Visualization and
Approximation
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IT 1s NOT ALWAYS POSSIBLE to write down an explicit formula for the solution to a
differential equation. For example, consider the equation

y' = sin(x?).

This equation is directly integrable, with solutions given by

y = fsin(xZ) dx.

Unfortunately, this integral cannot be evaluated symbolically, since there is no formula 1 is not obvious that sin(x2) has no
whose derivative gives sin(x2). Thus it is impossible to write down any explicit formula  elementary antiderivative, but this has
for the solutions to the above differential equation. been proven by mathematicians.
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A Figure 1: The solution to the initial value

problem

¥ =sin(x?),

y(0)=1.

Of course, the solutions to this equation still exist. For example, Figure 1 shows the
graph of one such solution. However, there is no way to write down an elementary
formula for this function involving arithmetic operations, exponents, logarithms, and
trigonometric functions.

In general, we know from the fundamental theorem of ODE’s that any initial-value
problem of the form

vy = F(x,y), y@) =b

has a solution, assuming the function F(x, y) is continuously differentiable. However,
in many cases there is no explicit formula for the solution. In such cases, we must
resort to graphical and numerical methods if we want to understand the solutions to a
given differential equation.

In this brief chapter, we will consider methods that can be used to understand
the solutions to a differential equation in the case that a simple formula for the
solutions cannot be found. In Section 1, we will describe how to visualize the
solutions to a differential equations using slope fields. This will lead us to a basic
geometric understanding of differential equations, and will help to illuminate why the
fundamental theorem of ODE’s is true. In Section 2, we introduce Euler’s method, a
numerical method for approximating the solutions to a first-order equation to arbitrary
precision. Such methods are often used by computers in numerical simulations or to
graph the solutions to differential equations.



SLOPE FIELDS

4.1 Slope Fields

There is a nice geometric way to describe the solutions to a differential equation, even
if we can’t write down explicit solutions. For example, consider the equation:

y = (x-1)>-y%

We can interpret this equation as a formula for the slope y’ of the solution in terms of x
and y. For example, if a solution for this equation goes through the point (4, 2), its
slope at that point must be 5, since plugging in x = 4 and y = 2 into the differential
equation gives y’ = 5.

We can visualize this information by drawing small line segments with the appro-
priate slopes at various points in the xy-plane, as shown in Figure 2. This picture is
called a slope field, and was drawn using the following procedure:

1. First, an array of x and y values were chosen. In this case, we used fifteen equally
spaced x-values between 0 and 2.5, and nine equally spaced y-values between 0
and 1.5.

2. For each (x, y) pair, the slope ¥’ was computed using the equation
y/ — (x _ 1)2 _ y2'
3. Ateach point (x, y), a small line segment was drawn with the computed slope.

We can think of a slope field as a picture of a differential equation, in the sense that it
contains the same information that the differential equation does. After all, a differential
equation is really just a formula for the slope ¥’ in terms of x and y, and the slope
field shows us exactly how this slope varies with x and y. Thus a slope field can be
viewed as a geometric form of a differential equation, in the same way that a graph is a
geometric form of a function.

The solutions to a differential equation are curves that follow the slopes of the slope
field, as shown in Figure 3. Indeed, a curve is a solution to the differential equation if
and only if its slope at each value of x and y agrees with the slope field. Drawing these
curves is a geometric form of “solving” a differential equation.

In this context, an initial condition corresponds to a point on the plane that the
solution curve must go through. For example, the solution to the initial value problem

y = @-17-y*,  y0)=1

is shown in Figure 4. Here the initial condition y(0) = 1 corresponds to the fact that
the solution curve goes through the point (0, 1). Intuitively, the solution to this initial
value problem can be obtained by starting at the point (0, 1) and then “following the
slopes” to obtain a solution curve.

This geometry explains why first-order equations always have solutions. As we
have discussed previously, the fundamental theorem of ODE’s can be interpreted
geometrically as saying that every point in the plane has exactly one solution curve
going through it. Equivalently the solution curves to a first-order equation do not
cross, and they entirely fill the plane, as shown in Figure 5. The reason that every
point has exactly one solution curve going through it is that there is only one way to
start at a point and “follow the slopes” of the slope field to obtain a curve. That is, the
differential equation provides directions for how the value of y is supposed to change,
and following these directions always yields exactly one possible solution curve.
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A Figure 2: Slope field for the equation
v =(x- 1)2 - yz.
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EXERCISES

1. The following picture shows the slope field for a certain first-order equation.
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(a) Use this slope field to sketch the solution curve satisfying y(0) = 1.

(b) Given that y(0) = 1, use your answer to part (a) to estimate the value of y(3).
(Try to be accurate to within 0.5 or so.)

2. Consider the following differential equation:

’

-1 ifx <1,
0 ifl<x<2,
1 ifx>2.

(a) Sketch the slope field for this equation. Your sketch should include the range
0<x<4and0<y <3

(b) Given that y(0) = 1.5, find the exact value of y(4).

3. Match each differential equation with the corresponding slope field.
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4. Match each differential equation with the corresponding solution curve.
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(@) y' = sin(xy) b))y =x- y3 @y =eY (d) ¥’ = cos(xy)
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(x0, ¥0)
Ax

y(x)

A Figure 6: The ratio of Ay to Ax is

approximately equal to the slope at (xo, yo).

estimated
point

(x0, y0)

y(x)

A Figure 7: The estimated point lies on the
tangent line to the graph of y(x) at the point
(x0, Y0)-

4.2 Euler's Method

Euler’s method is a numerical method that can be used to approximate the solutions
to explicit first-order equations. It is based on making successive linear approximations
to the solution.

Linear Approximation

Suppose we are given a single data point (x, yo) for a function y(x), and suppose we
also know the value of the derivative y’(x¢) at this point. In this case, nearby points
(x, y) on the graph of the function obey the approximate formula

% ~ ¥ (x0).

Here Ax = x — x is the distance in the x direction, and Ay = y — yo is the distance

in the y direction, as shown in Figure 6. This equation is only approximately correct,

since it assumes that the average slope between (xo, yo) and (x, y) is equal to y’(xo).
We can use this formula to estimate y(x) for x close to xg. Specifically, we compute

Ax = x — x9, and then estimate Ay using the formula

Ay ~ y'(x0) Ax

Adding this Ay to yo gives an approximate value for y(x). This is called a linear
approximation, because the estimated point actually lies on the tangent line to the
graph of the function, as shown in Figure 7.

EXAMPLE 1

Suppose y(x) is a differentiable function satisfying y(1) = 3 and y’(1) = 0.5. Use a linear
approximation to estimate the value of y(1.04).

SOLUTION Here we are changing x by the small amount Ax = 0.04. The corresponding
change in y is

Ay = y'(1)Ax = (0.5)(0.04) = 0.02.
Then

y(1.04) = y(1) + Ay = 3+0.02 = 3.02.

Linear approximation is quite useful in the case of explicit first-order equations,
since we have a formula for y’ in terms of x and y. Given an initial condition (xo, yo),

we can plug these coordinates directly into the differential equation to get the value

of ¥ (xp).
EXAMPLE 2
Let y(x) be the solution to the following initial value problem:
vy =3y>+Inx, y(1)=05.
Estimate 1(1.002).

SOLUTION  Plugging x = 1 and y = 0.5 into the differential equation itself gives us the value
of y'(1):
y'(1) = 3(0.5)% + In(1) = 0.75.
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For Ax = 0.002, the linear approximation gives
Ay ~ y' (1) Ax = (0.75)(0.002) = 0.0015.
Then The actual value of y(1.002) in this

¥(1.002) = y(1) + Ay ~ 0.5+0.0015 = 0.5015. example is about 0.501507, so the linear

approximation is fairly accurate.

Euler's Method

The idea of Euler’s method is to use repeated linear approximations to estimate a
sequence of points that lie on a solution curve. Starting with an initial condition (xo, yo),
we use a linear approximation to estimate a nearby point on the solution curve. We
then use a linear approximation based at the new point to estimate yet another point,
and so forth.

EXAMPLE 3

Let y(x) be the solution to the following initial value problem:
y = siny — 3x, y(0) =1.

Use Euler’s method to estimate y(0.1), y(0.2), and y(0.3).

SOLUTION  The idea is to use three linear approximations, each with Ax = 0.1. We will keep
track of three decimal places during the process.

1st Approximation
We start by making a linear approximation to estimate 1(0.1). We have

¥’ (0) = sin(1) — 3(0) ~ 0.841
50 Ay ~ y'(0) Ax = (0.841)(0.1) = 0.084
so y(0.1) = y(0) +Ay = 1+0.084 = 1.084.
2nd Approximation

Next we make a linear approximation to estimate y(0.2), using the the point (0.1, 1.084)
from the previous approximation as the base point. We have

¥/ (0.1) ~ sin(1.084) — 3(0.1) ~ 0.584
s0 Ay = v (0.1) Ax ~ (0.584)(0.1) ~ 0.058
so  y(0.2) = y(0.1) + Ay ~ 1.084 +0.058 = 1.142.

3rd Approximation

Finally we make a linear approximation to estimate y(0.3), using the the point (0.2, 1.142) 1200 o
from the previous approximation as the base point. We have ; ;
¥/ (0.2) ~ sin(1.142) — 3(0.2) ~ 0.309 1077

s0 Ay = 1/(0.2) Ax ~ (0.309)(0.1) ~ 0.031 77

so  y(0.3) = y(0.2) + Ay ~ 1.142 +0.031 = 1.173. ool %7

0.0 0.1 0.2 0.3
Figure 8 shows the three linear approximations in this example. By changing slope twice, we

manage to follow the slope field much better than we could with a single linear approximation. A Figure 8: The three linear

approximations in Example 3.
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When using Euler’s method, we typically use the same step size Ax for all of the
linear approximations. It is common to use a table to keep track of the estimates in each
step, as shown in Table 4.1. Each value of y’ is computed from the x and y values in
the same column using the differential equation, and each value of y is computed from

x 0.0 0.1 0.2 0.3

y | 1.000 | 1.084 | 1.142 | 1.173 the y and y’ values in the previous column using the following linear approximation
y' | 0.841 | 0.584 | 0.309 | — formula:

A Table 4.1: Table of values for the linear Voew X You + ]/(;ld Ax

approximations used in Example 1.

Note that this formula combines the two parts of the linear approximation (computing
Ay and then adding it to v,4) into a single equation.

EXAMPLE 4
Let y(x) be the solution to the following initial value problem:
y = (x- 1)2 - y2, y(0) =0.5.

Use Euler’s method with step size Ax = 0.5 to estimate y(2.5), keeping track of four decimal
places during the procedure.

SOLUTION  Euler’s method results in the following table of values:

x | 0.0 0.5 1.0 1.5 2.0 2.5

y | 05 0.8750 0.6172 | 0.4267 | 0.4607 | 0.8546

y’ | 0.75 | =0.5156 | —0.3809 | 0.0679 | 0.7878 —

Here are the calculations that were used to produce this table:
¥'(0.0) = (x=1)?—y? = (0.0-1)% - (0.5)% = 0.75
¥(0.5) = y(0.0) + y'(0.0) Ax ~ (0.5) + (0.75)(0.5) = 0.875
¥ (05) = (x - 1% - y? ~ (0.5-1)% - (0.875)%> ~ —0.5156
y(1.0) = y(0.5) + y'(0.5)Ax ~ (0.875) + (—0.5156)(0.5) = 0.6172
y'(1.0) = (x -1 -y ~ (1.0 -1)% - (0.6172)> ~ —0.3809
y(1.5) = y(1.0) + ¥’ (1.0)Ax =~ (0.6172) + (—0.3809)(0.5) ~ 0.4267

NN NN v (15) = (x =12 —y2 ~ (1.5 -1)% - (0.4267)% ~ 0.0679
SN NN N ANNANANANNNSN~— o
R SRANANANANNRSS LS y(2.0) = y(1.5) + ' (1.5)Ax ~ (0.4267) + (0.0679)(0.5) ~ 0.4607

¥ (2.0) = (x - 1% - y? ~ (2.0-1)? - (0.4607)> ~ 0.7878
y(2.5) = y(2.0) + ¥’ (2.0)Ax =~ (0.4607) + (0.7878)(0.5) ~ 0.8546

0.5+

0.0

00 05 10 15 20 25 Figure 9 shows the five linear approximations used in this example. Note that each linear
A Figure 9: The five steps of Euler's segment has the correct slope at its left endpoint, but the slope gradually becomes wrong over
method used in Example 4, the course of each step.

Euler’s method may remind you of using a Riemann sum to approximate a definite
integral. Indeed, in the special case where the differential equation has the form

vy = f(x),

solving the differential equation is the same as integrating f, and Euler’s method gives
the same result as the left endpoint rule for a Riemann sum.
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@\ VN0l Ns) 8 Numerical Methods

Euler’s method is only the simplest numerical method for solving differential equations.
Finding better ways of approximating solutions to differential equations is an ongoing subject
of research, and is one of the primary goals of the field of mathematics known as numerical
analysis.

One basicimprovement s to estimate the slope of each straight segment using a combination
of y’ values corresponding to different values of x. This idea leads to a set of possible methods
known collectively as Runge-Kutta methods. Another possible improvement, often combined
with Runge-Kutta, is to change the step size Ax adaptively, using small steps when the value
of y’ seems to be changing quickly, and using large steps when y’ is roughly constant.

Modern computer algebra systems such as Mathematica, Sage, and Matlab have a variety of
different numerical methods built into the system. Though you can choose a method explicitly
to solve a given problem, most computer algebra systems also have a built-in algorithm to
choose an appropriate method based on the properties of the given equation.

As with a Riemann sum, Euler’s method becomes more precise as the step size
becomes smaller, since the slope is being adjusted more often. For example, we can
improve the estimated values in Example 4 by decreasing the step size, as shown in
Figures 10, 11, and 12. The last of these three graphs (with step size 0.01) follows the

actual solution curve to within 0.004, which is about a third of the width of the red line.

With a computer, it is possible to implement Euler’s method using very small steps
(e.g. Ax = 0.000001), which leads to very accurate numerical approximations for the
solution curves. Combining this with other numerical methods (see the Numerical
Methods box above) can increase the speed and accuracy further, making computers an
indispensable tool for scientific modeling.

EXERCISES

1. Consider the following initial value problem:

’

y = xz—y?’, y(0) =1.

Use Euler’s method with a step size of 0.2 to estimate y(1), keeping track of three

decimal places during the calculation.

2. Consider the following initial value problem:

’

y

xy—2, y(2) =1

Use Euler’s method with a step size of 0.5 to estimate 1(4), keeping track of three
decimal places during the calculation.

3. A ball is dropped from the top of a tall building. If air resistance is taken into
account, the downward velocity v of the ball is modeled by the differential equation
dv
22— o —kv?
at ’
where g = 9.8 m/sec? is the acceleration due to gravity, and k = 0.1/m is the drag
coefficient. Assuming the initial velocity of the ball is zero, use Euler’s method

with a step size of 0.25 sec to estimate the velocity of the ball after one second.

Keep track of three decimal places during the calculation.
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A Figure 11: Euler's method for the
initial-value problem in Example 4 with step
size Ax = 0.1.
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