projector and camera image.
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3. Estimate the homography Hpc using the least squares method.
4. Prepare (resize and reposition) the pre-anamorph.

5. Generate the anamorph by warping the pre-anamorph with the homography

Hep = Hpp.

The result of this algorithm is compiled in Figure 4.2.1 and explained in detail later in

this section.

4.2.1  Modified Set-up

We modify our setup to make it possible to find the homographies mapping to the projec-
tion surface. The Basic Model in Section 4.1 does not compute any homography involving
the projection surface, so there is no need for the projection surface to have any detectable
points. In fact, as seen in some camera captures of that model, for example Figures 4.1.3a
and 4.1.3d, the projection surface is simply a large blank planar surface, and it is desirable
that the the surface does not have any distinguishable features as they could be mistaken
by the program for the corners of the projected rectangle that we need to detect. However,
the new setup introduced in this section requires that the projection surface has some de-
tectable features to facilitate the process of finding the homography mapping to it. We add
a rectangular projection surface, on which we project images with the projector. We use
a large rectangular piece of paper attached to a wall. The entire projection surface is then
captured by the camera, so that the corners of the projection surface can be detected in
the camera image. To find the homography Hgc from the projection surface to the camera
image, we use the same homography estimation method as the one used to estimate the

projector-camera homography Hpc.



4. RESULTS 47

4.2.2  Detecting the Projection Screen

We use the same good features to track algorithm to detect the corners of the projec-
tion screen. Unlike the projection (light from the projector), the screen is a solid object
and its color is appears stable in the camera, which means that the difference in color
intensity between the projection screen and the background is more easily detectable than
that between the projection and the background. Therefore the Good Features to Track
algorithm, described in Section 3.3.2, is relevant as it provides a convenient way to de-
tect exactly four corners of the projection surface. The detected corners are presented in

Figure 4.2.2.

Figure 4.2.2: Detected projection screen corners marked with blue dots.

These corners in the camera image correspond to the corners of the projection surface in
the real world. Using these four point correspondences, we can find the homography Hgc
by using the estimation method described in Subsection 3.2.1, where the real-world corners
of the projection surface assume the role of the projector points in the estimation method,

and the detected corners of the surface in the camera image are the output points..
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4.2.8  Homography Estimation with Chessboard Corner Detection

The Basic Model described in Section 4.1 uses a simple corner detection function to find
the corners of a rectangular shape projected on a wall, as seen in the camera image
(Figure 4.1.3a), and matches these corners with the corners of the original shape that was
projected, as seen on the computer screen. These four corner correspondences are then
used to find the homography Hpc. This method requires a specific light setting, and might
not produce the desired results when the light is too bright as the projection might not

be clearly visible in the camera image.

(a) (b)

Figure 4.2.3: (a) Original chessboard corners in the projector image. (b) Detected chess-
board corners in the camera image.

This subsection introduces an alternative way to obtain points in the projector and cam-
era image that provide a better estimation of the homography Hpc. The major amendment
is in the pattern projected. Instead of the simple rectangular pattern that contains only
four detectable features, we project a 6 x 9 chessboard pattern, presented in Figure 4.2.3a,
with 5 - 8 = 40 detectable inner corners. We choose this pattern because it is easily dis-
tinguishable from the projection screen. Notice that if we repeat the pattern detection

process from the Basic Model (Section 4.1), the algorithm used to detect the projection
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corners might not be able to distinguish between the corners of the projection and the
projection surface. The chessboard provides an efficient solution because it can be easily
detected regardless of other detectable objects surrounding it in the camera image, as

shown in Figure 4.2.3b.

4.2.4  Repositioning and Resizing the Pre-anamorph

A major limitation of the Basic Model is the fact that the anamorph may not fit entirely
within the projector image after warping. Recall that this phenomenon occurs because the
entire projector image is mapped by Hp¢ into an area inside the camera image. It follows
that the inverse homography Hcp maps the points within that projection area (inside the
camera image) back to their positions in the projector image. However, the points in the
camera image that lie outside of the projection area are mapped to new positions that do
not fit inside the projector image, as illustrated in Figure 4.1.4.

We propose a method for resizing and repositioning the pre-anamorph before warping
it to ensure that the resulting anamorph fits entirely inside the projector image and is of

the largest size possible, described in the following steps:

1. Identify the four corners of the quadrilateral region of the projection area inside the
camera image by applying Hpc to each of the four outer corners of the projection

image. The detected projection is shown in Figure 4.2.4a.

2. Find the largest rectangle that fits inside the projection region in the camera image,

as shown in Figure 4.2.4b. We explain this in more detail below.

3. Resize the original image so that it fits inside that rectangle, and place it in a blank
(uniformly colored) camera image in a position that is aligned with the position of
that rectangle (for example by aligning the top-left corner of the pre-anamorph with

the top-left corner of that rectangle), as shown in Figure 4.2.4c.
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(a) Corners of the projection area in the cam- (b) Maximal rectangle with fixed aspect ratio
era image. that fits inside the projection area.

(¢) Prepared pre-anamorph.

Figure 4.2.4: Screenshots of the program

After accomplishing these steps, the pre-anamorph is ready to be warped and is ensured
to land inside the projector image.

It remains to explain the method for finding the largest rectangle inside a quadrilateral
figure. Our method iterates through the pixels in the camera image and searches for the
largest rectangle that fits inside the projection area. We improve the run-time of the
algorithm by iterating only through the pixels that lie inside the projection area, before

searching for the best rectangle, and we stop the iteration once the remaining area in the
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camera image is smaller than the current largest rectangle. Additionally, we require that

the rectangle has the same aspect ratio as the original image.

4.2.5 Challenges and Limitations

One minor issue we encounter when testing this model is that for some positions of the
camera, the chessboard pattern is not detected correctly. One possible explanation is that
the camera is at an angle (relative to the projection screen) such that the chessboard
pattern appears too small, which causes the chessboard corners to be too crowded to be
detected correctly. In addition, the projector light is not stable, which reduces the quality of
the camera picture and makes it more difficult to accurately detect the chessboard corners.
However, none of the tests performed have shown a noticeable deterioration in the quality
of the anamorphic image. Because the number of chessboard corners is significantly larger
than four, which is the minimum number of points required to establish a homography, the

inaccuracy in detecting some of them is less likely to significantly affect the final result.

Figure 4.2.5: A scenario in which the program fails to detect the chessboard corners cor-
rectly.
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4.3 Two-view Anamorphosis

By the definition of anamorphosis, there is only one perspective, or rather one ray, such
that when a viewer looks at the anamorphic image from any point on that ray, the anamor-
phic image appears as the original unwarped image to the viewer. However, in practice
there might be a number of viewers looking at the anamorphic image from several perspec-
tives. In this section we address this issue and test a method for finding a transformation
that minimizes the distortions for the viewers. Once again, we use cameras to represent
viewers, and assume that the camera captures are what the viewers observe. Our goal is
to produce a homography H such that when H is applied to an image, and the resulting
anamorphic image is projected onto the projection surface, each camera capture of the
projected image is “as close as possible” to the original unwarped image. Strictly follow-
ing the definition of anamorphosis, the image transformed with that homography is not
an anamorphosis for any of the cameras, because an anamorphosis can satisfy only one
perspective. Rather than generating an image that is an anamorphosis for all the view-
ers, which is theoretically impossible, we aim to generate an image that is “as close as
possible” to the anamorphosis for each viewer. Although the result of this program is not
an anamorphic image, for consistency, we continue to use the terms “pre-anamorph” and
“anamorph” to refer to the unwarped image and the final warped image that is projected,
respectively.

The first question we need to answer is: how do we define “closeness” between the
desired image and the actual image we obtain? In other words, what is the error? One
way to define it is in terms of distance, which in this scenario means the distance between
the same pixel in the two images in the x and y direction. We take the sum of the squared
distances at each pixel as a measure of the error between the obtained and target image.

Based on this definition, our reformulated goal is to find a homography such that when
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it is applied to an image, and the image is projected on the projection surface, and then
captured by the two cameras, the sum of the errors between the captures and the desired
images is minimized. This problem is different from the previous two models in Sections
4.1 and 4.2 in that we need to minimize the error for both camera images, which makes
the estimation of the optimal homography to warp the original image to the projector
image significantly more complex.

The inclusion of the second camera requires that we introduce some changes to the
program. We present the updated outline of the algorithm to generate an optimal image

for two viewers:
1. Project a chessboard pattern.

2. Find the inner corners of the chessboard in Camera 1 and Camera 2 images.

3. Estimate the projector-camera homography for each camera, using the same method

as in the Improved Model in Section 4.2.
4. Choose a target chessboard pattern for each camera.

5. Estimate the homography H and its inverse H~! that map between the original im-
age and the projector image, and minimize the difference in the observed chessboard
corners and the target chessboard corners for each camera. The new homography

notation is explained in the following Subsection 4.3.1.
6. Prepare (resize and reposition) the pre-anamorph.

7. Generate the anamorph by warping the pre-anamorph with the homography HL.

4.3.1  Two-view Setup

The equipment needed for this setup is a projector, and projection surface, and two cam-
eras. As in the previous models, we require that the projector and the cameras are directed

towards the projection screen, and that the images projected land inside the projection
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screen, and the cameras capture the entire projection screen. This setup is visualized in

Figure 4.3.1.

(d)

(a) (©
(b)

Figure 4.3.1: The new setup: (a) Camera 1 (b) Projector (¢) Camera 2 (d) Projection
surface.

Along with the changed setup, we also introduce a new notation of the homographies for
this particular two view model, as presented in Figure 4.3.2. We denote the homography
from the projector image to the first camera image as A, and the homography from the
projector image to the second camera image as B. A and B correspond to the projector-
camera homography Hpc from the one view models discussed earlier. We introduce a
new homography H from the projector image to the original image. It follows that the
inverse homography H-1 maps from the original image to the projector image, and that
AH™! and BH™! map from the original image to the first and second camera image
respectively. Recall that the previous one-view models use the homography Hop to warp
the pre-anamorph into the anamorph. This method stems from the valid assumption that
the pre-anamorph is the target camera image, and the anamorph is the projector image,
so the anamorph can be created by warping the target camera image into the projector
image. However, this approach is not applicable to this model because the homography
used to warp the pre-anamorph into the anamorph is neither A=! (the camera-projector

homography for camera 1) nor B~! (the camera-projector homography for camera 1). In
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Camera 1 image Original image Camera 2 image
AH™! BH™!
4= —
Ay e
H
A B
Projector image

Figure 4.3.2: The new setup and notation for the homographies.

fact, if either A~! or B~ is used to create the anamorph, the result will be optimized for
only one of the cameras. Therefore, this model requires a new homography H to optimize
the projected image for both camera views. The primary task in this model is to estimate
the best homography H as we need it to warp the original image (pre-anamorph) into the

optimal anamorphic image, which is then projected.

4.8.2  Target Camera Images

The steps 1 through 3 outlined at the beginning of this section give an estimate of the
homographies A and B using the estimation method described in the previous one-view
models. It remains to determine the homography H. Before we introduce the new method
for homography estimation, we reiterate the approach used in the previous models to
explain why it does not apply in the current two-view model, which sheds some light on
the modifications we need to make to adapt the previous method to this scenario.

In the Improved Model approach, we project a chessboard pattern and detect the trans-
formed chessboard corners in the camera image, as explained in Subsection 4.2.3. We
then investigate the relationship between the original chessboard corners (in the projec-
tor image) and those detected in the camera image, and find the best homography Hpc

that transforms the original chessboard points to the camera points. The reason why this
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method can only be used to estimate the homographies A and B, but cannot be used
to estimate the homography H is that the previous approach considers the relationship
of points between the projector and camera image, while H relates points between the
projector image and the original image (or the pre-anamorph).

To address this issue, we introduce a new estimation approach, which allows us to solve
for the best homographies AH ' and BH~! between the original image and the camera
image. Because A and B are already known to us from the earlier steps of the program,
we effectively solve for H~!. To do this, we need a set of points in the original image,
and a corresponding set of points in each camera image. The points on the original image
are simply the original chessboard corners. The target points on each camera image are
the same as the original chessboard points, up to scale and translation. This follows from
the reasoning that when the original image is the pre-anamorph (i.e. the picture that we
use to generate the final anamorphic image), our goal is for the cameras to see the same
picture as the original image, up to scale and translation.

To account for the location of the actual projection in each camera image, we find
the new chessboard corners by performing a least squares minimization on the detected
chessboard corners. In addition, we impose the following constraints on the new chessboard

pattern:

1. The number of rows and columns in the new pattern is the same as that of the

original chessboard pattern.
2. The chessboard corners are equally spaced.

3. The grid lines of the new pattern are parallel to the z and y axes.

The result of this method is presented in Figure 4.3.3
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(a) New chessboard pattern for Camera 1 (b) New chessboard pattern for Camera 2
shown with red dots. shown with red dots.

Figure 4.3.3: New chessboard patterns.

4.3.8  Homography FEstimation

Due to the changes in the setup, the homography estimation method used in the previ-
ous models no longer applies. Therefore, we introduce a homography estimation method
designed specifically for this model. While this technique bears some similarities to the
previous method in that we continue to use the least squares minimization to find the
optimal homography H , the function that we minimize on is significantly different. This
subsection provides a detailed explanation of the new homography estimation using the
homogeneous least squares for the two view model.

Let po,p1,...,pn_1 be the chessboard corners in the original image. Let vy, v1, ..., V51
and wg, w1, . .., w,—1 be the target chessboard corners in Camera 1 and Camera 2 respec-
tively. The homography that maps points from the original image to a camera image is
AH! for Camera 1 and BH~! for Camera 2, where the entries of H~! are the unknowns.

Let hgo, ho1, ..., hoy be the entries of H~1 so that

R hoo  hor  hoz
H™'=|hio hi1 hi2
hao hor  hoo
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Without loss of generality, we assume that hoe = 1. By the homogeneous least squares

described in Subsection 3.2.2, the error function E can be defined as:

n—1 . 9
E(hoo, hots - - hat, X Ay - oy Anct 0y fi15 -+ s fim1) = D <HAH Pk — )\kka )
k

— O

ne
+> (HBﬁ_lpk - MkwkH2>
k=0

for some scaling variables Ay corresponding to each target point v, in Camera 1, and py,
corresponding to each target point w; in Camera 2. The scaling factors account for the
fact that any multiple of a homogeneous point corresponds to the same point, and so
taking the difference between AH ~lp, and a multiple of v;, and the difference between
BH ~lp;, and a multiple of wy, gives a better estimate of the actual distance between these
pairs of points than, for example taking the difference of AH ~lpg, and unscaled vy.

Observe that HAITI_ka — )\kka and HBﬁ_lpk - MkwkH are of similar structure, which

allows us to rewrite the error function in an equivalent but simpler form:

2n—1
E(Xo0, Xo1, .-+, X21,00,01, .., 09n-1) = Y _ | AxXby, — ope]|?
k=0

where Ay is Aor B, X is H™!, by is pp—n, O iS Ap O ig—n, and ¢y, is v3 or wy_y,, depending

on the value of k£, as shown in Table 4.3.1.

A | X by, Ok Ck

0<k<n-1 A | H! Dk Ak Vg

m‘>

n<k<2n-1| B Pk—n | Pk—n | Wk—n

Table 4.3.1: The meaning of new variables Ay, X, by, o and cg.

The goal of this section is to find (hgo, ho1,- - -, ho1, 00,01, - - ., 02,—1) that minimize the
error function. As explained in Section 3.1, we find partial derivatives of E with respect to
each variable, and solve a system of linear equations in which each partial derivative is zero.

For simplicity, we perform the differentiation on the simple form of the error function. The
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solution to that system of equations is the vector (Xoo, Xo1, .., X21,00,01,...,02,—1). In
particular, the values Xgg, Xo1,-.., X21 in the solution are the entries of the homography
matrix H-L.

The partial derivatives take two different forms depending on the variable with respect to
which we differentiate. We distinguish these two types of variables: X,.; where 0 < r, s < 2,
and o, where 0 <r <2n — 1.

The partial derivative of F with respect to X,s for any r, s such that 0 <r,s < 2 is:

o 2n—1
o O I ARXby — oxer”
" k=0
=2 (ApXb — oxcr) - (ApErsby) (4.3.1)
K
=2 Z Z (ApXby, — orer); (ArErsby), (4.3.2)

k1
=23 > ((AXbi); — ox (er)y) (Ar)y, (0x),) (4.3.3)
k l

:2%:; D (k) Xij (be); | = ok (e)y | ((Aw)y (Br),) (4.3.4)

.3

=2 D D (A (k) (Ak)yy (k) X — DY (er); (Ak)y, (be), o
] k l k l

The E, in lines (4.3.1) and (4.3.2) of the derivation above is defined as a matrix with
one at the position rs, and zero everywhere else. For aesthetic purposes we skip the bounds
on the sums in the derivation above, and explain them here. The index iterator [ results
from taking the dot product of ApXbr — orcr and ApE,sbg, each of which are vectors of
length 3, therefore 0 < [ < 2. The index iterators i and j result from taking the [** entry
of the product of Ay, X and bg. Since A and X are 3 x 3 matrices, and by is a vector
of length 3, it follows that 0 < i,j < 2. From (4.3.1) to (4.3.2), we use the fact that the

dot product of two vectors ¢ and ¥ is @ - ¥ = ), wv;. From (4.3.2) to (4.3.3) we use the
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following derivation:
(AkErsbk)l = (Ak(Estk))l
= (Ak (0,...,(bk)s,- - ,O)T>l , where (by)s is the r' entry

= (Ag)ir(bg)s-

From (4.3.3) to (4.3.4) we use these two properties:

(AV), = Z Ajvi, and

)

(AB#), =Y Au(Bi)i=>_ (Ah- > Bijuj> = AyBjjv;.
% % 7 i

We set this derivative to zero, and rearrange it so that the constant terms are on the
right-hand side. Because X9 = 1, the term X9 and its coefficients are moved to the

right-hand side:

2 (ZZ Z (Ak)y; (bk); (Ak)y (k) Xij — ZZ (ck); (Ak)yy (bk), O'k) =0
i k1 koL

Z ZZ (Ak)s (0k); (Ak)py (k) Xig = D> > (k) (Ak)yy (br) 0% =0
5] kool
Z ZZ Ay ()5 (Ak)y (br) g Xij = D> (en)y (Ar)yy (i) o
(6,9)#(22) k1 E o1

- ZZ (Ak)i (bk)o (Ak)y, (br)s - (4.3.5)
ko

Converting the equation (4.3.5) back to the notation used in our initial setup of this

model, we have the following equation:

Z [ZZAli(pk)jAlr(pk)s+Bli(pk)jBlr(pk)s hi;
3

(1,9)7#(2,2) !

) [z oA (), ] "
-y [z B 90)e ] "

=— Z > " [Aw(pr)2Ai(pr)s + Bia(pr)2Bir (pr)s] -
PR



4. RESULTS 61

The partial derivative with respect to o, for any 0 <r <2n — 1 is:

2n—1

0
> [AxX by, — oy

do,

d
= 0 |4, X by — oy
=—-2(AXb, —0r¢) -

= —QZ (A Xby — 0pcr); (cr);

oy ([ nxs o), ] - o) )
l

12
= =2 D> (A () () Xij = Y (er)i o
ij 1 !

Notice that in the process of taking the derivative, the summation on k disappeared.
This is because % || Ap X by, — akckH2 = 0 for all k& # r. We explain the limits on the
summations above: [ is the iterator in the dot product of A.Xb, — o,¢, and ¢, both of
which are vectors of length 3, so 0 <1 < 2; i and j are iterators in taking the I*" entry of
the product of Ay, X and by, and since A and X are 3 x 3 matrices and b, is a vector of
length 3, it follows that 0 <, j < 2.

Again, we set the derivative to zero and bring the constant terms to the right-hand side:

-2 ZDArm(br)j(cr),X@-j—Z@r);ar o

l

ZZ (cr); Xij — Z (cr)ior =0
Z Z cr)y Xij Zar (e); =Y (A, (c),.  (4.3.6)
l

(45)#(2,2) !
Converting to the notation used in our initial setup of this model, we obtain two equa-
tions depending on the value r. When 0 <r <n — 1, o, = A, and the equation (4.3.6) is

Z ZAu(pr)j(vr)z] hi; — [Z(UT)ZQ] Ar = — ZAlz(pr)2(vr)l
1 ]

(4,5)#(2,2) !
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When n <r <2n -1, 0, = gy, and the equation (4.3.6) is

Z ZBli(pr—n)j(wr—n)l] hij - [Z(wr—n)?] Hr = — ZBl2(pr—n)2(wr—n)l-
l l

(4,)#(2,2) !

We solve the resulting system of equations for the unknowns hgg, hot,---,h21, Ao,
Alyeoy An—1, M0, f1s - - -y hn—1, Where hog, ho1, ..., ho1 and 1 are the entries of the homog-

raphy H-L.
4.8.4  Generating the Anamorphic Image

To generate the anamorphic image, we perform the repositioning and resizing steps de-
scribed in Subsection 4.2.4 in the Improved Model. We then apply the H~!to the prepared
pre-anamorph, which lies on the original image, to transform it into the anamorph on the
projector image.

Our initial attempts did not provide expected results prompting us to identify some
potential shortcomings in our model. We tested the algorithm for homography estima-
tion using the homogeneous least squares method on specific parameters to verify if the
algorithm is correct. We compare the obtained test results with a parallel computation
in Mathematica. The results of the tests suggest that the implementation works for pa-
rameters that can be expressed with few decimal digits, but does not give the expected
solution for parameter with many decimal digits. This finding led us to consider the possi-
bility of encountering ill-conditioned matrices, which are matrices in which the difference
in between the smallest and largest entries is large, which causes the program to lose
some accuracy when performing Gaussian elimination on those numbers. Further tests
confirmed this conjecture as the condition number was between 4 and 10, which classifies
the coefficient matrix in our model as ill-conditioned (a well-conditioned matrix has the
condition number approximately 1).

We attempted to address this problem by using the singular matrix decomposition.

Despite some improvements in accuracy when calculating the homography on the test
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parameters, the problem of generating the anamorphic image remains unresolved. Due to

the time constraints, we hope to look further into this issue in future research.



5)
Future Work

In this project we explore the mathematical concepts behind perspective planar anamor-
phosis, and develop models for generating the anamorphic images on planar surfaces for
single and two-view model using a simple projector-camera system. We design and imple-
ment a homography estimation method using homogeneous least squares for the two-view
model. However, we encounter some challenges that need to be addressed in the future.
Some improvements include developing more accurate feature detection techniques, and
solving the ill-conditioned matrices problem, which might improve the results of the two-
view model.

This project may serve as a basis for other research directions. One adaptation of the
findings of this work is in keystone correction, which will take advantage of the modified
setup in the improved model in Section 4.2. This project could be extended by including
a real-time tracking of the viewer’s position to create a dynamic anamorphosis system.
Another direction that could be taken is investigating anamorphosis for arbitrary surfaces,
which could be done for example with adaptive structured lighting techniques. The topics

studied in this project have a potential forother practical applications such as enhanc-
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ing viewers’ experience by embedding projected images in performances such as plays or
dance. To expand the scope of the applications of anamorphosis in performances, one
could develop a model of anamorphosis for more than two viewers, which can ultimately
be used to optimize the projection for a large audience. One way to address the large
audience scenario is to build a synchronized system of multiple projectors, which can po-
tentially generate more powerful and engaging images. A paper by Elodie presents another
interesting approach to the subject of anamorphosis by considering the Renaissance art
and investigating the way artists of that time dealt with perspective. [4] This approach
may shed some light on how humans perceive the world, and cast some doubt on whether
strictly following the perspective principles yields an image that is convincing to the hu-

man eye.
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