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Motivation

Equivariant

» (Hill-Hopkins—Ravenel) For E € SH(G), HHR slice spectral
sequence
EMO" = n& \PJE = 1 ,E.
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Motivation

Equivariant

» (Hill-Hopkins—Ravenel) For E € SH(G), HHR slice spectral
sequence
EMO" = n& \PJE = 1 ,E.

» (HHR) Kervaire invariant one problem.
» Chromatic homotopy theory.
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Motivation

Equivariant

» (Hill-Hopkins—Ravenel) For E € SH(G), HHR slice spectral

sequence
EMO" = n& \PJE = 1 ,E.

» (HHR) Kervaire invariant one problem.
» Chromatic homotopy theory.

Examples

» (Hill-Hopkins—Ravenel; Hu—Kriz; Araki) G = C,, E = MR

and E = BPR.
» (Dugger) G = C,, E = kR.
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Motivation I

Motivic
» (Voevodsky; Levine; Hopkins—Morel) For E € SH(k),
effective slice spectral sequence

EMPN = menqu = ﬂ'fmnE.

Slides: https://tinyurl.com/y64oydvp Preprint: arXiv:2007.08682 Page: 7


https://tinyurl.com/y64oydvp

Motivation I

Motivic
» (Voevodsky; Levine; Hopkins—Morel) For E € SH(k),
effective slice spectral sequence

EMO" = nf 1SqE = m hE.

> (Rondigs—Spitzweck—Dstveer) 7X.S and variants of
K-theory.
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Motivation I

Motivic
» (Voevodsky; Levine; Hopkins—Morel) For E € SH(k),
effective slice spectral sequence

EMO" = nf 1SqE = m hE.
> (Rondigs—Spitzweck—Dstveer) 7X.S and variants of
K-theory.

Examples
» (Yagita) E = MGL and E = BPGL.
» (Weibel, Rognes, Kahn, Rondigs—Jstveer, ...) E = KGL.
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Main Theorems |

From now on: Implicitly 2-complete.
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Main Theorems |

From now on: Implicitly 2-complete.
Theorem A (Culver—Kong—Q.)
For G = Co:
» Completely understand HHR SSS for E = kR,
» Understand part of HHR SSS for E = BPR and E = kRR(n).
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Main Theorems |

From now on: Implicitly 2-complete.
Theorem A (Culver—Kong—Q.)
For G = Co:
» Completely understand HHR SSS for E = kR,
» Understand part of HHR SSS for E = BPR and E = kRR(n).

Theorem B (Culver—-Kong—Q.)

» (k =R, C) Completely understand ESSS for
E = kgl, BPGL, k(n).
» (k =TF4) Completely understand ESSS for E = kgl, k(n).
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Main Theorems Il

From now on: char(k) = 0.
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Main Theorems Il

From now on: char(k) = 0.

Theorem C (Culver—-Kong-Q.)

Let E € SH(k) be a motivic spectrum which is algebraically
sliceable over k. There is a square of spectral sequences of the

form

D0 Extal (S¢EF)

aEfE% &: mASS

Exty (E) Bso.54E

m @
7K E.
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Main Theorems llI

Theorem D (Culver-Kong-Q.)
The following motivic spectra are algebraically sliceable:
> kgl
» BPGL(n)
> k(n)
> kg
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Main Theorems llI

Theorem D (Culver-Kong-Q.)
The following motivic spectra are algebraically sliceable:
> kgl
» BPGL(n)
> k(n)
> kg

Non-examples

» BPGL
> S

Slides: https://tinyurl.com/y64oydvp Preprint: arXiv:2007.08682 Page: 16


https://tinyurl.com/y64oydvp

Plan for talk

1. Theorem C (Comparison square)

2. Theorem D (algebraic sliceability) for kg/
3. Theorem B (ESSS) for kg/

4. Theorem A (HHR SSS) for kR
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Theorem C: Comparison square
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Comparison square

Bz Exts (34E)
Exty (E) Do 5aE

k& %
7k E.
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Effective slice spectral sequence

Effective slice tower

C— ?q+1E —_— ?qE —_— ?q_1E —_—

| | l

§q+1 E /s\qE /S\q_1 E
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Effective slice spectral sequence

Effective slice tower

C— ?q+1E —_— ?qE —_— ?q_1E —_—

| | l

§q+1 E /s\qE /S\q_1 E

Effective slice spectral sequence

— 1
ESSS _ _k 3 k
qu’n(E) = TmnSqE = mm nE.
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Example

E = kgl = f,KGL.
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Example

E = kgl = f,KGL.

fakgl ~ ¥299kgl.
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Example

E = kgl = f,KGL.

fakgl ~ ¥299kgl.

Y29.9H7, ifg>0
squl:{ o ta=n

if g < 0.
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Example

E = kgl = f,KGL.

fakgl ~ ¥29:9Kgl.

Y24.9H7, if g >0,
if g < 0.

. —— Y42kgl —— Y21kgl —— kgl

! ! |

Y42H7, Y21H7 HZ.
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Comparison square

Bz Exts (34E)
Exty (E) Do 5aE

k& %
7k E.
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Motivic Adams spectral sequence

Canonical Adams resolution

E+ T WHAE ¢ 200 AE ...

| ! !

HAE S TOHAHAE T 20 AHY AE
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Motivic Adams spectral sequence

Canonical Adams resolution

E+ T WHAE ¢ 200 AE ...

| ! !

HAE S TOHAHAE T 20 AHY AE

Motivic Adams spectral sequence

mASS 5.1 _ Ext5™ (How, Hoe(E)) = 78 (E).
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Comparison almost-square

Let E € SH(k) be a motivic spectrum. There are spectral
sequences of the form

Bz Exts (84E)

w mASS

Exty(E) Dyso . 5qE
k& E/S—S\S
& E

*3k :
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Algebraic effective slice spectral sequence
Want:

Enqn(E)=EP Extl" (s, His(SqE)) = Ext (Hes, Hiu(E))
q>0
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Algebraic effective slice spectral sequence
Want:

Enqn(E)=EP Extl" (s, His(SqE)) = Ext (Hes, Hiu(E))
q>0

Use:

C— ?Q+1E — ?qE —_— ?q_1E _

| | J

Sq+1E SqE Sq-1E,
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Algebraic effective slice spectral sequence
Want:

Enqn(E)=EP Extl" (s, His(SqE)) = Ext (Hes, Hiu(E))

g>0
Use:
C— ?Q+1E — ?qE —_— ?q_1E _
§q+1 E /S\qE /S\Q*‘l E,
Problem:

EXE (Hn, oo (=) = Xty (Huw, =) © Hua(-).
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Algebraically sliceable motivic spectra

Homology long exact sequence
H..(—) of SES R R

yields LES’s

oo = Hfy 1 E = HofgE = Ho8gE — Hy g gt E— -
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Algebraically sliceable motivic spectra

Homology long exact sequence

H..(-)of SES R

yields LES’s
oo = Hfy 1 E = HofgE = Ho8gE — Hy g gt E— -

Algebraically sliceable motivic spectra

E € SH(k) is algebraically sliceable over k if the LES’s above
splitinto SES’s

0 = HufgE 2 HL34E 4 H, 1 .(f;1E) = 0

for each g > 0.
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Comparison square

Let E € SH(k) be a motivic spectrum which is algebraically
sliceable over k. There is a square of spectral sequences of the
form

D0 Extal (S¢F)

4ESSS &;MSS

Ext*** (E) Ds0 Tk SqE

k& %
K E.
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Outline

Theorem D: kgl is algebraically sliceable
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Slice tower for kgl

S fhkgl —— fikgl —— kgl

! ! |

Y42H7, Y21H7 HZ.
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Slice tower for kgl

s bkgl —— fikgl —— kgl

! ! |

Y42H7, Y21H7 HZ.

Goal
Show H,.(—) LES for

far1kgl — fakgl — sqkgl

splits into SES for all g > 0.
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Sketch of algebraic sliceability

far1kgl — fakgl — sgkgl.
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Sketch of algebraic sliceability

far1kgl — fakgl — sgkgl.

coo = Houtoorkgl 2 Hyfokgl = HooSqkgl = Ha_y o fyprkgl S oo |
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Sketch of algebraic sliceability

far1kgl — fakgl — sgkgl.

coo = Houtoorkgl 2 Hyfokgl = HooSqkgl = Ha_y o fyprkgl S oo |
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Sketch of algebraic sliceability

far1kgl — fakgl — sgkgl.

coo = Houtoorkgl 2 Hyfokgl = HooSqkgl = Ha_y o fyprkgl S oo |

0 — H..fkgl & H..sqkgl % H._1.(f11kgl) — 0.
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Outline

Theorem B: ESSS for kg/
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Theorem B for kgl

Goal
Completely understand the ESSS for kgl over k = R

E' = @D nisqkgl = mikal.
q>0
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Comparison square for kgl

D gz0 Bty (Sakal)
/ &z mASS
Ext}" (kgl) D=0 7 Sqkgl
k %
R kgl.
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Comparison square for kgl

Dq>o Ext/’z\%* (sgkgl)
/ &z mASS
Ext}" (kgl) D=0 7 Sqkgl
k %
R kgl.
New goal

ESSS via mASS, mASS, and
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mASS'’s collapse

Proposition (Hill)
The R-motivic Adams spectral sequences

Ee=EP Extj*(sqkgl) = P i.sqkgl,
g>0 q>0

E; = Ext***(kgl) = 7 kgl

both collapse at E».
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Comparison square for kgl

Dqz0 EXt3Y (Sokal)

&z mASS
)/

@qzo 77& qug/

m%

R kgl.

Extyy (ko
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Comparison square for kgl

Dqz0 EXt3Y (Sokal)

&z mASS
)/

ExtV" (kg/ D=0 T Sqkgl
ms %
R kgl.
New goal
ESSS via
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Another square

B0 Exti (sghgl)lp] 222 Exeyy (ko))

EB/)—BSSH M{)—BSS

Dz EXtyY (Sqkal) === Ext}7 (kgl)
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Another square

B0 Exti (sghgl)lp] 222 Exeyy (ko))

ED/)—BSSH M{)—BSS

Dz EXtyY (Sqkal) === Ext}7 (kgl)

New goal
Understand via p-BSS and aESSS.
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p-Bockstein spectral sequence
» Classical:

HC =T,
Al =TFaléy, &, .. ]
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p-Bockstein spectral sequence
» Classical:

HE =T,
Al =Talé1, 6, .. ]
» C-motivic:
Hy. = Fa[r]
Al = A} @r, H,
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p-Bockstein spectral sequence

» Classical:
HE =F,
Al =Talé1, 6, .. ]
» C-motivic:
HE, = Fa[7]
AL = Aj®r, He,
> R-motivic:

Hjli = ]FZ[Tv p]

“Al\é — A(\c/ ®H§* Hjlin

Slides: https://tinyurl.com/y64oydvp Preprint: arXiv:2007.08682 Page: 54


https://tinyurl.com/y64oydvp

p-Bockstein spectral sequence

» Classical:
HE =F,
Ay =T2[61,62,. . ]
» C-motivic:
HE, = Fa[7]
Al = A} @r, H,
> R-motivic:

Hjli = ]FZ[Tv p]

“Al\é — A(\C/ ®H§* HE.‘”

» (Hill) p-Bockstein spectral sequence

P-BSSEL(E) = Exty (E)[p] = Extyy (E).
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Another square

B0 Exti (sghgl)lp] 222 Exeyy (ko))

ED/)—BSSH M{)—BSS

Dz EXtyY (Sqkal) === Ext}7 (kgl)

New goal
Understand via p-BSS and aESSS.
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p-Bockstein spectral sequences

P-BSSE(HZ) = Exty (HZ)[p] = Extyy (HE),

P=BSSEL(kgl) = Ext" (kgl)lp] = Extzy (kgl).
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p-Bockstein spectral sequences

P-BSSE(HZ) = Exty (HZ)[p] = Extyy (HE),

P=BSSEL(kgl) = Ext" (kgl)lp] = Extzy (kgl).

prSSE1(HZ) = IFQ[V07T7 p]7
p_BSSE1(kg/) = Folvo, vy, T, p),
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p-Bockstein spectral sequences

g P=BSSEL(HZ) = Ext***(HZ)[p] = Ext***(HZ)
P=BSSEL(kgl) = Ext" (kgl)lp] = Extzy (kgl).
»
P=BSSE(HZ) = F2vo, 7, ),
P=BSSEq(kgl) = Falvo, v1, 7, o),
» HZ and kgl:

di(7) = pvo.
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p-Bockstein spectral sequences

>

P=BSSEL(HZ) = Ext***(HZ)[p] = Ext***(HZ)

P=BSSEL(kgl) = Ext" (kgl)lp] = Extzy (kgl).
>

P=BSSE(HZ) = F2vo, 7, ),
p_BSSE'I (kg/) = ]FZ[V()v Vi, T, p]v
» HZ and kgl:
di(7) = pvo.

> kgl

as(7%) = p°wi.
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p-Bockstein spectral sequence for HZ

P=BSSEL(HZ) = Folwy, 7, p] = Extj" (HZ),

di(7) = pvo.
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p-Bockstein spectral sequence for HZ

P=BSSEL(HZ) = Folwy, 7, p] = Extj" (HZ),

di(7) = pVo.

Comes from

ni(t) —na(t) = (1 + p10) — 7 = p70,
[p70] = pVo.
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p-Bockstein spectral sequence for HZ

P=BSSEL(HZ) = Folwy, 7, p] = Extj" (HZ),

di(7) = pVo.

Comes from

nL(t) —nr(7) = (7 + p70) — 7 = pr0,
[p70] = pvo.

E» = Eo = Fo[vo, 72, 0]/ (pV0)-
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p-Bockstein spectral sequence for kg/

piBSSE1 (kg/) = ]FZ[VO’ Vi, T, p] = EXtX]\Z‘(kg/)a

ai(7) = pvo.
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p-Bockstein spectral sequence for kg/

piBSSE1 (kg/) = ]FZ[VO’ Vi, T, p] = Eth%*(kg/)a

di(7) = pvo.

p_BSSE2(kg/) = IF‘Z[‘/Oa V177_27:0]/(10V0)7
ds(7?) = pwi.
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p-Bockstein spectral sequence for kg/

P=BSSEL (kgl) = Falvy, v, 7, p] = Ext,," (kgl),

di(7) = pvo.

p_BSSE2(kg/) = FZ[V()a Vi, 7_27 ,0]/(,0‘/0),
ds(7?) = pwi.
Comes from

77L(7'2) — 179(72) = (72 + (pTo)z) — 72 =0 mod p*,

[0°r1] = p°v1.
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p-Bockstein spectral sequence for kg/

P=BSSEL (kgl) = Falvy, v, 7, p] = Ext,," (kgl),
di(7) = pvo.
p_BSSE2(kg/) = IF‘Z[V()a Vi, 7_27 ,0]/(,0‘/0),
ds(7?) = pwi.
Comes from

n(1?) — nr(r?) = (72 + (p10)?) — 72 = p°ry  mod p*,
[0°71] = pPws.

Ey=E. = IE‘2[‘/07 V17T47p]/(pV07p3V1)'
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Another square

B0 Exti (sghal)lp] 22 Extyy (ko]

(Dp—BSSH MP—BSS

Dazo Exti (sghgl) === Ext} (kg)

Summary

p-BSS: d;- and ds-differentials
@ p-BSS: d;-differentials

Slides: https://tinyurl.com/y64oydvp Preprint: arXiv:2007.08682 Page: 68


https://tinyurl.com/y64oydvp

Another square

B0 Exti (sghal)lp] 22 Extyy (ko]

(Dp—BSSH MP—BSS

Dazo Exti (sghgl) === Ext} (kg)

Summary

p-BSS: d;- and ds-differentials
@ p-BSS: d;-differentials
Remaining: aESSS and
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aESSS over C

» aESSS:

&y Ext* (sqkgl)[p] = ExtzY (kgl)[o]
g>0
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aESSS over C

» aESSS:

&y Ext* (sqkgl)[p] = ExtzY (kgl)[o]
g>0

» LHS:

€D Ext’ (sqkgl)[p] = Fa[vo. X, 7 ]
g>0
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aESSS over C

» aESSS:
&y Ext* (sqkgl)[p] = ExtzY (kgl)[o]
q>0

> LHS:
€D Ext’ (sqkgl)[p] = Fa[vo. X, 7 ]
g>0

» RHS:

Extay (kgl)lp] = Fa[vo, v1, 7, 0]

Slides: https://tinyurl.com/y64oydvp Preprint: arXiv:2007.08682

Page: 72


https://tinyurl.com/y64oydvp

aESSS over C

» aESSS:
&y Ext* (sqkgl)[p] = ExtzY (kgl)[o]
q>0

> LHS:
€D Ext’ (sqkgl)[p] = Fa[vo. X, 7 ]
g>0

» RHS:

Exti (ko) o] = Fa[vo. vi. 7. )

» Correspondence:
X < Wy
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Another square

Byso Xt (Sokal)p] 222 Extyy (kg ]

@p—Bssﬂ M,;-Bss

Bz XY (Sqkal) = Ext37 (kgl)
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Another square

B0 Bt (sghgl)lp] 22 Extyy (ko]

@p—Bssﬂ M,;-Bss

Bz XY (Sqkal) = Ext37 (kgl)

Summary

p-BSS: d;- and ads-differentials
& p-BSS: d;-differentials
aESSS: collapses
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Another square

B0 Bt (sghgl)lp] 22 Extyy (ko]

EBp—BSSH M,;-Bss

Bz XY (Sqkal) = Ext37 (kgl)

Summary

p-BSS: d;- and ads-differentials
& p-BSS: d;-differentials
aESSS: collapses

Conclusion
: di-differentials accounting for dsz-differentials from
p-BSS
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Theorem B for kgl

Dazo Xt (SqE)

afy &f mASS
(E)

R
®q20 TeSqgE

k ESSS
TR E.

Theorem B for kgl (Culver—-Kong—-Q.)

Kok

EXtAﬁé

» There is a 1-to-1 correspondence between ds-differentials
in the p-BSS and d;-differentials in the ESSS for kgl.
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Theorem B for kgl

Dazo Xt (SqE)

afy &f mASS
(E)

R
®q20 TeSqgE

k ESSS
TR E.

Theorem B for kgl (Culver—-Kong—-Q.)

Kok

EXtAﬁé

» There is a 1-to-1 correspondence between ds-differentials
in the p-BSS and d;-differentials in the ESSS for kgl.

» The p-BSS differentials determine the ESSS differentials,
which are generated by

di(72) = pPwy.
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Outline

Theorem A for kR
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Sketch of Theorem A for kR

Theorems

» (CKQ) The d;-differentials in the ESSS for kgl are
generated by
o (7%) = p’v1.
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Sketch of Theorem A for kR

Theorems
» (CKQ) The d;-differentials in the ESSS for kgl are

generated by
h (%) = p°vy.

» (Heard) In nice cases, d;-differentials in the ESSS give rise
to ds-differentials in the HHR SSS via

Re : SH(R) — SH(C>).
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Sketch of Theorem A for kR

Theorems
» (CKQ) The d;-differentials in the ESSS for kgl are

generated by
h (%) = p°vy.

» (Heard) In nice cases, d;-differentials in the ESSS give rise
to ds-differentials in the HHR SSS via

Re : SH(R) — SH(C>).

Theorem A for kR

>
ds(7%) = p°Wy
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Sketch of Theorem A for kR

Theorems
» (CKQ) The d;-differentials in the ESSS for kgl are

generated by
h (%) = p°vy.

» (Heard) In nice cases, d;-differentials in the ESSS give rise
to ds-differentials in the HHR SSS via

Re : SH(R) — SH(C>).

Theorem A for kR
>
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Negative cone differentials

-
N
o

)
w

)
n
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Negative cone differentials

2 2 g 2 g 2
0:d3<p37_27'):d3<p37_2>7' +ﬂd3(7—)
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Negative cone differentials
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Negative cone differentials
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Outline

Future work
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Future work

1. kg: mASS and ESSS
2. Exotic periodicity:

2.1 (Gheorghe) wBP{n)
2.2 (Krause) k(i,j)

3. kq..(BG) and kgl..(BG)
> (Bruner—Greenlees) ko.(BG) and ku.(BG)

Con
4. NG BPR(n)
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