
'IGURE � � a3<nI�a jCICN< R8 j@3 @wU3a$RIC, UI�N3 $w R,j�<RNc sCj@ <3R03cC, cC03cY i@3 cwLL3jaC3c R8
j@Cc jCICN< Cc � IZQFSCPMJD HSPVQ sCj@ $RnN0�aw S1Y B03NjC8wCN< cC03c R8 j@3 R,j�<RN�I 0RL�CN
$w ja�NcI�jCRNc CN0C,�j30 RN j@3 ~<na3 <Cq3c � <3Nnc l cna8�,3 sCj@ @wU3a$RIC, cjan,jna3Y

�� *NTRODUCTION
5IF CPVOEBSZ BU JOҶOJUZ� i@Cc cnaq3w ,RN,3aNc cRL3 a3,3Nj 03q3IRUL3Njc CN jRURIR<C,�I
aC<C0Cjw R8 <aRnU �,jCRNc j@�j ,RL3 8aRL ȒIRRGCN< jR CN~NCjwYȓ

iR cj�aj. I3j nc j�G3 � c@Raj jRna R8 � 8�LCIC�a R$E3,j. j@3 TRCN,�aā $�II LR03I R8 j@3
@wU3a$RIC, cU�,3Y `3,�II j@�j @wU3a$RIC, nAcU�,3. H

n. Cc j@3 nNC\n3 ,RLUI3j3. cCLUIw ,RNA
N3,j30 L�NC8RI0 R8 ,RNcj�Nj ,naq�jna3 �1Y r3 ,�N qCcn�ICy3 Cj qC� j@3 TRCN,�aā $�II LR03I.
j@3 RU3N nNCj $�II CN R

n 3\nCUU30 sCj@ j@3 `C3L�NNC�N L3jaC, ds2 D 4kdYk2

.1�kYk2/2 Y BN j@Cc
LR03I. CN~NCj3 <3R03cC,c �a3 j@3 2n,IC03�N ICN3c �N0 @�I8A,Ca,I3c j@�j L33j j@3 $RnN0�aw
R8 j@3 $�II Raj@R<RN�IIw Vc33 7C<na3 S 8Ra �N CIIncja�jCRN s@3N n D 2WY BcRL3jaC3c R8 H

n

Ua3c3aq3 <3R03cC,c �N0 jRj�IIw <3R03cC, @�I8AcU�,3c. 8aRL s@C,@ RN3 ,�N 030n,3 j@�j j@3w
CN0n,3 @RL3RLRaU@CcLc R8 j@3 cU@3a3 $RnN0CN< j@3 TRCN,�aā $�IIY #nj s@�j Cc j@Cc cU@3a3
R8 ȒURCNjc �j CN~NCjwȓ]

H3j nc jaw jR 03c,aC$3 j@3 $RnN0�aw 8aRL j@3 U3acU3,jCq3 R8 cRL3RN3 CNcC03 H
nY

bj�N0CN< �j � URCNj CN H
n. wRna ~3I0 R8 qCcCRN Cc � cU@3a3. 3�,@ ICN3 R8 cC<@j � <3R03cC, a�w

$�c30 �j wRna 3w3Y 2�,@ a�w CN j@Cc Sn�1A8�LCIw j3N0c jR � nNC\n3 URCNj RN j@3 $RnN0�aw
cU@3a3Y iR �qRC0 UaCqCI3<CN< �Nw RN3 URCNj �c j@3 3w3 R8 �N R$c3aq3a. s3 LC<@j $aR�03N Rna
03~NCjCRN R8 j@3 ȒcU@3a3 �j CN~NCjwȓ �c 8RIIRscY BN � <3R03cC, L3jaC, cU�,3 .X; dX /. 03~N3
�N 3\nCq�I3N,3 a3I�jCRN RN nNCj cU330 <3R03cC, a�wc $w 03,I�aCN< j@�j jsR cn,@ a�wc. c�w ˛.
� W Œ0;1/ ! X . �a3 3\nCq�I3Nj C8 j@3a3 3uCcjc � ,RNcj�Nj D cn,@ j@�j dX .˛.t/; �.t// < D

@RI0c 8Ra �II t Y �UUIwCN< j@Cc jR H
n. j@3 3\nCq�I3N,3 ,I�cc3c R8 <3R03cC, a�wc �a3 CN � RN3A

jRARN3 ,Raa3cURN03N,3 sCj@ URCNjc RN j@3 $RnN0�aw cU@3a3 R8 j@3 TRCN,�aā $�II. �N0 �IcR jR
qCcn�I 0Ca3,jCRNc $�c30 �j � <Cq3N URCNjY

i@3 $3�njw R8 j@Cc 03~NCjCRN. $3wRN0 $3CN< CN03U3N03Nj R8 � $�c3URCNj. Cc j@�j s3
0C0 NRj N330 jR LR03I @wU3a$RIC, cU�,3 �c � $�II CN R

n jR ,RLU�,jC8w CjY i@nc. Cj I3N0c Cjc3I8
jR Rj@3a cU�,3c sCj@ N3<�jCq3ġRa 3q3N ,R�ac3 �N�IR<c R8 N3<�jCq3ġ,naq�jna3Y �UUIwCN< j@Cc
03~NCjCRN jR �Nw UaRU3a <3R03cC, L3jaC, cU�,3X j@�j Cc ı�IZQFSCPMJD CN j@3 c3Nc3 R8 ;aRLRq
Vs3 sCII a3jnaN jR j@Cc I�j3aW <Cq3c �N ȒC03�I $RnN0�awȓ 03NRj30 @1X . s@C,@ Cc � ,RLU�,j
cU�,3 s@3N 3\nCUU30 sCj@ j@3 \nRjC3Nj jRURIR<w CN0n,30 8aRL j@3 ,RLU�,jARU3N jRURIR<w
RN �II <3R03cC, a�wcY BN8RaL�IIw. jsR $RnN0�aw URCNjc �a3 ,IRc3 C8 j@3w ,�N $3 a3Ua3c3Nj30 $w
a�wc j@�j cj�w � $RnN030 0Ccj�N,3 8aRL 3�,@ Rj@3a 8Ra � IRN< jCL3Y i@Cc jRURIR<w ,�N $3 N�jnA
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a�IIw 3uj3N030 jRX [ @1X . ,RLU�,jC8wCN<X Y i@3 CcRL3jaC3c R8X Ua3c3aq3 <3R03cC,c. �N0
Ua3c3aq3 j@3 3\nCq�I3N,3 a3I�jCRN R8 cj�wCN< � $RnN030 0Ccj�N,3 �U�aj. cR 3uj3N0 jR @RL3A
RLRaU@CcLc R8 j@3 $RnN0�aw sCj@ j@Cc jRURIR<wY i@Cc Cc j@3 cj�ajCN< URCNj 8Ra Rna cjRaw R8
<aRnUc �,jCN< RN $RnN0�aw cU�,3cY

3JHJEJUZ� � <aRnU Ä �,jCN< RN � cU�,3X Cc MPDBMMZ SJHJE C8 j@3 RNIw URccC$I3 cL�II 038RaL�A
jCRNc R8 j@3 �,jCRN �a3 $w jaCqC�I UaR,30na3cġ,RNcjan,jCRNc j@�j 0R NRj L3�NCN<8nIIw ,@�N<3
j@3 <IR$�I 0wN�LC,c R8 j@3 �,jCRNY Q8 ,Rnac3. s@�j ȒjaCqC�I UaR,30na3ȓ �N0 ȒL3�NCN<8nIIw
,@�N<3ȓ L3�N 03U3N0c RN j@3 ,RNj3uj. $nj � cj�N0�a0 CNj3aUa3j�jCRN Cc j@�j j@3a3 c@RnI0
$3 3Cj@3a � cnaE3,jCq3 L�U. � c3I8A@RL3RLRaU@CcL. � 0C{3RLRaU@CcL. Ra �N CcRL3jaw R8
X Vc3LCW,RNEn<�jCN< j@3 U3ajna$30 �,jCRN R8 Ä $�,G jR j@3 RaC<CN�IY i@�j Cc. C8 ⇢ W Ä !
?RL3R.X/ Cc j@3 RaC<CN�I �,jCRN. �N0 ⇢0 � U3ajna$�jCRN. j@3N SJHJE L3�Nc j@�j j@3a3 Cc � L�U
h W X ! X c�jCc8wCN< h ı ⇢0.�/ D ⇢.�/ ı h 8Ra �II � 2 Ä Y B8 CNq3ajC$I3. h Cc � <3NnCN3 ,RNA
En<�,wd C8 L3a3Iw cnaE3,jCq3. Cj Cc ,�II30 � TFNJDPOKVHBDZY QN3 ,�N cja3N<j@3N j@Cc NRjCRN-
HMPCBMMZ aC<C0 L3�Nc j@�j �Nw 038RaL�jCRN. NR L�jj3a @Rs $C< Ra cL�II. Cc cjCII Vc3LCW,RNA
En<�j3 jR j@3 RaC<CN�Id �N0 RN3 ,�N 3q3N 0R �s�w sCj@ j@3 C03� R8 038RaLCN< ,RNjCNnRncIw-
TUSPOH SJHJEJUZ jwUC,�IIw L3�Nc j@�j �Nw Rj@3a �,jCRN R8 j@3 <aRnU Cc 3Cj@3a c3LC,RNEn<�j3 jR
j@3 RaC<CN�I Ra 3cc3NjC�IIw jaCqC�IY

i@3 ~acj L�ERa 3u�LUI3c R8 IR,�I aC<C0Cjw jR �jja�,j cC<NC~,�Nj �jj3NjCRN s3a3 I�jjC,3c
CN ICN3�a <aRnUcY � MBUUJDF CN � <aRnU G Cc � 0Cc,a3j3 cn$<aRnU Ä cn,@ j@�j G=Ä @�c ~NCj3
qRInL3. cn,@ �c bH.n;Z/ CN bH.n;R/d Cj Cc DPDPNQBDU C8 j@3 \nRjC3Nj Cc ,RLU�,jY BN SOfz.
�c � L3�Nc R8 c@RsCN< j@3 cnaUaCcCN< 8�,j j@�j 0Cc,a3j3. ,R,RLU�,j cn$<aRnUc R8 bH.n;R/
�a3 ,RNEn<�j3 jR �aCj@L3jC, <aRnUc. b3I$3a< c@Rs30 j@�j j@3 CN,IncCRN R8 cn,@ � I�jjC,3 CNjR
bH.n;R/ Cc IR,�IIw aC<C0 CN j@3 c3Nc3 j@�j �Nw N3�a$w a3Ua3c3Nj�jCRN Cc ,RNEn<�j3 $w �N 3I3A
L3Nj R8 bH.n;R/Y i@Cc. jR<3j@3a sCj@ ,RN,naa3Nj sRaG R8 +�I�$C. r3CI. +�I�$CĢp3c3NjCNC
�N0 Rj@3ac. s�c j@3 $Caj@ R8 aC<C0Cjw j@3RawY �j j@3 jCL3. j@3 L�ERa j3,@NC\n3c s3a3 �I<3A
$a�C, Vb3I$3a<ȕc sRaG @CN<30 RN ja�,3c R8 <aRnU 3I3L3NjcW �N0 0C{3a3NjC�I <3RL3jaC,Y #nj �N
CLURaj�Nj N3s C03� R8 b3I$3a<. UC,G30 nU $w KRcjRs. s�c j@�j R8 FTDBQF UP JOҶOJUZ. �N C03�
j@�j sRnI0 UaRq3 3uja3L3Iw 8anCj8nI jR Rj@3acY KRcjRs saCj3c-

̄6QPO BOBMZ[JOH 4FMCFSH T̂ QSPPG PG IJT SJHJEJUZ UIFPSFN
 UIF LFZ SFMBUJPO TIPXT JUT
GPSDF BT UIF FMFNFOUT <DPOTJEFSFE IFSF JO BO BCFMJBO TVCHSPVQ> HP UP JOҶOJUZ��� *U
TFFNFE UP NF EFTJSBCMF UP FYQMPJU SFMBUJPOT BU JOҶOJUZ OPU POMZ PO BCFMJBO TVCGBNJ�
MJFT
 CVU BNPOH BMM FMFNFOUT PG Ä OFBS JOҶOJUZ�̅ <��>

r@�j 0R3c j@Cc L3�N] KRcjRsȕc ~acj cn,,3cc s�c sCj@ I�jjC,3c CN BcRL.Hn/ ä
O.n; 1/= ˙ 1. cR B sCII ,3Nj3a Rna 0Cc,nccCRN @3a3Y ;Cq3N CcRLRaU@C, ,R,RLU�,j I�jjC,3c
Ä �N0 Ä 0. RN3 ,�N $nCI0 � L�U f W H

n ! H
n. 3\nCq�aC�Nj sCj@ a3cU3,j jR j@3Ca �,jCRNc $w

CcRL3jaC3cY KRcjRsȕc C03� s�c jR �cG s@3j@3a j@Cc 3\nCq�aC�Nj L�U R8 H
n 3uj3N0c jR � L�U

RN j@3 $RnN0�aw �j CN~NCjw Vj@3 �Ncs3a Cc Ȓw3c. �Is�wcȓW �N0 jR cjn0w j@3 SFHVMBSJUZ R8 j@3
3uj3NcCRN V� @�a03a �Ncs3a- ȒCj Cc N3,3cc�aCIw � ,RN8RaL�I L�U. CN0n,30 $w ,RNEn<�jCRN $w
�N CcRL3jawȓWY i@Cc I30 jR j@3 UaRR8 R8

� ,� .ANN



5IFPSFN ��� VKRcjRs aC<C0Cjw 8Ra @wU3a$RIC, L�NC8RI0c <��>WY bnUURc3M �N0 N �a3 ,RLA
U�,j. @wU3a$RIC, L�NC8RI0c R8 0CL3NcCRN �j I3�cj kY B8M �N0N �a3 0C{3RLRaU@C,. j@3N j@3w
�a3 CcRL3jaC,Y

b@RajIw �8j3as�a0c. K�a<nICc NRjC,30 j@�j RN3 N330c RNIw �ccnL3 M �N0 N @�q3
CcRLRaU@C, 8nN0�L3Nj�I <aRnUcY

5IFPSFN ��� VKRcjRs aC<C0Cjw. �I<3$a�C, a38RaLnI�jCRN <��>WY H3j M �N0 N $3 ,RLU�,j.
@wU3a$RIC, L�NC8RI0c R8 0CL3NcCRN �j I3�cj kY B8 ⇡1.M/ä ⇡1.N /. j@3NM �N0N �a3 CcRL3jA
aC,Y 2\nCq�I3NjIw. �Nw jsR CcRLRaU@C, ,R,RLU�,j I�jjC,3c CN O.n; 1/ �a3 ,RNEn<�j3 UaRqC030
n � 3Y

iR j@3 a3�03a L33jCN< j@Cc j@3Ra3L 8Ra j@3 ~acj jCL3. B sCc@ jR 3LU@�cCy3 j@3 8RIA
IRsCN< 0a�L�jC, ,RNc3\n3N,3- 8Ra @wU3a$RIC, L�NC8RI0c. FWFSZ NFUSJD JOWBSJBOU JT BDUVBMMZ
B UPQPMPHJDBM JOWBSJBOUY pRInL3] H3N<j@ R8 � c@Raj3cj ,IRc30 <3R03cC,] i@3Ra3L SYl c�wc
j@3c3 \n�NjCjC3c �a3 ,RLUI3j3Iw 03j3aLCN30 $w j@3 �I<3$a�C, cjan,jna3 R8 j@3 8nN0�L3Nj�I
<aRnU R8 j@3 L�NC8RI0Y

KRcjRs I�j3a 3uj3N030 @Cc aC<C0Cjw a3cnIj jR I�jjC,3c CN Rj@3a c3LCcCLUI3 HC3 <aRnUc.
j@3 ~acj cj3U �<�CN $3CN< jR ,RNcjan,j $RnN0�aw L�UcY i@3a3 �a3 L�Nw 3u,3II3Nj cnaq3wc RN
j@3c3 a3cnIjc �N0 j@3Ca CN�n3N,3 CN j@3 sRaG R8 K�a<nICc. xCLL3a. �N0 L�Nw Rj@3acd B a3,A
RLL3N0 j@Rc3 R8 7Cc@3a �N0 bU�jyC3a <��
��> �c � cj�ajCN< URCNj 8Ra j@3 ,naCRnc a3�03aY ?3a3
s3 sCII j�G3 � 0C{3a3Nj j�,G. cGCUUCN< �@3�0 jR cRL3 q3aw a3,3Nj 03q3IRUL3Njc RN aC<C0Cjw R8
$RnN0�aw �,jCRNcY i@3c3 sCII R,,na CN c3jjCN<c s@3a3. 8Ra a3�cRNc R8 IRs 0CL3NcCRN Ra IRs
a3<nI�aCjw. L�Nw R8 j@3 0wN�LC,�I j3,@NC\n3c 03c,3N030 8aRL KRcjRs �N0 @Cc ,RNj3LURA
a�aC3c 8�II c@Raj. $nj j@3 3cc3N,3 R8 j@3 C03� jR IRRG �j j@3 $RnN0�aw Ua3q�CIcY

�� 4URFACE GROUPS ACTING ON THE CIRCLE
)ZQFSCPMJD TUSVDUVSFT PO TVSGBDFT� i@3 �jj3NjCq3 a3�03a sCII @�q3 NRjC,30 j@3 @wURj@3cCc
Ȓ0CL3NcCRN �j I3�cj kȓ CN KRcjRsȕc j@3Ra3LY BN0330. j@Cc Cc N3,3cc�aw. �c j@3a3 Cc � ,RNjCNA
nnL R8 NRNCcRL3jaC, @wU3a$RIC, cjan,jna3c RN �Nw cna8�,3 R8 <3Nnc g � 2. � 8�,j j@�j @�c
$33N GNRsN V03U3N0CN< RN @Rs wRn ,RnNjW �j I3�cj cCN,3 j@3 jCL3 R8 `C3L�NN Ra TRCN,�aāY
i@3c3 ,Raa3cURN0 jR j@3 ,RNjCNnnL R8 0Cc,a3j3. 8�Cj@8nI a3Ua3c3Nj�jCRNc. ,�II30 'VDITJBO SFQ�
SFTFOUBUJPOT. R8 j@3 8nN0�L3Nj�I <aRnU R8 j@3 cna8�,3 CNjR BcRL.H2/Y

i@3 s�w CN s@C,@ KRcjRsȕc RaC<CN�I cja�j3<w 8�CIc CN 0CL3NcCRN l Cc \nCj3 cn$jI3.
@�qCN< jR 0R sCj@ j@3 8�,j j@�j j@3a3 Cc NR U3a83,j �N�IR< R8 � \n�cC,RN8RaL�I L�U CN 0CL3NA
cCRN SY �<�a0ȕc cnaq3w ȒKRcjRs aC<C0Cjw RN j@3 ICN3ȓ <�> ,RNj�CNc � NC,3 0Cc,nccCRN R8 s@�j
<R3c aC<@j �N0 saRN<YS i@�j c�C0. 8Ra � ~u30 <3Nnc g. 3�,@ $RnN0�aw �,jCRN ,Raa3cURN0CN< jR

� i@3a3 �a3 L�Nw Rj@3a UaRR8c R8 KRcjRs aC<C0Cjw. �II 8�IICN< c@Raj 8Ra cna8�,3c CN 0C{3a3Nj
s�wcY � UaRR8 ncCN< ;aRLRqȕc cCLUIC,C�I qRInL3 a3IC3c RN j@3 8�,j j@�j �N C03�I cCLUI3u
R8 L�uCL�I qRInL3 CN j@3 @wU3a$RIC, nAcU�,3 Cc SFHVMBSġ� L3�NCN<8nI 0CcjCN,jCRN s@3N
n � 3. $nj CN H2 �II C03�I jaC�N<I3c �a3 CcRL3jaC,Y #3ccRNĢ+RnajRCcĢ;�IIRj <�> @�q3 �
cja3N<j@3NCN< R8 KRcjRsȕc j@3Ra3L sCj@ � 0C{3a3Nj 3N0<�L3 jR j@3 UaRR8 @CN<CN< RN �N
CN3\n�ICjw CNqRIqCN< j@3 03j3aLCN�Nj R8 �N n ⇥ n 03aCq�jCq3 L�jaCu. s@C,@ cCLUIw 8�CIc 8Ra
n D 2Y
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� @wU3a$RIC, cjan,jna3 RN � <3Nnc g cna8�,3 Cc ,RNEn<�j3 $w � IPNFPNPSQIJTN R8 j@3 ,Ca,I3Yl

i@Cc cn<<3cjc j@�j RN3 LC<@j a3,Rq3a � NRjCRN R8 aC<C0Cjw $w s3�G3NCN< j@3 a3<nI�aCjw R8 j@3
L�Uc CN \n3cjCRNY `30n,CN< a3<nI�aCjw Cc �,jn�IIw \nCj3 � N�jna�I ,RNcC03a�jCRN- I3�qCN< j@3
a3�IL R8 @wU3a$RIC, cjan,jna3c �N0 CNcj3�0 ,RNcC03aCN< j@3 $RnN0�aw �j CN~NCjw R8 j@3 nNCA
q3ac�I ,Rq3a R8 j@3 cna8�,3 sCj@ �N �a$Cja�aw `C3L�NNC�N L3jaC,. Ra RN � +�wI3w <a�U@ 8Ra j@3
8nN0�L3Nj�I <aRnU R8 j@3 cna8�,3. RN3 a3j�CNc RNIw � UPQPMPHJDBM ,Ca,I3 sCj@ �N �,jCRN R8 j@3
8nN0�L3Nj�I <aRnU $w @RL3RLRaU@CcLcY i@3c3 �,jCRNc �a3 �II ,RNEn<�j3 jR 3�,@ Rj@3a. �N0
�IcR �II jR �Nw 7n,@cC�N �,jCRN. $w � @RL3RLRaU@CcL R8 j@3 ,Ca,I3Y

3JHJEJUZ BU JOҶOJUZ GPS TVSGBDFT� i@Cc $aCN<c nc jR � $3�njC8nI j@3Ra3L R8 K�jcnLRjR RN
$RnN0�aw aC<C0Cjw 8Ra cna8�,3cY iR cj�j3 Cj. B sCII ~acj L�G3 Ua3,Cc3 j@3 NRjCRN R8 aC<C0Cjw
03c,aC$30 $38Ra3Y � <aRnU �,jCRN R8 Ä RN X Cc � @RLRLRaU@CcL Ä ! ?RL3R.X/Y i@3
TQBDF PG BDUJPOT ?RL.Ä;?RL3R.X// Cc j@3 c3j R8 �II �,jCRNc 3\nCUU30 sCj@ j@3 ,RLU�,jA
RU3N jRURIR<w- CN8RaL�IIw. jsR �,jCRNc �a3 ,IRc3 C8. 8Ra 3q3aw 3I3L3Nj � CN � I�a<3 ~NCj3 cn$c3j
R8 Ä . j@3 @RL3RLRaU@CcLc <Cq3N $w j@3 �,jCRNc R8 � �a3 URCNjsCc3 ,IRc3 RN � I�a<3 ,RLU�,j
cn$c3j R8X Y (MPCBM SJHJEJUZ Cc � cj�j3L3Nj �$Rnj j@3 @RLR<3N3Cjw R8 � ,RNN3,j30 ,RLURN3Nj
R8 ?RL.Ä;?RL3R.X//d K�jcnLRjRȕc q3acCRN Cc �c 8RIIRsc-

5IFPSFN ��� VK�jcnLRjRȕc aC<C0Cjw <��>WY bnUURc3 j@�j † Cc � cna8�,3 R8 <3Nnc �j I3�cj l.
�N0 ⇢ W ⇡1.†/ ! ?RL3R.S1/ IC3c CN j@3 c�L3 ,RNN3,j30 ,RLURN3Nj �c � 7n,@cC�N a3Ua3A
c3Nj�jCRN ⇢0Y i@3N j@3a3 Cc � ,RNjCNnRnc. LRNRjRN3. 03<a33 1 L�U h W S1 ! S1 cn,@ j@�j
h ı ⇢.�/ D ⇢0.�/ ı h @RI0c 8Ra �II � 2 ⇡1.†/Y

ȒKRNRjRN3ȓ @3a3 L3�Nc j@�j hs3�GIw Ua3c3aq3c j@3 ,w,IC, Ra03aCN< R8 URCNjc RN S1Y
� jaCUI3 .x1; x2; x3/ R8 0CcjCN,j URCNjc CN S1 @�c � QPTJUJWF Ra OFHBUJWF RaC3Nj�jCRN 03U3N0CN<
RN s@3j@3a wRn UaR,330 �NjC,IR,GsCc3 Ra ,IR,GsCc3 �aRnN0 j@3 ,Ca,I3 �c wRna a3�0 j@3 URCNjc
CN Ra03aY iR XFBLMZ Ua3c3aq3 j@Cc Ra03a. � L�U c3N0c 3�,@ URcCjCq3Iw RaC3Nj30 jaCUI3 3Cj@3a jR
� URcCjCq3Iw RaC3Nj30 jaCUI3 Ra jR � 03<3N3a�j3 RN3 s@3a3 jsR Ra LRa3 URCNjc ,RCN,C03Y i@nc.
h L�w ,RII�Uc3 �N CNj3aq�I jR � URCNj. $nj 0R3c NRj 0Rn$I3 $�,G RN Cjc3I8Y

i@Cc s3�G3NCN< R8 j@3 NRjCRN R8 ,RNEn<�,w CN j@3 j@3Ra3L cj�j3L3Nj Cc N3,3cc�aw. �c
Cj Cc 3�cw jR ,RNcjan,j cL�II. NRN,RNEn<�j3 U3ajna$�jCRNc R8 �ILRcj �Nw �,jCRN R8 � ,RnNj�$I3
<aRnU RN j@3 ,Ca,I3 ncCN< � Ȓ$IRs nUȓ jaC,GY 2NnL3a�j3 wRna <aRnU Ä . ~u � URCNj x �N0 cRL3
cL�II " > 0. �N0 a3UI�,3 j@3 CL�<3 R8 x nN03a j@3 �,jCRN R8 j@3 nj@ 3I3L3Nj R8 Ä sCj@ � ,IRc30
CNj3aq�I R8 I3N<j@ "

2n Y i@3 a3cnIj Cc � ,Ca,I3 s@Rc3 ,Ca,nL83a3N,3 Cc CN,a3�c30 $w "Y 2uj3N0
j@3 RaC<CN�I �,jCRN R8 Ä Rq3a j@3 CNc3aj30 CNj3aq�Ic $w 03,I�aCN< j@�j g j�G3c j@3 CNj3aq�I
,Raa3cURN0CN< jR f .x/ jR j@�j R8 gf .x/ $w j@3 nNC\n3 �|N3 L�UY i@Cc UaR,30na3 <Cq3c �N
�,jCRN $w @RL3RLRaU@CcLc. �N0 j@3 L�U h W S1 ! S1 ,RII�UcCN< 3�,@ CNc3aj30 CNj3aq�I jR
� URCNj Cc � c3LC,RNEn<�,wY

(SPVQ DPIPNPMPHZ� � a3L�aG�$I3 j@3Ra3L R8 ;@wc <��> c�wc j@�j j@3 3\nCq�I3N,3 a3I�jCRN
RN <aRnU �,jCRNc <3N3a�j30 $w c3LC,RNEn<�,w. CN j@3 c3Nc3 03~N30 �$Rq3 ncCN< � LRNRA

� i@Cc Cc �<�CN � cn$jI3 URCNj- RN3 ,�N c@Rs j@�j. C8 cn,@ � ,RNEn<�jCN< @RL3RLRaU@CcL Cc
0C{3a3NjC�$I3 sCj@ NRNy3aR 03aCq�jCq3 �j � cCN<I3 URCNj. j@3N Cj Cc a3�I �N�IwjC,. CN0n,30 8aRL
�N CcRL3jaw R8 H2. �N0 j@3 cna8�,3c �a3 CcRL3jaC,Y

� ,� .ANN



jRN3 L�Uc. Cc �,jn�IIw � DPIPNPMPHJDBM QIFOPNFOPOY �c Cc s3II GNRsN. j@3 CN,IncCRN R8 j@3
aRj�jCRN cn$<aRnU bQ.2/ä S1 CNjR j@3 <aRnU ?RL3RC.S1/ R8 RaC3Nj�jCRNAUa3c3aqCN< @RL3A
RLRaU@CcLc R8 j@3 ,Ca,I3 Cc � @RLRjRUw 3\nCq�I3N,3. j@nc j@3 ,R@RLRIR<w R8 j@3 ,I�ccC8wCN<
cU�,3 8Ra ?RL3RC.S1/ Cc <3N3a�j30 $w �N &VMFS DMBTT CN 03<a33 lY Bj Cc I3cc s3II GNRsN
V8RIIRsCN< 8aRL � 033U j@3Ra3L R8 i@nacjRNW j@�j j@3 ,R@RLRIR<w R8 ?RL3RC.S1/ �c � EJT�
DSFUF HSPVQ Cc �IcR <3N3a�j30 $w j@3 2nI3a ,I�cc- j@3 L�U 8aRL j@3 0Cc,a3j3 ?RL3RC.S1/ jR
?RL3RC.S1/ sCj@ j@3 ncn�I jRURIR<w CN0n,3c �N CcRLRaU@CcL RN ,R@RLRIR<wY

;Cq3N �N �,jCRN ⇢ W Ä ! ?RL3RC.S1/ R8 � <aRnU $w RaC3Nj�jCRNAUa3c3aqCN< @RL3A
RLRaU@CcLc R8 j@3 ,Ca,I3. RN3 ,�N UnII $�,G j@3 0Cc,a3j3. CNj3<a�I 2nI3a ,I�cc jR �N 3I3L3Nj
R8 H 2.ÄI Z/Y iwUC,�IIw. a3L3L$3aCN< RNIw j@3 2nI3a ,I�cc �N0 8Ra<3jjCN< j@3 �,jCRN a3cnIjc
CN � <a3�j IRcc R8 CN8RaL�jCRNY 7Ra CNcj�N,3. C8 Ä Cc � cna8�,3 <aRnU. j@3N H 2.ÄI Z/ ä Z.
$nj j@3a3 �a3 nN,RnNj�$Iw L�Nw 0CcjCN,j �,jCRNc R8 Ä RN j@3 ,Ca,I3. 3q3N nU jR c3LC,RNEnA
<�,wY ?Rs3q3a. j@3 2nI3a ,I�cc Cc � CPVOEFE ,R,w,I3 CN j@3 c3Nc3 R8 ;aRLRq. �N0 j@3 c3,RN0
CPVOEFE DPIPNPMPHZ R8 � cna8�,3 <aRnU Cc CN~NCj3 0CL3NcCRN�IY ;@wc c@Rs30. a3L�aG�$Iw.
j@�j j@Cc UnII$�,G R8 j@3 2nI3a ,I�cc CN $RnN030 ,R@RLRIR<w 03j3aLCN3c j@3 �,jCRN nU jR
c3LC,RNEn<�wY i@3 aC<C0Cjw cj�j3L3Nj R8 K�jcnLRjR \nRj30 �$Rq3 Cc. CN 8�,j. � ,RNc3\n3N,3
R8 � cjaRN<3a j@3Ra3L. CN s@C,@ @3 c@Rsc j@�j j@3a3 Cc � nNC\n3. L�uCL�I VL3�NCN< U�CaCN<
L�uCL�IIw sCj@ j@3 8nN0�L3Nj�I ,I�cc R8 j@3 cna8�,3W $RnN030 c3,RN0 ,R@RLRIR<w ,I�cc.
,Raa3cURN0CN< jR j@3 c3LC,RNEn<�,w ,I�cc R8 � 7n,@cC�N a3Ua3c3Nj�jCRNY

3JHJEJUZ PG HFPNFUSJD BDUJPOT� i@3 7n,@cC�N cna8�,3 <aRnUc �,jCN< RN j@3 ,Ca,I3 CN K�jA
cnLRjRȕc aC<C0Cjw j@3Ra3L �a3 I�jjC,3c CN TbH.2;R/. j@3 <aRnU R8 RaC3Nj�jCRNAUa3c3aqCN<
CcRL3jaC3c R8 H

2Y rCj@ j@Cc CN LCN0. s3 L�G3 j@3 8RIIRsCN< 03~NCjCRN-

%FҶOJUJPO ���� �N �,jCRN R8 � <aRnU Ä RN � L�NC8RI0 X Cc HFPNFUSJD C8 Cj Cc R$j�CN30 $w j@3
3L$300CN< R8 Ä �c � ,R,RLU�,j I�jjC,3 CN � ,RNN3,j30 HC3 <aRnUG �,jCN< ja�NcCjCq3Iw RN X Y

i@Cc 03~NCjCRN Cc LR03I30 �8j3a j@3 C03� R8 � <3RL3jaw 8aRL FI3CNȕc &SMBOHFO QSP�
HSBN- � ,RNN3,j30 HC3 <aRnU �,jCN< ja�NcCjCq3Iw RN � cU�,3 sCj@ ,RLU�,j URCNj cj�$CICy3acY
r@3N X Cc j@3 ,Ca,I3. s3 ,�N 3�cCIw ICcj �II <3RL3jaC, �,jCRNc R8 <aRnUcY i@3 ,RNN3,j30 HC3
<aRnUc �,jCN< ja�NcCjCq3Iw RN S1 �a3 j@3 aRj�jCRN <aRnU bQ.2/. j@3 UaRE3,jCq3 ICN3�a <aRnU
TbH.2;R/ �,jCN< RN RP 1 D S1. �N0 ~NCj3 ,w,IC, ,Rq3ac VCY3Y. ,3Nja�I 3uj3NcCRNc $w ~NCj3
,w,IC, <aRnUcW R8 TbH.2;R/. s@C,@ �,j N�jna�IIw RN ~NCj3 ,Rq3ac R8 S1ġ,RNq3NC3NjIw. �IcR
jRURIR<C,�I ,Ca,I3c Vc33 <��>WY �Nw ,R,RLU�,j I�jjC,3 CN RN3 R8 j@3c3 <aRnUc Cc. nU jR ~NCj3
CN03u. j@3 8nN0�L3Nj�I <aRnU R8 � cna8�,3 R8 <3Nnc g 8Ra cRL3 g � 2. �N0 j@3c3 �a3 �II
R$j�CN30 $w IC8jCN< 7n,@cC�N cna8�,3 <aRnUc jR � ~NCj3 ,w,IC, ,Rq3aY TaRqC030 j@�j j@3 03<a33
R8 j@3 ,Rq3a 0CqC03c j@3 2nI3a ,@�a�,j3aCcjC, R8 j@3 cna8�,3. cn,@ � IC8j 3uCcjc �N0 <Cq3c � I�jjC,3
CN j@3 ,Raa3cURN0CN< ,w,IC, 3uj3NcCRN R8 TbH.2;R/Y

K�jcnLRjRȕc j@3Ra3L <Cq3c <IR$�I aC<C0Cjw 8Ra <3RL3jaC, 3u�LUI3c s@3a3 j@3 �L$CA
3Nj HC3 <aRnU Cc TbH.2;R/Y rCj@ K�uCL3 rRI{. s3 c@Rs30 j@Cc 8Ra �II <3RL3jaC, cna8�,3
<aRnUc-

5IFPSFN ��� V`C<C0 , <3RL3jaC, RN j@3 ,Ca,I3 <��
��>WY �N �,jCRN R8 � cna8�,3 <aRnU RN S1

Cc <IR$�IIw aC<C0 C8 �N0 RNIw C8 Cj Cc <3RL3jaC,Y

� (ROUPS ACTING AT INFINITY



i@3 0Ca3,jCRN HFPNFUSJD JNQMJFT SJHJE ,RNcCcjc CN � ,�a38nI cjn0w R8 <3RL3jaC, a3UA
a3c3Nj�jCRNc ncCN< j@3 TRCN,�aā aRj�jCRN NnL$3a �N0 j3,@NC\n3c R8 +�I3<�aC �N0 r�IG3ad �
03j�CI30 3uURcCjRaw �,,RnNj Cc <Cq3N CN <��> �N0 �N �Ij3aN�jCq3 UaRR8 <Cq3N I�j3a $w K�jcnLRjR.
ncCN< � K�aGRq U�ajCjCRN �N0 K�cGCj ,RL$CN�jCRN j@3Ra3L cjwI3 R8 �a<nL3Nj. CN <��>Y i@3
cj�j3L3Nj j@�j SJHJE JNQMJFT HFPNFUSJD Cc Ln,@ LRa3 0C|,nIj- @�N030 �N �,jCRN R8 ⇡1.†/

RN j@3 ,Ca,I3. sCj@ NR GNRsI30<3 �$Rnj Cj 3u,3Uj j@�j wRn ,�NNRj 038RaL Cj. wRn N330 jR
a3,RNcjan,j j@3 �L$C3Nj HC3 <aRnU �N0 I�jjC,3 cna8�,3 <aRnUY

i@3 UaRR8 CN <��> Cc a�j@3a j3,@NC,�I. $nj. nN03a � L�ERa cCLUIC8wCN< �ccnLUjCRN RN3
,�N UaR0n,3 � Ln,@ 3�cC3a UaRR8 CN s@C,@ j@3 cja�j3<w R8 Ȓa3,RNcjan,jCRNȓ Cc 3qC03NjY i@Cc
Cc ,�aaC30 Rnj CN j@3 a3I�jCq3 c@Raj U�U3a <��>Y i@3 cCLUIC8wCN< �ccnLUjCRN 3ICLCN�j3c j@3
URccC$CICjw j@�j ⇢.⇡1.†// IC3c CN RN3 R8 j@3 NRNjaCqC�I ,Rq3ac R8 TbH.2;R/Y �c � ,RNc3\n3N,3
R8 j@Cc �ccnLUjCRN. RN3 ,�N 038RaL j@3 a3Ua3c3Nj�jCRN cR j@�j cRL3 cCLUI3 ,IRc30 ,naq3 a RN
j@3 cna8�,3 @�c Cjc �,jCRN ⇢.a/ ,RNEn<�j3 jR j@3 $RnN0�aw �,jCRN R8 � @wU3a$RIC, CcRL3jaw R8
TbH.2;R/Y i@Cc L3�Nc j@�j j@3 �,jCRN R8 ⇢.a/ RN j@3 ,Ca,I3 @�c 3u�,jIw jsR ~u30 URCNjc. RN3
�jja�,jCN< �N0 RN3 a3U3IICN<Y

?�qCN< 8RnN0 RN3 cn,@ cCLUI3 ,IRc30 ,naq3. s3 ~N0 L�Nw. �N0 j@3N cj�aj j@3 a3,RNA
cjan,jCRN- s3 c@Rs j@�j j@3 �aa�N<3L3Nj R8 �jja�,jCN< �N0 a3U3IICN< URCNjc R8 j@3 �,jCRN
R8 j@3c3 cCLUI3 ,IRc30 ,naq3c RN j@3 ,Ca,I3 �<a33c sCj@ j@3 CNj3ac3,jCRN U�jj3aN R8 IC8jc R8
<3R03cC, a3Ua3c3Nj�jCq3c R8 j@3c3 ,naq3c RN j@3 cna8�,3Y mN03a � 7n,@cC�N a3Ua3c3Nj�jCRN. j@3
�u3c R8 ja�NcI�jCRN R8 3I3L3Njc �a3 3u�,jIw cn,@ IC8jc R8 ,naq3c. �N0 j@Cc �IIRsc nc jR $nCI0
j@3 03cCa30 c3LC,RNEn<�,w jR j@3 7n,@cC�N ,I�ccY 7C<na3 S <Cq3c � a3Ua3c3Nj�jCq3 qCcn�I- j@3
<3R03cC,c c@RsN j@3a3 �a3 �II a3Ua3c3Nj30 $w cCLUI3 ,IRc30 ,naq3cd Cj Cc j@3 ,w,IC, Ra03a R8
j@3Ca 3N0URCNjc j@�j s3 a3,Rq3aY

0QFO RVFTUJPOT� 7Ra �Nw a3�I ICN3�a �I<3$a�C, <aRnU G �N0 ~NCj3Iw Ua3c3Nj30 <aRnU
Ä D hS j Ri. j@3 cU�,3 R8 a3Ua3c3Nj�jCRNc ?RL.Ä; G/ Cc � a3�I �I<3$a�C, q�aC3jw. � cn$A
cU�,3 R8 GjS j ,nj Rnj $w j@3 ~NCj3Iw L�Nw a3I�jCRNc 8aRL RY i@nc ?RL.Ä; G/ @�c ~NCj3Iw
L�Nw ,RNN3,j30 ,RLURN3NjcY ;RI0L�N <��
 5HEOREM "> <Cq3c � Ua3,Cc3 ,RnNj CN j@3 ,�c3
s@3a3 Ä Cc j@3 8nN0�L3Nj�I <aRnU R8 � ,IRc30 cna8�,3. �N0 G j@3 kA8RI0 ,Rq3aCN< <aRnU
R8 TbH.2;R/Y ;3RL3jaC, a3Ua3c3Nj�jCRNc 3uCcj Ua3,Cc3Iw s@3N k 0CqC03c 2g � 2d C8 k Cc
I�a<3a j@�N 2g � 2. j@3N j@3a3 Cc RNIw � cCN<I3 ,RNN3,j30 ,RLURN3Nj- 3q3aw a3Ua3c3Nj�jCRN Cc
038RaL�$I3 jR j@3 jaCqC�I a3Ua3c3Nj�jCRNY mcCN< j@Cc. RN3 ,�N c@Rs j@�j 8Ra � <Cq3N <3Nnc g. VQ
UP EFGPSNBUJPO
 UIFSF BSF POMZ ҶOJUFMZ NBOZ SFQSFTFOUBUJPOT PG ⇡1.†g/ JOUP B -JF TVCHSPVQ
PG S1Y #w ,RNja�cj. s3 0R NRj GNRs-

2VFTUJPO ���� /R3c j@3 cU�,3 ?RL.⇡1.†g/;?RL3RC.S1// @�q3 ~NCj3Iw L�Nw ,RNN3,j30
,RLURN3Njc]

2VFTUJPO ���� +�N 3q3aw �,jCRN R8 � cna8�,3 <aRnU RN j@3 ,Ca,I3 $3 038RaL30 CNjR RN3 sCj@
CL�<3 CN � HC3 <aRnU]

BN 8�,j. j@3 cCjn�jCRN Cc 3q3N L3ccC3a j@�N j@CcY Ȓ/38RaL�jCRNȓ cn<<3cjc LRq3L3Nj
�IRN< � QBUI R8 a3Ua3c3Nj�jCRNc. s@CI3 Lw 03~NCjCRN R8 aC<C0Cjw a383aa30 jR @RLR<3N3Cjw R8

� ,� .ANN



DPOOFDUFE DPNQPOFOUTY �I�c. s3 0R NRj GNRs C8 U�j@ ,RLURN3Njc �N0 ,RNN3,j30 ,RLURN3Njc
R8 ?RL.⇡1.†g/;?RL3RC.S1// �<a33Y

�j j@3 jCL3 R8 8a�LCN< /3~NCjCRN lYl. B s�c q3aw 3Nj@ncC�cjC, �$Rnj UnacnCN< j@3
j@3L3 ȒaC<C0 $ <3RL3jaC,ȓ jR c33 jR s@�j 3uj3Nj Cj LC<@j UI�w Rnj CN c3jjCN<c $3wRN0 <aRnU
�,jCRNc RN j@3 ,Ca,I3Y BN a3jaRcU3,j. j@�j c33Lc jRR RUjCLCcjC,- <3RL3jaC, 3u�LUI3c �a3 3u,3IA
I3Nj ,�N0C0�j3c 8Ra aC<C0Cjw. $nj B 0R NRj j@CNG j@3w �a3 Ua3,Cc3Iw �II j@3 aC<C0 3u�LUI3c R8
�,jCRNc CN � <3N3a�I c3jjCN<Y i@Cc Cc NRj jR 03j3a �NwRN3 CN j@3Ca �jj3LUj jR UaRq3 cn,@ �
j@3Ra3LġU3a@�Uc 8Ra j@3 aC<@j LR0C~,�jCRN R8 j@3 03~NCjCRN R8 <3RL3jaC, VL�uCL�I 0CL3NA
cCRN HC3 <aRnU LC<@j $3 � <RR0 cj�ajW. �N0 j@3 aC<@j 03~NCjCRN R8 aC<C0. cn,@ � cj�j3L3Nj Cc jan3Y

Qna N3uj jRUC, c@RnI0 UaRqC03 3qC03N,3 8Ra ,RNjCNn30 RUjCLCcL. �c s3 IRRG �j j@3
~acj R$qCRnc <3N3a�ICy�jCRN R8 cna8�,3 <aRnUc �,jCN< RN j@3 ,Ca,I3ġj@3 $RnN0�aw �,jCRNc R8
8nN0�L3Nj�I <aRnUc R8 @wU3a$RIC, L�NC8RI0c R8 @C<@3a 0CL3NcCRNY BN 8�,j. RN3 0R3c NRj N330
H

n @3a3 V�N0 cR s3 sCII $C0 � j3LURa�aw 8�a3s3II jR I�jjC,3cW $nj RNIw � `C3L�NNC�N L3jaC,
R8 N3<�jCq3 ,naq�jna3Y

�� .ANIFOLD GROUPS ACTING ON BOUNDARY SPHERES
r3 03c,aC$30 CN j@3 CNjaR0n,jCRN @Rs jR ,RLU�,jC8w ,3aj�CN cU�,3c $w 3\nCq�I3N,3

,I�cc3c R8 <3R03cC, a�wcY r@3N j@3 cU�,3 CN \n3cjCRN Cc j@3 nNCq3ac�I ,Rq3a R8 � ,IRc30 @wU3aA
$RIC, Ra N3<�jCq3Iw ,naq30 cna8�,3. K�jncLRjRȕc i@3Ra3L lYS c�wc j@�j j@3 CN0n,30 $RnN0�aw
�,jCRN R8 j@3 8nN0�L3Nj�I <aRnU Cc aC<C0Y r@CI3 @Cc UaRR8 0R3c NRj �UUIw 8Ra L�NC8RI0c R8
@C<@3a 0CL3NcCRN Vj@3a3 Cc NR $RnN030 2nI3a ,I�cc �N0 NR ,w,IC, Ra03a R8 URCNjc �j CN~NCjw
8Ra <aRnUc �,jCN< RN @C<@3a 0CL3NcCRN�I cU@3a3cW. #Rs03N �N0 B a3,3NjIw UaRq30 �N �N�IRA
<Rnc IR,�I a3cnIj CN <3N3a�ICjw-

5IFPSFN ��� V<�>WY H3jM $3 � ,RLU�,j. RaC3Nj�$I3 nAL�NC8RI0 sCj@ N3<�jCq3 ,naq�jna3. �N0
⇢0 W ⇡1.M/ ! ?RL3R.Sn�1/ j@3 $RnN0�aw �,jCRNY i@3a3 3uCcjc � N3C<@$Ra@RR0 U R8 ⇢0 CN
?RL.⇡1.M/;?RL3R.Sn�1// ,RNcCcjCN< R8 a3Ua3c3Nj�jCRNc s@C,@ �a3 UPQPMPHJDBM GBDUPST R8
⇢0 CN j@3 c3Nc3 R8 ,I�ccC,�I 0wN�LC,c- 8Ra 3�,@ a3Ua3c3Nj�jCRN ⇢ 2 U . j@3a3 Cc � ,RNjCNnRnc.
cnaE3,jCq3 L�U h W Sn�1 ! Sn�1 c�jCc8wCN< h ı ⇢.�/ D ⇢0.�/ ı h 8Ra �II � 2 ⇡1.M/Y

i@3 G3w C03� R8 j@3 UaRR8 Cc jR 3N,R03 j@3 0wN�LC,c R8 j@3 �,jCRN ⇢0 �N0 � U3ajna$�A
jCRN ⇢ CN GPMJBUFE TQBDFT. �N0 UaRLRj3 UPQPMPHJDBMMZ TUBCMF QSPQFSUJFT Vcn,@ �c ja�Ncq3ac�ICjwW
jR j@3 03cCa30 0wN�LC,�I cj�$CICjwY r3 03c,aC$3 � 83s 03j�CIc R8 j@3 cja�j3<w NRsY

'SPN HSPVQ BDUJPOT UP GPMJBUFE TQBDFT� ;Cq3N �N �a$Cja�aw L�NC8RI0M �N0 �N �,jCRN ⇢ R8
⇡1.M/ $w @RL3RLRaU@CcLc RN � cU�,3 F . j@3 �ccR,C�j30 GPMJBUFE F �CVOEMF PWFS M Cc j@3
\nRjC3Nj R8 QM ⇥ F $w j@3 0C�<RN�I �,jCRN R8 ⇡1.M/ qC� 03,G ja�Nc8RaL�jCRNc RN QM �N0 qC�
⇢ RN F Y i@Cc \nRjC3Nj cU�,3 Cc �N F A$nN0I3 Rq3a M . �N0 cCN,3 j@3 �,jCRN Cc 0C�<RN�I. j@3
Ȓ@RaCyRNj�I 8RIC�jCRNȓ R8 QM ⇥ F $w I3�q3c R8 j@3 8RaL QM ⇥ π⇤º 03c,3N0c jR � jRURIR<C,�I
8RIC�jCRN RN j@Cc $nN0I3. jRURIR<C,�IIw ja�Ncq3ac3 jR j@3 ~$3acY B8 M �N0 F @�q3 cLRRj@
cjan,jna3c Vs@C,@ s3 sCII �Is�wc j�G3 jR $3 j@3 ,�c3W �N0 j@3 �,jCRN Cc $w 0C{3RLRaU@CcLc.
j@3N j@3 a3cnIj Cc � cLRRj@ $nN0I3 sCj@ cLRRj@ 8RIC�jCRN. ja�Ncq3ac3 jR j@3 ~$3acY i@3 C03� jR

� (ROUPS ACTING AT INFINITY



'IGURE � UT .H2/ Cc jaCqC�ICy30 �c H2 ⇥ S1. s@3a3 j@3 URCNj RN S1 V@3C<@jW Cc <Cq3N $w j@3 3N0URCNj
�j CN~NCjw R8 � <3R03cC, a�w sCj@ <Cq3N j�N<3Nj q3,jRaY H3�q3c R8 j@3 s3�GAcj�$I3 8RIC�jCRN �a3
@RaCyRNj�I. s3�GAnNcj�$I3 I3�q3c CNj3ac3,j j@3L ja�Ncq3ac3Iw �IRN< <3R03cC,cY

3N,R03 �,jCRNc Ra a3Ua3c3Nj�jCRNc CN 8RIC�j30 cU�,3c Cc NRj N3sġ8Ra CNcj�N,3. �c RN3 3u�LUI3
R8 � nc3 \nCj3 ,IRc3 jR Rna j@3L3. ;RI0L�Nȕc SO4z j@3cCc <��> Ua3c3Njc j@3 C03� R8 � <3RL3jaC,
cjan,jna3 �c � c3,jCRN R8 � 8RIC�j30 $nN0I3 V8RIIRsCN< FnIG�aNC. bnIICq�N. �N0 i@nacjRNW. ncCN<
j@Cc U3acU3,jCq3 jR nN03acj�N0 a3Ua3c3Nj�jCRNc R8 cna8�,3 <aRnUc CNjR TbH.2;R/Y

r3 �a3 CNj3a3cj30 CN j@3 cU3,C�I ,�c3 s@3a3 M �N0 ⇢ �a3 �c CN i@3Ra3L kYSY r@3N
⇢ D ⇢0 Cc j@3 �,jCRN RN j@3 $RnN0�aw �j CN~NCjw. j@3 �ccR,C�j30 8RIC�j30 cU@3a3 $nN0I3 Rq3a
M Cc CcRLRaU@C, jR j@3 nNCj j�N<3Nj $nN0I3 R8 M Y i@Cc <Cq3c �00CjCRN�I cjan,jna3 s@C,@ s3
3uUIRCj CN j@3 UaRR8Y

'PMJBUJPOT PO UIF VOJU UBOHFOU CVOEMF� i@3 nNCj j�N<3Nj $nN0I3 UT .M/ R8 � N3<�jCq3Iw
,naq30 L�NC8RI0M @�c � N�jna�I 8RIC�jCRN F ja�Ncq3ac3 jR Cjc cU@3a3 ~$3acY r3 ,�N 03c,aC$3
j@Cc $w IRRGCN< �j j@3 nNCj j�N<3Nj $nN0I3 R8 j@3 nNCq3ac�I ,Rq3a QM �N0 ncCN< j@3 $RnN0A
�aw �j CN~NCjwY 7Ra 3�,@ URCNj z 2 @1 QM . I3j Lz ⇢ UT QM $3 j@3 c3j R8 �II nNCj j�N<3Nj
q3,jRac jR <3R03cC, a�wc j@�j a3Ua3c3Nj zY i@3 I3�8 Lz Cc @RL3RLRaU@C, jR QM Vj@3a3 Cc
3u�,jIw RN3 j�N<3Nj q3,jRa CN � <Cq3N 0Ca3,jCRN �j 3�,@ URCNjW. cR j@3 c3jc Lz U�ajCjCRN UT QM
CNjR nA0CL3NcCRN�I @wU3aUI�N3cY 7RIIRsCN< ,I�ccC,�I sRaG R8 �NRcRq. j@3c3 c3jc �a3 �,jn�IIw
cLRRj@. 3L$30030 cn$L�NC8RI0cY i@3 �,jCRN R8 ⇡1.M/ RN UT QM c3N0c I3�q3c jR I3�q3c.
cR j@Cc 8RIC�jCRN 03c,3N0c jR RN3 RN UT .M/. �N0 j@3 $nN0I3 CcRLRaU@CcL $3js33N j@3 8RICA
�j30 cU@3a3 $nN0I3 �ccR,C�j30 jR j@3 $RnN0�aw �,jCRN ,�N $3 ,@Rc3N jR N�jna�IIw C03NjC8w
j@Cc 8RIC�jCRN RN UT .M/. ,�II30 j@3 XFBL�TUBCMF GPMJBUJPO sCj@ j@3 Ȓ@RaCyRNj�Iȓ 8RIC�jCRN
RN j@3 8RIC�j30 $nN0I3Y b33 7C<na3 l I38j 8Ra �N CIIncja�jCRN s@3N QM D H

2Y Q8 ,Rnac3. RN3
,RnI0 3\n�IIw s3II L�G3 j@3 RUURcCj3 ,@RC,3 R8 ,RNcC03aCN< j@3 c3j R8 j�N<3Nj q3,jRac v j@�j
FNNBOBUF 8aRL � ,RLLRN URCNj �j CN~NCjwY i@Cc <Cq3c j@3 XFBL�VOTUBCMF 8RIC�jCRN. s@C,@ Cc
�IcR ja�Ncq3ac3 jR j@3 ~$3ac. �N0 ja�Ncq3ac3 jR I3�q3c R8 j@3 s3�GAcj�$I3 8RIC�jCRNY

.BQT CFUXFFO CVOEMFT� i@3 UaRR8 R8 i@3Ra3L kYS cj�ajc sCj@ j@3 ,RNcjan,jCRN R8 � U�aA
jC,nI�aIw s3II $3@�q30 L�U $3js33N j@3 8RIC�j30 $nN0I3c �ccR,C�j30 sCj@ N3�a$w �,jCRNc.
�c CIIncja�aj30 CN 7C<na3 kY ;Cq3N � U3ajna$�jCRN ⇢ R8 j@3 cj�N0�a0 $RnN0�aw �,jCRN ⇢0. RN3

�� ,� .ANN



'IGURE � �N 3\nCq�aC�Nj L�U IR,�IIw ,IRc3 jR j@3 C03NjCjw RN QM ⇥ @G ,�Ujna3c � U3ajna$�jCRN R8 j@3
�,jCRN R8 G D ⇡1.M/ RN @GY i@3 CL�<3c R8 @RaCyRNj�I I3�q3c QM ⇥ πxº CNj3ac3,j j@3 I3�q3c
R8 j@3 cj�$I3 8RIC�jCRN R8 <3R03cC, �Rs VCN a30W �IRN< RVBTJHFPEFTJDT �IIRsCN< nc jR nc3
I�a<3Ac,�I3 L3jaC, cj�$CICjw jR UaRq3 0wN�LC,�I cj�$CICjwY 7Ra <3N3a�I <aRnUc. RN3 N330c �
LRa3 ,RLUIC,�j30 cU�,3 �N0 � cn$cjCjnj3 8Ra j@3 cj�$I3 8RIC�jCRNY

$nCI0c. $w @�N0. � ⇡1.M/A3\nCq�aC�Nj L�U QM ⇥ Sn�1 ! UT QM s@3a3 RN j@3 I38j s3 @�q3
�N �,jCRN qC� ⇢ RN j@3 cU@3a3 8�,jRa. �N0 RN j@3 aC<@j j@3 cj�N0�a0 �,jCRN RN j@3 nNCj j�N<3Nj
$nN0I3Y �Ij@Rn<@ ⇢ 0R3c NRj �,j $w 0C{3RLRaU@CcLc VRNIw @RL3RLRaU@CcLcW. $w c�,aC~,CN<
CNE3,jCqCjw s3 ,�N 03cC<N j@Cc 3\nCq�aC�Nj L�U jR c3N0 3�,@ @RaCyRNj�I I3�8 QM ⇥ πpº jR � C 1A
3L$30030 cn$L�NC8RI0 R8 UT QM j@�j cj�wc C 1A,IRc3 jR I3�q3c R8 j@3 s3�GAcj�$I3 8RIC�jCRN
Rq3a I�a<3 ,RLU�,j c3jc VCY3Y. Cjc j�N<3Nj 0CcjaC$njCRN Cc nNC8RaLIw ,IRc3 jR j@3 s3�GAcj�$I3
0CcjaC$njCRNWY i@Cc L3�Nc j@�j j@3 CL�<3c R8 @RaCyRNj�I I3�q3c a3L�CN USBOTWFSTF jR j@3 I3�q3c
R8 j@3 s3�GAVOTUBCMF 8RIC�jCRN RN UT QM Y r3 c@Rs j@�j �Nw jsR cn,@ I3�q3c j@�j CNj3ac3,j 0R
cR �IRN< � U�j@ j@�j Cc nNC8RaLIw ,IRc3 jR � <3R03cC, CN UT QM Y

MRs j@3 $RnN0�aw �j CN~NCjw L�G3c �NRj@3a �UU3�a�N,3Y mcCN< cRL3 033U a3cnIjc RN
j@3 0wN�LC,c R8 j@3 �,jCRN R8 ⇡1.M/ RN Cjc $RnN0�aw VCN,In0CN< j@3 a3L�aG�$I3 DPOWFSHFODF
HSPVQ QSPQFSUZ. s@C,@ s3 sCII. �I�c. NRj @�q3 cU�,3 jR 0Cc,ncc @3a3W. s3 c@Rs j@�j j@3 N3�aA
<3R03cC,c RN j@3 CL�<3 R8 3�,@ Ȓ@RaCyRNj�Iȓ I3�8 QM ⇥ πpº ,nj Rnj $w j@3 s3�GAcj�$I3 I3�q3c
�II c@�a3 � ,RLLRN 3N0URCNj �j CN~NCjw. 03U3N0CN< RNIw RN j@3 U�a�L3j3a pY i@Cc �ccR,C�jCRN
R8 cn,@ � URCNj p jR j@Cc ,RLLRN 3N0URCNj �j CN~NCjw <Cq3c � L�U Sn�1 ! Sn�1Y �N0 j@Cc
L�U. Cj jnaNc Rnj. <Cq3c j@3 03cCa30 c3LC,RNEn<�,w R8 j@3 �,jCRNcY

�� $OARSE HYPERBOLICITY� FROM SPACES TO GROUPS
7RIIRsCN< ;aRLRq. � <3R03cC, L3jaC, cU�,3 X Cc ,�II30 ı�IZQFSCPMJD V8Ra cRL3

ı � 0W C8 3q3aw <3R03cC, jaC�N<I3 T CNX @�c j@3 UaRU3ajw j@�j 3�,@ cC03 R8 T IC3c CN j@3 L3jaC,
ıAN3C<@$Ra@RR0 R8 j@3 nNCRN R8 j@3 Rj@3a jsR cC03cY 7Ra 3u�LUI3. �Nw ja33 Cc 0A@wU3a$RIC,.
�N0 Cj Cc � UI3�c�Nj 3u3a,Cc3 CN @wU3a$RIC, jaC<RNRL3jaw jR c@Rs j@�j H

n. sCj@ Cjc L3jaC, R8
,RNcj�Nj ,naq�jna3 �1. Cc ıA@wU3a$RIC, 8Ra j@3 ,RNcj�Nj ı D IN.1C

p
2/Y

i@Cc 03~NCjCRN �IcR sRaGc 8Ra <aRnUc- � ~NCj3Iw <3N3a�j30 <aRnU Cc IZQFSCPMJD C8
Cjc +�wI3w <a�U@ Cc ıA@wU3a$RIC, 8Ra cRL3 ıY r@CI3 j@3 ,RNcj�Nj ı 03U3N0c RN j@3 <3N3aA
�jCN< c3j. j@3 NRjCRN IZQFSCPMJD GPS TPNF ı 0R3c NRjY BN0330. ȒıA@wU3a$RIC, 8Ra cRL3 ıȓ
Cc � L3jaC, CNq�aC�Nj nU jR RVBTJJTPNFUSZ. j@3 a3I�jCRN c@�a30 $3js33N +�wI3w <a�U@c sCj@

�� (ROUPS ACTING AT INFINITY



0C{3a3Nj <3N3a�jCN< c3jcY i@Cc ,RN,3Uj Cc j@3 ,3Nj3a R8 ;aRLRqȕc @C<@Iw CN�n3NjC�I 3cc�w
)ZQFSCPMJD HSPVQT. �N0 j@3 c3jjCN< CN s@C,@ RN3 ,�N ,RLU�,jC8w � cU�,3 $w � $RnN0�aw �j
CN~NCjw sCj@ j@3 L3j@R0 <Cq3N CN j@3 CNjaR0n,jCRNġ�Ij@Rn<@ ;aRLRq �jjaC$nj3c j@Cc C03� �c
Ȓ3cc3NjC�IIw 0n3 jR KRcjRs �N0 K�a<nICcȓ 0n3 jR Cjc �UU3�a�N,3 CN j@3 j@3Ra3Lc s3 \nRj30
3�aIC3a <��
 ���#>Y

� ~NCj3Iw <3N3a�j30 <aRnU �,jc N�jna�IIw RN Cjc +�wI3w <a�U@ $w �nRjLRaU@CcLc.
@3N,3 $w CcRL3jaC3c s@3N 30<3c �a3 j�G3N jR @�q3 nNCj I3N<j@Y i@nc. Cj CN0n,3c �N �,jCRN $w
@RL3RLRaU@CcLc RN j@3 $RnN0�awY QN3 ,�N j@3a38Ra3 �cG-

2VFTUJPO ���� H3jÄ $3 � ~NCj3Iw <3N3a�j30 @wU3a$RIC, <aRnUY Bc j@3 �,jCRN R8Ä RN Cjc $RnN0A
�aw VIR,�IIwW aC<C0. nU jR c3LC,RNEn<�,w]

`�j@3a j@�N a3U3�j30Iw saCjCN< ȒIR,�IIw aC<C0 nU jR c3LC,RNEn<�,w.ȓ s3 $RaaRs j3aA
LCNRIR<w 8aRL ,I�ccC,�I 0wN�LC,c. ja�0CjCRN�IIw �UUIC30 jR �,jCRNc R8 Z. $nj Encj �c q�IC0 8Ra
<aRnU �,jCRNcY �N �,jCRN ⇢0 R8 Ä RN � cU�,3 X Cc UPQPMPHJDBMMZ TUBCMF C8. 8Ra �Nw cn|,C3NjIw
N3�a$w �,jCRN ⇢. j@3a3 Cc � cnaE3,jCq3. ,RNjCNnRnc L�U h c�jCc8wCN< h ı ⇢.�/ D ⇢0.�/ ı h 8Ra
�II � 2 Ä Y iwUC,�IIw. RN3 a3\nCa3c h jR 03U3N0 ,RNjCNnRncIw RN j@3 U3ajna$�jCRN. $3CN< ,IRc3
jR j@3 C03NjCjw C8 ⇢ Cc cn|,C3NjIw ,IRc3 jR ⇢0Y i@nc. j@3 cj�j3L3Nj R8 i@3Ra3L kYS Cc cCLUIw
�N �cc3ajCRN R8 jRURIR<C,�I cj�$CICjw 8Ra L�NC8RI0 8nN0�L3Nj�I <aRnUcY

#PVOEBSJFT PG HSPVQT� r@CI3 j@3 3u�LUI3c R8 $RnN0�aC3c �j CN~NCjw s3 @�q3 IRRG30 �j cR 8�a
@�q3 $33N cU@3a3c. j@3 jRURIR<w R8 j@3 $RnN0�aw R8 � <aRnU Cc jwUC,�IIw \nCj3 ,RLUIC,�j30.
$Rj@ IR,�IIw �N0 <IR$�IIw Vc33 <��>WY BN cRL3 ,�c3c. j@3 jRURIR<w Cc cR ,RLUIC,�j30 j@�j �
URcCjCq3 �Ncs3a jR [n3cjCRN :YS 8RIIRsc 8aRL j@3 cjan,jna3 R8 j@3 $RnN0�aw Cjc3I8Y F�URqC,@
�N0 FI3CN3a <��> @�q3 3u�LUI3c R8 <aRnUc s@3a3 j@3 RNIw �njRLRaU@CcLc R8 j@3Ca $RnN0�aw
,RL3 8aRL I38j LnIjCUIC,�jCRNY 7aRL j@Cc RN3 ,�N 3�cCIw 030n,3 aC<C0Cjw- j@3 �,jCRN R8 j@3
<aRnU RN Cjc $RnN0�aw Cc �N CcRI�j30 URCNj CN ?RL.Ä;?RL3R.@1Ä//Y 7Ra 8a33 <aRnUc. s@Rc3
$RnN0�aw Cc � +�NjRa c3j. RN3 ,�N �IcR nc3 j@3 ȒUCN<AURN<ȓ 0wN�LC,c R8 j@3 �,jCRN jR UaRq3
IR,�I aC<C0Cjw ncCN< � a3I�jCq3Iw @�N0cARN �a<nL3NjY

�j j@3 Rj@3a 3N0 R8 j@3 cU3,janL �a3 <aRnUc sCj@ cU@3a3 $RnN0�awY BN ,RNja�cj jR
F�URqC,@ĢFI3CN3aȕc $RnN0�aC3c. @RL3RLRaU@CcLc R8 j@3 cU@3a3 �a3 q3aw 3�cw jR U3ajna$.
3�,@ @�qCN< �N CN~NCj3A0CL3NcCRN�I 8�LCIw R8 038RaL�jCRNc. L�GCN< [n3cjCRN :YS U�ajC,A
nI�aIw CNj3a3cjCN<Y Bj Cc CN j@Cc ,RNj3uj j@�j K�NNCN< �N0 B a3,3NjIw UaRq30 �N �N�IR< jR
i@3Ra3L kYS-

5IFPSFN ��� V`C<C0Cjw 8Ra cU@3a3 $RnN0�aw �,jCRNc <��>WY 7Ra �Nw ;aRLRq @wU3a$RIC, <aRnU
Ä sCj@ cU@3a3 $RnN0�aw. j@3 N�jna�I �,jCRN R8 Ä RN @1Ä Cc jRURIR<C,�IIw cj�$I3Y

BN UaRqCN< j@Cc. s3 a3LRq3 �II j@3 0C{3a3NjC�I jRURIR<C,�I L�,@CN3aw Vcn,@ �c
ja�Ncq3ac�ICjw �N0 j@3 a3<nI�aCjw R8 s3�GAcj�$I3 8RIC�jCRNcW 8aRL j@3 UaRR8 R8 i@3Ra3L kYS.
a3UI�,CN< Cj sCj@ DPBSTF NFUSJD L�,@CN3awY i@3 8nN0�L3Nj�I cj�ajCN< URCNj Cc j@3 cj�$CICjw R8
RVBTJHFPEFTJDTY

�� ,� .ANN



2VBTJHFPEFTJD TUBCJMJUZ� � RVBTJHFPEFTJD Cc � L�U � 8aRL R CNjR � L3jaC, cU�,3 .X; dX /

cn,@ j@�j. 8Ra cRL3 ,RNcj�Njc K. C . j@3 $RnN0c
1

K
dX

�
�.t/; �.s/

�
� C  jt � sj  KdX

�
�.t/; �.s/

�
C C

@RI0 8Ra �II t; s 2 RY KRa3 <3N3a�IIw. � .K; C / RVBTJJTPNFUSJD FNCFEEJOH R8 � L3jaC, cU�,3
.Y; dY / CNjR .X; dX / Cc � L�U � W Y ! X j@�j c�jCc~3c j@3 �$Rq3 $RnN0c 8Ra �II URCNjc t; s CN
Y . sCj@ jt � sj a3UI�,30 $w j@3 0Ccj�N,3 dY .t; s/Y bn,@ � L�U Cc ,�II30 � RVBTJJTPNFUSZ C8 Cj
@�c j@3 �00CjCRN�I UaRU3ajw R8 $3CN< DPBSTFMZ TVSKFDUJWF. L3�NCN< j@�j 3�,@ URCNj R8 Y IC3c �
nNC8RaLIw $RnN030 0Ccj�N,3 �s�w 8aRL cRL3 URCNj CN j@3 CL�<3Y

i@3 C03� R8 \n�cC<3R03cC, cj�$CICjw ,RL3c 8aRL sRaG R8 ?Y KY KRac3 CN j@3 3�aIw
SOlzcY BN <��>. @3 ,RNcC03ac j@3 8RIIRsCN< \n3cjCRN- cnUURc3 s3 j�G3 � ,IRc30 cna8�,3 †
R8 <3Nnc g � 2 3\nCUU30 sCj@ �N �a$Cja�aw `C3L�NNC�N L3jaC,. �N0 � @RL3RLRaU@CcL
f W † ! †@wU C03NjC8wCN< Cj sCj@ cRL3 ~u30 @wU3a$RIC, <3Nnc g cna8�,3 †@wUY r@�j 0R
I3N<j@ALCNCLCyCN< <3R03cC, U�j@c RN e† IRRG ICG3 nN03a j@3 IC8j30 L�U Qf W e† ! e†@wU] /R
j@3w c@�a3 UaRU3ajC3c sCj@ <3NnCN3 @wU3a$RIC, <3R03cC,c. cn,@ �c j3N0CN< CN 3�,@ 0Ca3,jCRN
jR � nNC\n3 URCNj RN j@3 $RnN0�aw R8 j@3 0Cc, CN j@3 TRCN,�aā LR03I]

KRac3ȕc L�U Qf Cc �N 3u�LUI3 R8 � \n�cCCcRL3jaw. �N0 j@3 CL�<3 R8 � I3N<j@A
LCNCLCyCN< <3R03cC, nN03a Qf Cc � \n�cC<3R03cC,Y BN �Ncs3aCN< j@3 \n3cjCRN �$Rq3. KRac3
UaRq3c s@�j Cc NRs GNRsN �c j@3 .PSTF MFNNB RN \n�cC<3R03cC, cj�$CICjwY BN Cjc LR03aN.
LRa3 <3N3a�I 8RaL. j@Cc I3LL� cj�j3c-

-FNNB ��� VKRac3 I3LL�WY i@3a3 3uCcjc � ,RNcj�Nj B D B.K; C; ı/ cn,@ j@�j 8Ra �Nw ıA
@wU3a$RIC, L3jaC, cU�,3 X . 3q3aw .K;C / \n�cC<3R03cC, � W R ! X IC3c CN j@3 BAN3C<@$RaA
@RR0 R8 � nNC\n3 <3R03cC,. �N0 @3N,3 3q3aw \n�cC<3R03cC, a�w 03~N3c � nNC\n3 URCNj RN
@1.X/Y

BN �00CjCRN. \n�cC<3R03cC,c c�jCc8w � MPDBM�UP�HMPCBM UaCN,CUI3- � L�U s@C,@ Cc �
.K;C / \n�cC<3R03cC, 3L$300CN< s@3N a3cjaC,j30 jR �II cn|,C3NjIw IRN< c3<L3Njc Cc. CN 8�,j.
<IR$�IIw � \n�cC<3R03cC,Y i@Cc �IIRsc nc jR Unacn3 j@3 $aR�0 cja�j3<w nc30 CN UaRqCN< i@3RA
a3L kYS CN j@Cc ,R�ac3 c3jjCN<Y r3 ~acj ja�NcI�j3 � U3ajna$�jCRN R8 �N �,jCRN CNjR � NC,3 L�U
$3js33N 8RIC�j30 L3jaC, cU�,3c. j@3N c@Rs j@�j CL�<3c R8 I3�q3c CNj3ac3,j I3�q3c CN V� Ua3A
83aa30 c3,jCRN R8W j@3 j�a<3j 8RIC�j30 cU�,3 �IRN< \n�cC<3R03cC,cY Q8 ,Rnac3. @�qCN< NR cLRRj@
L�NC8RI0 Ra nNCq3ac�I ,Rq3a RN @�N0 L�G3c j@3 cja�j3<w NRNjaCqC�I jR 3q3N c3j nU. �N0 Ln,@
@�a03a jR 3u3,nj36

3FMBUFE SFTVMUT BOE PQFO RVFTUJPOT� Kn,@ 3uCcjCN< sRaG RN j@3 0wN�LC,c R8 <aRnUc �,jCN<
RN j@3Ca $RnN0�aC3c a3IC3c RN MPDBM FYQBOTJWJUZ- 8Ra 3�,@ URCNj R8 j@3 $RnN0�aw. j@3a3 Cc �N 3I3A
L3Nj R8 j@3 <aRnU j@�j ,RNja�,jc j@Cc N3C<@$Ra@RR0 � nNC8RaL �LRnNj Vj@nc. RN3 @�c nNC8RaL
FYQBOTJPO nN03a j@3 CNq3ac3. @3N,3 j@3 N�L3WYk bnIICq�N <��> nc30 j@Cc UaRU3ajw jR 03LRNA
cja�j3 � cjan,jna�I cj�$CICjw a3cnIj 8Ra FI3CNC�N <aRnUc �,jCN< RN j@3 $RnN0�aw cU@3a3 R8 H

3-
�C 1AcL�II U3ajna$�jCRN R8 cn,@ �N �,jCRN @�c �N CNq�aC�Nj c3j RN s@C,@ j@3 �,jCRN Cc ,RNEn<�j3

� i@3a3 �a3 L�Nw a3I�j30 03~NCjCRNc R8 3uU�NcCqCjw. @3a3 B �L aRn<@Iw 8RIIRsCN< bnIICq�NY

�� (ROUPS ACTING AT INFINITY



jR j@3 RaC<CN�I �,jCRN R8 j@3 <aRnU RN Cjc ICLCj c3jY i@Cc s�c a3,3NjIw CLUaRq30 �N0 <3N3a�ICy30
$w F�URqC,@ĢFCLĢH33 <��> jR UaRq3 cjan,jna�I cj�$CICjw 8Ra � Ln,@ $aR�03a ,I�cc R8 3uU�NA
cCq3 �,jCRNc. CN,In0CN< $RnN0�aw �,jCRNc R8 @wU3a$RIC, <aRnUc. nN03a U3ajna$�jCRNc s@C,@
Ua3c3aq3 � <3N3a�ICy30 3uU�NcCqCjw UaRU3ajwY HCUc,@CjyAcL�II U3ajna$�jCRNc �a3 RN3 3u�LA
UI3 jR s@C,@ j@3Ca j@3Raw �UUIC3c. @Rs3q3a. <3N3a�I ,RNjCNnRnc U3ajna$�jCRNc 0R NRj Ua3c3aq3
IR,�I 3uU�NcCqCjw �N0 cR �a3 NRj ,Rq3a30 $w j@Cc cja�j3<wY bnIICq�Nȕc L3j@R0 CNqRIq3c � 0wN�LA
C,�I Ȓ,R0CN<ȓ R8 URCNjc $w c3\n3N,3c R8 <aRnU 3I3L3Njc. cn<<3cjCN< � ,RNN3,jCRN jR ,I�ccC,�I
cwL$RIC, 0wN�LC,cY i@Cc Cc NR ,RCN,C03N,3. �N0 s3 NRs GNRs � NnL$3a R8 aC<C0Cjw a3cnIjc
CN j@Cc 0Ca3,jCRN Vc33 <�>WY ?Rs3q3a. j@3 8RIIRsCN< <3N3a�I UaR$I3L a3L�CNc RU3N-

2VFTUJPO ���� Bc j@3 �,jCRN R8 3q3aw @wU3a$RIC, <aRnU Ä RN Cjc $RnN0�aw jRURIR<C,�IIw
cj�$I3] r@�j j3,@NC\n3c �UUIw jR CNj3aL30C�j3 ,�c3c $3js33N j@3 $RnN0�aw cU@3a3 ,�c3 �N0
F�URqC,@ĢFI3CN3aȕc aC<C0 3u�LUI3c] r@C,@ 3u�LUI3c 3u@C$Cj � aC<C0Cjw UaRU3ajw cjaRN<3a
j@�N jRURIR<C,�I cj�$CICjw. �N0 s@�j U@3NRL3N� �a3 a3cURNcC$I3 8Ra j@Cc $3@�qCRa]

�c L3NjCRN30 $38Ra3. <aRnU $RnN0�aC3c ,�N $3 jRURIR<C,�IIw ,RLUI3uY QN3 s�w j@3
cU@3a3 UI�wc �N 3cc3NjC�I aRI3 CN j@3 UaRR8 R8 i@3Ra3L :Yl Cc j@�j Cjc @RL3RLRaU@CcL <aRnU
Cc IR,�IIw ,RNja�,jC$I3. �N0 j@3a3 Cc NR R$qCRnc cn$cjCjnj3 8Ra j@Cc UaRU3ajw CN Rj@3a c3jjCN<cY
�N CNj3a3cjCN< ~acj ,�c3 jR �jj�,G LC<@j $3 j@3 K3N<3a ,naq3. j@Cc $3CN< j@3 $RnN0�aw R8 �
SBOEPN <aRnU CN j@3 cj�N0�a0 03NcCjw LR03IY

r3 NRj3 �IcR j@�j Cj Cc nNGNRsN s@C,@ jRURIR<C,�I cU�,3c R,,na �c $RnN0�aC3c R8
<aRnUcY i@nc. �N �UUaR�,@ jR [n3cjCRN :Y: 3Cj@3a @�c jR $3 a3cjaC,j30 jR 8�LCIC3c R8 nN03acjRR0
3u�LUI3c. Ra �qRC0 3uUIC,CjIw 03c,aC$CN< j@3 $RnN0�aw �IjR<3j@3aY

�� "UTOMORPHISM GROUPS ACTING AT INFINITY
�N �njRLRaU@CcL R8 � ~NCj3Iw <3N3a�j30 <aRnU Ä 03~N3c � \n�cCCcRL3jaw R8 j@3

+�wI3w <a�U@ R8 Ä . �N0 j@3a38Ra3 3uj3N0c jR � @RL3RLRaU@CcL R8 @1Ä Y i@3 CNN3a �njRA
LRaU@CcL 03~N30 $w ,RNEn<�jCRN $w � Cc � $RnN030 0Ccj�N,3 VsCj@ $RnN0 <Cq3N $w j@3 sRa0
I3N<j@ R8 � W 8aRL j@3 L�U CN0n,30 $w I38jALnIjCUIC,�jCRN $w � . cR BNN.Ä/ä Ä �<a33c sCj@ j@3
�,jCRNc s3 @�q3 �Ia3�0w 0Cc,ncc30 �N0 ,RNcC03aCN< j@3 �,jCRN R8 �nj.Ä/ Cc � N�jna�I N3uj cj3UY

2NI�a<CN< Ä ä BNN.Ä/ jR �nj.Ä/ Cc LRcj CNj3a3cjCN< s@3N j@3 Rnj3a �njRLRaU@CcL
<aRnU R8 Ä Cc I�a<3Y K�Nw @wU3a$RIC, <aRnUc @�q3 jaCqC�I Ra ~NCj3 Rnj3a �njRLRaU@CcL <aRnU.
j@3 LRcj $�cC, ,�c3 s@3a3 Qnj.Ä/ Cc CN~NCj3 Cc s@3NÄ Cc j@3 8nN0�L3Nj�I <aRnU R8 � cna8�,3Y:

i@Cc ,�c3 Cc U�ajC,nI�aIw CNj3a3cjCN< jR IRs 0CL3NcCRN�I jRURIR<Ccjc 0n3 jR Cjc a3I�jCRNc@CU sCj@
L�UUCN< ,I�cc <aRnUcY

.BQQJOH DMBTT HSPVQT� � NBQQJOH DMBTT Cc �N 3\nCq�I3N,3 ,I�cc R8 @RL3RLRaU@CcL nU
jR CcRjRUwY H3j K+;˙.†/ WD ⇡0.?RL3R.†// 03NRj3 j@3 <aRnU R8 �II L�UUCN< ,I�cc3c R8

� 7RIIRsCN< j@3 sRaG R8 T�nICN �N0 `CUc. H3qCjj c@Rs30 j@�j RN3A3N030 @wU3a$RIC, <aRnUc
@�q3 CN~NCj3 Rnj3a �njRLRaU@CcL <aRnU C8 �N0 RNIw C8 j@3w cUICj. �c �N ?MM 3uj3NcCRN Ra �N
�L�I<�L R8 <aRnUc sCj@ ~NCj3 ,3Nj3a. Rq3a � qCajn�IIw ,w,IC, cn$<aRnU sCj@ CN~NCj3 ,3Nj3a. cR
CN cRL3 c3Nc3 a3c3L$I3 j@3 cna8�,3 <aRnUc s3 sCII 0Cc,nccY

�� ,� .ANN



� cna8�,3 †Y QN3 L�w �IcR ,RNcC03a j@3 cn$<aRnU R8 @RL3RLRaU@CcLc ~uCN< � $�c3URCNj.
CN s@C,@ ,�c3 K+;˙.†; x/ 03NRj3c j@3 <aRnU R8 @RL3RLRaU@CcLc ~uCN< x nU jR CcRjRUw
Ua3c3aqCN< xY i@3 cn$c,aCUj ˙ @3a3 CN0C,�j3c j@�j s3 ,RNcC03a $Rj@ RaC3Nj�jCRN Ua3c3aqCN< �N0
a3q3acCN< @RL3RLRaU@CcLc. j@3 L�UUCN< ,I�cc <aRnUc 03NRj30 K+;.†; x/ �N0 K+;.†/.
a3cU3,jCq3Iw. �a3 j@3 CN03u jsR cn$<aRnUc R8 RaC3Nj�jCRNAUa3c3aqCN< 3I3L3NjcY

7Ra � cna8�,3 † Vs@C,@ s3 ,RNjCNn3 jR �ccnL3 Cc R8 <3Nnc �j I3�cj jsR. cR j@�j Cjc
8nN0�L3Nj�I <aRnU Cc @wU3a$RIC,W. j@3 %FIO˾/JFMTFO˾#BFS UIFPSFN Cc j@3 cj�j3L3Nj j@�j j@3
3u�,j c3\n3N,3

BNN
�
⇡1.†/

�
! �nj

�
⇡1.†/

�
! Qnj

�
⇡1.†/

�

Cc CcRLRaU@C,. j3aL $w j3aL. jR j@3 #CaL�N 3u�,j c3\n3N,3

⇡1.†/ ! K+;˙.†; x/ ! K+;˙.†/:

i@Cc CcRLRaU@CcL @�c � U�ajC,nI�aIw NC,3 <3RL3jaC, 03c,aCUjCRN. ncCN< $RnN0�aw
�,jCRNc �N0 j@3 C03NjC~,�jCRN R8 e† sCj@ H

2 ,RLCN< 8aRL � ,@RC,3 R8 @wU3a$RIC, cjan,jna3
RN†Y +@RRc3 � IC8j Qx R8 j@3 URCNj x RN†. cR 3�,@ f 2 ?RL3R.†/ ~uCN< x @�c � nNC\n3 IC8j Qf
jR H

2 j@�j ~u3c QxY bCN,3† Cc ,RLU�,j �N0 f Cc ,RNjCNnRnc. j@Cc IC8j Cc � \n�cCCcRL3jaw R8 H
2

cR CN0n,3c � ,RNjCNnRnc L�U RN j@3 $RnN0�aw ,Ca,I3Y B8 f �N0 g a3Ua3c3Nj j@3 c�L3 3I3L3Nj R8
K+;˙.†;x/. IC8jCN< �N CcRjRUw Ua3c3aqCN< Qx sCII LRq3 �II URCNjc RN e† � nNC8RaLIw $RnN030
0Ccj�N,3. cR sCII NRj ,@�N<3 $RnN0�aw @RL3RLRaU@CcLY i@nc. ,RNcC03aCN< j@3 �,jCRN R8 IC8jc
RN j@3 $RnN0�aw <Cq3c � s3IIA03~N30 L�U 8aRL K+;˙.†; x/ jR @RL3RLRaU@CcLc R8 S1.
�<a33CN< sCj@ j@3 �,jCRN R8 �nj.⇡1.†// nN03a j@3 C03NjC~,�jCRN �$Rq3Y

BN @Cc UaR$I3L ICcj RN L�UUCN< ,I�cc <aRnUc <�
 2UESTION ���>. 7�a$ �cGc s@3j@3a
j@3c3 �,jCRNc �a3 aC<C0-

2VFTUJPO ��� V7�a$WY Bc 3q3aw 8�Cj@8nI �,jCRN R8 K+;.†; x/ RN S1 $w @RL3RLRaU@CcLc
N3,3cc�aCIw c3LC,RNEn<�j3 jR j@3 cj�N0�a0 �,jCRN RN j@3 $RnN0�aw]

[n3cjCRN 9YS �cGc 8Ra � Ln,@ cjaRN<3a 8RaL R8 aC<C0Cjw j@�N 3u@C$Cj30 $w j@3 �,jCRN
R8 j@3 8nN0�L3Nj�I <aRnU ⇡1.†/Y i@3a3 �a3 L�Nw 0CcjCN,j c3LC,RNEn<�,w ,I�cc3c R8 8�Cj@8nI
�,jCRNc R8 ⇡1.†/ RN j@3 ,Ca,I3d CN 8�,j. RN3 ,�N 3q3N j�G3 j@3c3 jR @�q3 CL�<3 CN TbH.2;R/
Vc33. 3Y<Y. <��> 8Ra � 03j�CI30 0Cc,nccCRN �N0 a383a3N,3cWY /3cUCj3 j@Cc. 7�a$ȕc \n3cjCRN Cc �,jnA
�IIw \nCj3 a3�cRN�$I3 $3,�nc3 R8 UPSTJPOY i@3 L�UUCN< ,I�cc <aRnU R8 � cna8�,3 <aRnU ,RNj�CNc
L�Nw ~NCj3ARa03a 3I3L3Njc. �N0 �Nw �,jCRN R8 � ~NCj3 ,w,IC, <aRnU RN j@3 ,Ca,I3 Cc ,RNEn<�j3
jR �N �,jCRN $w aRj�jCRNcY i@nc. j@3 Ua3c3N,3 R8 jRacCRN Cc cn<<3cjCq3. j@Rn<@ NR <n�a�Nj33.
R8 aC<C0CjwY

mN3uU3,j30Iw. cRL3j@CN< 3q3N cjaRN<3a j@�N s@�j 7�a$c �cGc 8Ra Cc jan3ġj@3 @wURj@A
3cCc Ȓ8�Cj@8nIȓ Cc NRj N33030. $nj RNIw OPOUSJWJBMY

5IFPSFN ��� VK�UUCN< ,I�cc aC<C0Cjw <��>WY 7Ra �Nw cna8�,3 † R8 <3Nnc �j I3�cj l. 3q3aw
NRNjaCqC�I �,jCRN R8 K+;.†; x/ RN j@3 ,Ca,I3 Cc VnU jR ,@RC,3 R8 RaC3Nj�jCRNW c3LC,RNEn<�j3
jR j@3 cj�N0�a0 $RnN0�aw �,jCRNY

i@3 UaRR8. �c 3uU3,j30. L�G3c nc3 R8 jRacCRN. $nj CN � U3a@�Uc nN3uU3,j30 s�w- s3
cjn0w j@3 �,jCRN R8 PSCJGPME GVOEBNFOUBM HSPVQT j@�j ,RNj�CN ⇡1.†/Y i@3 03~NCjCRN R8 2nI3a

�� (ROUPS ACTING AT INFINITY



NnL$3a 8Ra cna8�,3 <aRnU �,jCRNc RN S1 j@�j s3 CNjaR0n,30 CN b3,jCRN l ,�N $3 3uj3N030
jR �,jCRNc R8 Ra$C8RI0 8nN0�L3Nj�I <aRnUc CN � N�jna�I s�w cR j@�j Cj Cc LnIjCUIC,�jCq3 nN03a
,Rq3ac. ICG3 2nI3a ,@�a�,j3aCcjC,Y r3 nc3 <3RL3jaC, �N0 jRURIR<C,�I �a<nL3Njc Va3IwCN< RN
jRacCRNW jR c@Rs j@�j NRNjaCqC�I �,jCRNc R8 K+;.†; x/ @�q3 � L�uCL�I 2nI3a NnL$3a. �N0
nc3 K�jcnLRjRȕc j@3Ra3L jR UaRq3 aC<C0CjwY

bCN,3 jRacCRN UI�wc � ,aCjC,�I aRI3 CN j@Cc �a<nL3Nj. s3 0R NRj GNRs C8 � cCLCI�a a3cnIj
@RI0c 8Ra �II ~NCj3ACN03u cn$<aRnUc R8 K+;.†; x/Y Bj sRnI0 $3 CNj3a3cjCN< jR c33 �NRj@3a
�UUaR�,@ jR L�UUCN< ,I�cc aC<C0Cjw. a3IwCN< LRa3 RN <aRnU cjan,jna3 �N0 I3cc RN j@3 <3RLA
3jaw �N0 jRURIR<w R8 j@3 cna8�,3. U3a@�Uc jRs�a0c � <3N3a�I j@3Raw 8Ra aC<C0Cjw R8 �,jCRNc R8
�njRLRaU@CcL <aRnUc R8 Rj@3a @wU3a$RIC, <aRnUcY

�� "NOSOV FLOWS ON ��MANIFOLDS
r3 ,RN,In03 j@Cc cnaq3w $w 03c,aC$CN< � 0C{3a3Nj L3j@R0 R8 UaR0n,CN< �,jCRNc �j

CN~NCjw. j@Cc RN3 ,RLCN< 8aRL j@3 Ra$Cj cU�,3 R8 �N �NRcRq �Rsc RN � kAL�NC8RI0Y � �Rs
�t RN � `C3L�NNC�N L�NC8RI0 M Cc ,�II30 "OPTPW C8 j@3a3 Cc � �t ACNq�aC�Nj <IR$�I cUICjjCN<
R8 j@3 j�N<3Nj $nN0I3 TM �c � 0Ca3,j cnL

TM D X ˚Ess ˚Euu;

s@3a3 X Cc j@3 0Ca3,jCRN R8 j@3 �Rs. Ess Cc j@3 Ȓcj�$I3 0CcjaC$njCRNȓ ,RNcCcjCN< R8 q3,jRac
s@Rc3 I3N<j@ Cc nNC8RaLIw ,RNja�,j30 $w j@3 �Rs. �N0 Euu Cc j@3 ȒnNcj�$I3 0CcjaC$njCRNȓ
,RNcCcjCN< R8 q3,jRac j@�j �a3 nNC8RaLIw 3uU�N030 VRa. LRa3 Ua3,Cc3Iw. nNC8RaLIw ,RNja�,j30
s@3N j@3 0Ca3,jCRN R8 j@3 �Rs Cc a3q3ac30WY $POUSBDUFE @�c � cU3,C~, L3�NCN<- j@3a3 �a3
URcCjCq3 ,RNcj�Njc c �N0 � > 0 cn,@ j@�j j@3 I3N<j@ R8 j@3 Unc@8Ras�a0 R8 � j�N<3Nj q3,jRa
.�t /⇤.v/ nN03a j@3 jCL3 t L�U R8 j@3 �Rs Cc $RnN030 �$Rq3 $w ce��t jjvjj 8Ra �II t > 0Y QN �
,RLU�,j L�NC8RI0. RN3 L�w �Is�wc ~N0 � `C3L�NNC�N L3jaC, RN M BEBQUFE jR j@3 �Rs 8Ra
s@C,@ RN3 L�w j�G3 j@3 LnIjCUIC,�jCq3 ,RNcj�Nj c D 1Y

Bj Cc � ,I�ccC,�I a3cnIj j@�j j@3 jsR 0CcjaC$njCRNcEs WDX ˚Ess �N0Eu WD X ˚Euu

�a3 CNj3<a�$I3. L3�NCN< j@3w �a3 3q3aws@3a3 j�N<3Nj jR � 8RIC�jCRNY r3 sCII a3cjaC,j Rna �jj3NA
jCRN CN j@Cc c3,jCRN jR kAL�NC8RI0c. j@nc Ess; Euu. �N0 X �a3 �II RN3A0CL3NcCRN�I. �N0 j@3
8RIC�jCRNc F

s �N0 F
u j�N<3Nj jR X ˚ Ess �N0 X ˚ Euu �a3 lA0CL3NcCRN�I ja�Ncq3ac3 8RICA

�jCRNc j@�j L33j �IRN< j@3 Ra$Cjc R8 j@3 �RsY
i@3 jsR LRcj $�cC, 3u�LUI3c R8 �NRcRq �Rsc CN 0CL3NcCRN k. �N0 CN0330 j@3 cj�ajA

CN< URCNjc 8Ra j@3 ,RNcjan,jCRN R8 �II Rj@3a GNRsN 3u�LUI3c. �a3 cncU3NcCRNc R8 ICN3�a L�Uc
RN jRaC �N0 <3R03cC, �Rsc RN cna8�,3cY

&YBNQMF ��� VHCN3�a �NRcRq L�Uc RN jRaCWY +RNcC03a � ja�Nc8RaL�jCRN A 2 bH.2;Z/ sCj@
ja�,3.A/ > 2. Ra 3\nCq�I3NjIw. jsR 0CcjCN,j. a3�I 3C<3Nq�In3c R8 NRaL NRj 3\n�I jR SY bCN,3 A
Ua3c3aq3c j@3 CNj3<3a I�jjC,3 CN R

2. Cj 03c,3N0c jR � c3I8A0C{3RLRaU@CcL NA R8 j@3 c\n�a3 jRanc
T 2 WD R

2=Z2Y H3jM $3 j@3 NBQQJOH UPSVT R8 NA. j@3 \nRjC3Nj R8 T 2 ⇥ R nN03a j@3 a3I�jCRN
.x; 0/⇠ . NAn.x/;n/ 8Ra n 2 ZY i@3 cja�C<@j ICN3 �Rs .x; s/ 7! .x; sC t / RN T 2 ⇥ R 03c,3N0c
jR � �Rs �t RN M Y 2�,@ 3C<3N0Ca3,jCRN R8 A 03~N3c � SA0CL3NcCRN�I NAACNq�aC�Nj ICN3 ~3I0

�� ,� .ANN



RNM . RN3 R8 s@C,@ Cc nNC8RaLIw ,RNja�,j30 $w �t �Rs �N0 RN3 nNC8RaLIw 3uU�N030. <CqCN<
j@3 03cCa30 �NRcRq UaRU3ajwY

i@3 a3�cRN �NRcRq �Rsc �a3 cn,@ CNj3a3cjCN< 3u�LUI3c CN 0wN�LC,c Cc j@�j j@3w
cCLnIj�N3RncIw 3u@C$Cj <IR$�I cj�$CICjw �N0 IR,�I ,@�RcY -PDBM DIBPT L3�Nc j@�j N3�a$w URCNjc
@�q3 q�cjIw 0C{3a3Nj ja�E3,jRaC3cY i@Cc Cc �Ia3�0w �UU�a3Nj CN 2u�LUI3 fYS. 8Ra CNcj�N,3. j@3
RaC<CN RN T 2 D R

2=Z2 Cc ~u30 $w NA cR Cc � U3aCR0C, Ra$Cj R8 �t . $nj �a$Cja�aCIw N3�a$w
URCNjc @�q3 CN~NCj3 ja�E3,jRaC3c j@�j CNj3ac3,j j@3 jRanc T 2 ⇥ π0º �IRN< � 03Nc3 c3jY KRa3Rq3a.
j@Cc CNj3acU3acCN< R8 U3aCR0C, �N0 CN~NCj3 ja�E3,jRaC3c @�UU3Nc 3q3aws@3a3- cCN,3 j@3 CN0n,30
�,jCRN R8 3I3L3Njc R8 bH.2;Z/ Ua3c3aq3 j@3 ~NCj3 c3j R8 URCNjc R8 j@3 8RaL π.p=q; r=q/ W 0 
p; r < qº V8Ra �Nw ~u30 qW RN j@3 8nN0�L3Nj�I 0RL�CN Œ0; 1ç2 8Ra R

2=Z2. �Nw cn,@ URCNj
3q3Njn�IIw a3jnaNc jR Cjc3I8 nN03a Cj3a�j3c R8 NAn. <CqCN< � ,IRc30 Ra$Cj 8Ra �t Y

#w ,RNja�cj. j@3 <IR$�I UC,jna3 R8 j@3 �Rs Cc Rq3a�II cj�$I3Y `3UI�,CN< A $w � N3�a$w
NRNICN3�a 0C{3RLRaU@CcL R8 T 2 �N0 0RCN< j@3 c�L3 ,RNcjan,jCRN <Cq3c � N3s �Rs RN j@3
c�L3 jRURIR<C,�I cU�,3. s@C,@ jnaNc Rnj �Is�wc jR $3 DPOKVHBUF jR j@3 �Rs Encj 0Cc,ncc30Y
BN 8�,j. @3a3 RN3 ,�N 3q3N a3UI�,3 A $w �Nw L�U sCj@ j@3 c�L3 �,jCRN RN @RLRIR<w R8 T 2

<��
��>Y
i@3 c3,RN0 $nCI0CN< $IR,G 8Ra �NRcRq �Rsc Cc <3R03cC, �Rs CN N3<�jCq3 ,naq�jna3Y

i@3 cCLUI3cj cn,@ 3u�LUI3c ,RL3 8aRL @wU3a$RIC, cna8�,3cY

&YBNQMF ��� V;3R03cC, �RsWY H3j † $3 � cna8�,3 3\nCUU30 sCj@ � L3jaC, R8 ,RNcj�Nj
,naq�jna3 �1. �N0 I3j M D UT .†/ $3 Cjc nNCj j�N<3Nj $nN0I3Y (FPEFTJD ҷPX Cc j@3 L�U
j@�j. �j jCL3 t . c3N0c � nNCj j�N<3Nj q3,jRa v 2 UT .†/ jR j@3 q3,jRa j�N<3Nj jR j@3 ICN3
π3uU.sv/ W s 2 Rº �j j@3 URCNj 3uU.tv/Y QN3 ,�N ,RLUnj3 3uUIC,CjIw ncCN< j@3 C03NjC~,�jCRN
R8 UT .†/ sCj@ TbH.2;R/ j@�j j@Cc �Rs Cc �NRcRqY i@3 s3�GAcj�$I3 �N0 s3�GAnNcj�$I3
8RIC�jCRNc 8aRL j@3 �Rs VIC8j30 jR e†W �a3 3u�,jIw j@Rc3 c@RsN CN 7C<na3 lY H3�q3c R8 F

s

,RNcCcj R8 j�N<3Nj q3,jRac jR <3R03cC,c sCj@ � ,RLLRN 8Ras�a0 3N0URCNj. �N0 F
u j@Rc3 sCj@

� ,RLLRN N3<�jCq3 3N0URCNj �j CN~NCjwY

$MBTTJGZJOH ҷPXT� ?�qCN< <Cq3N jsR 8�LCIC3c R8 3u�LUI3c. s3 NRs 3L$�aG RN j@3 �L$CA
jCRnc UaR<a�L jR nN03acj�N0 �II �NRcRq �Rsc CN 0CL3NcCRN kY 7Ra j@Cc. RN3 Lncj �Ncs3a
\n3cjCRNc R8-

Ë &YJTUFODF� r@C,@ kAL�NC8RI0c cnUURaj �N �NRcRq �Rs] r@�j j3,@NC\n3c ,�N $3
nc30 jR ,RNcjan,j 8�LCIC3c R8 3u�LUI3c]

Ë "CVOEBODF� B8 M 3 cnUURajc RN3 �NRcRq �Rs. ,�N Cj cnUURaj L�Nw 0wN�LC,�IIw
0CcjCN,j RN3c]

Ë $MBTTJҶDBUJPO� r@�j CNq�aC�Njc ,�N $3 nc30 jR 0CcjCN<nCc@ 0CcjCN,j �Rsc]

i@3 3uCcj3N,3 UaR$I3L @�c � IRN< @CcjRaw. $nj Cc cjCII NRj ,RLUI3j3Iw cRIq30Y i@3 sRaG
R8 T�IL3Ca� �N0 p3aERqcGw 8aRL j@3 SOezc c@Rsc j@�j C8 M cnUURajc �N �NRcRq �Rs. j@3N
QM Cc @RL3RLRaU@C, jR R

3. j@nc M Lncj $3 Caa30n,C$I3Y �N Caa30n,C$I3 kAL�NC8RI0 �0LCjc
� 03,RLURcCjCRN �IRN< jRaC CNjR <3RL3jaC, UC3,3c. cR j@3 N3uj \n3cjCRN jR �cG Cc s@C,@ GCN0c
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R8 UC3,3c M L�w @�q3Y K�a<nICc <�
 "PPENDIX> c@Rs30 j@�j ⇡1.M/ Cc I�a<3 CN j@3 c3Nc3 j@�j
Cj @�c FYQPOFOUJBM HSPXUI- 8Ra �Nw ~u30 <3N3a�jCN< c3j. j@3 NnL$3a R8 a30n,30 sRa0c R8
I3N<j@ r CN j@3 <aRnU <aRsc 3uURN3NjC�IIw CN r Y i@Cc anI3c Rnj. 8Ra CNcj�N,3. <3RL3jaC, L�NA
C8RI0c sCj@ � 2n,IC03�N cjan,jna3Y i@3a3 �a3 � NnL$3a R8 ,RNcjan,jCRNcġ/3@N cna<3aw �N0
Rj@3a <InCN< j3,@NC\n3cġj@�j UaR0n,3 3u�LUI3c RN <3RL3jaC, L�NC8RI0c sCj@ 3uURN3NjC�I
<aRsj@. Ra L�NC8RI0c sCj@ � NRNjaCqC�I jRanc 03,RLURcCjCRN. �N0 � 83s Rj@3a GNRsN cU3,C�I
,RNcja�CNjc. $nj s3 cjCII I�,G � ,RLUI3j3 UC,jna3Y

i@3 �UUaR�,@ jR ,I�ccC~,�jCRN j@�j B sCc@ jR 0Cc,ncc @3a3 Cc j@3 Una3Iw jRURIR<C,�I
RN3. N�L3Iw. ,I�ccC8wCN< �Rsc VQ UP PSCJU FRVJWBMFODFY isR �Rsc �t �N0 t RN � L�NC8RI0M
�a3 ,�II30 PSCJU FRVJWBMFOU C8 j@3a3 Cc � c3I8A@RL3RLRaU@CcL R8M j�GCN< Ra$Cjc R8 �t jR Ra$Cjc
R8  t . CN Rj@3a sRa0c. j@3 SA0CL3NcCRN�I 8RIC�jCRNc RN M $w �RsICN3c �a3 @RL3RLRaU@C,Y

i@3 a3L�CN03a R8 j@Cc cnaq3w Cc 03qRj30 jR 03c,aC$CN< � q3aw a3,3Nj aC<C0Cjw a3cnIj
Vi@3Ra3L fYk �N0 Cjc <3N3a�ICy�jCRNW c�wCN< j@�j �NRcRq �Rsc ,�N $3 0CcjCN<nCc@30 nU jR j@Cc
3\nCq�I3N,3 $w j@3 c3j R8 @RLRjRUw ,I�cc3c R8 IRRUc a3Ua3c3Nj30 $w ,IRc30 Ra$CjcY i@3 UaRR8
R8 j@Cc a3cnIj ,RL3c. �<�CN. 8aRL IRRGCN< jR � $RnN0�aw �j CN~NCjwY i@Cc jCL3. j@3 $RnN0�aw
Cc j@�j R8 j@3 PSCJU TQBDF R8 j@3 �RsY

R�DPWFSFE ҷPXT BOE PSCJU TQBDFT� � ~acj jRURIR<C,�I CNq�aC�Nj jR 0CcjCN<nCc@ �Rsc ,RL3c
8aRL j@3 <IR$�I ja�Ncq3ac3 cjan,jna3 F

s Y HC8jCN< F
s jR � 8RIC�jCRN QF s RN QM <Cq3c � 8RIC�jCRN

R8 R
3 $w UI�N3cY +RII�UcCN< 3�,@ UI�N3 jR � URCNj UaR0n,3c � SA0CL3NcCRN�I L�NC8RI0 ,�II30

j@3 MFBG TQBDF R8 QF s Y i@3 I3�8 cU�,3 Cc 3Cj@3a NRNA?�nc0Ra{. Ra @RL3RLRaU@C, jR Rd CN j@3
I�jj3a ,�c3 s3 c�w j@3 �Rs Cc R�DPWFSFEY i@Cc j3aLCNRIR<w 0R3c NRj UaCqCI3<3 F

s . $w <�
 ��>

j@3 I3�8 cU�,3 R8 QF s Cc ?�nc0Ra{ C8 �N0 RNIw C8 j@�j R8 j@3 IC8j30 nNcj�$I3 8RIC�jCRN QF u Cc �c
s3IIY i@3c3 jsR ,�c3c VR ,Rq3a30 �N0 NRNA?�nc0Ra{ I3�8 cU�,3W I3N0 j@3Lc3Iq3c jR 0C{3a3Nj
j3,@NC\n3c 8Ra ,I�ccC~,�jCRNY r3 0Cc,ncc j@3 R ,Rq3a30 ,�c3 ~acjY

r@CI3 $3CN< RA,Rq3a30 L�w c33L ICG3 � a3cjaC,jCq3 @wURj@3cCc. j@3a3 �a3. CN 8�,j.
L�Nw 0Cq3ac3 3u�LUI3cY #Rj@ 2u�LUI3c fYS �N0 fYl �a3 RA,Rq3a30. �N0 L�Nw LRa3 ,�N $3
UaR0n,30 $w LR0C8wCN< j@3c3 L�NC8RI0c ncCN< /3@N cna<3awY � <Cq3N L�NC8RI0 L�w cnUURaj
BSCJUSBSJMZ NBOZ CN3\nCq�I3Nj RA,Rq3a30 �Rsc 3q3N C8 <3RL3jaC,d #Rs03N �N0 K�NN <�> <Cq3
,RNcjan,jCRNc R8 cn,@ RN ,IRc30 @wU3a$RIC, L�NC8RI0cY

Qna nN03acj�N0CN< R8 RA,Rq3a30 �Rsc Cc 0n3 I�a<3Iw jR j@3 sRaG R8 #�a$Rj �N0
73NI3w. cj�ajCN< sCj@ j@3 sRaG CN <�
 ��>Y i@3w ,RNcC03a j@3 PSCJU TQBDF O R8 j@3 �Rs. j@3
\nRjC3Nj R8 QM R$j�CN30 $w ,RII�UcCN< 3�,@ �RsICN3 jR � URCNjY �Nw RA,Rq3a30 �Rs j@�j Cc OPU
R$j�CN30 8aRL � @wU3a$RIC, jRa�I �njRLRaU@CcL cn,@ �c CN 2u�LUI3 fYS @�c j@3 a3L�aG�$I3
UaRU3ajw j@�j Cjc Ra$Cj cU�,3 Cc @RL3RLRaU@C, jR �N CN~NCj3 0C�<RN�I cjaCU CN j@3 UI�N3. �c
c@RsN RN j@3 I38j R8 7C<na3 :. sCj@ QF s �N0 QF u $3CN< j@3 q3ajC,�I �N0 @RaCyRNj�I 8RIC�jCRNcY
bn,@ �Rsc �a3 ,�II30 TLFXY bCN,3 j@3 jRURIR<w R8 j@3 8RIC�jCRNc RN j@Cc Ra$Cj cU�,3 0R3c
NRj 0CcjCN<nCc@ �Rsc. �Nw ,I�ccC~,�jCRN j@3Ra3L Lncj a3cj RN � N3s �I<3$a�C, Ra jRURIR<C,�I
CNq�aC�NjY BN a3,3Nj sRaG. #�aj@3ILā �N0 B c@Rs j@�j j@3 TQFDUSVN PG QFSJPEJD PSCJUT Vj@3 8a33
@RLRjRUw ,I�cc3c R8 IRRUc a3Ua3c3Nj30 $w U3aCR0C, Ra$Cjc R8 j@3 �RsW 0R3c j@3 ER$-

5IFPSFN ��� VbU3,ja�I aC<C0Cjw 8Ra �Rsc <�>WY bnUURc3 �t �N0  t �a3 RA,Rq3a30 �NRcRq
�Rsc RN � ,RLU�,j kAL�NC8RI0M Y i@3 ,RNEn<�,w ,I�cc3c CN ⇡1.M/ a3Ua3c3Nj30 $w j@3 8a33

�� ,� .ANN



'IGURE � i@3 Ra$Cj cU�,3 R8 � cG3s �Rs VI38jW �N0 � c,@3L�jC, R8 j@�j R8 � Uc3n0RA�NRcRq �Rs VaC<@jWY
MRNc3U�a�j30 cj�$I3 �N0 nNcj�$I3 I3�q3c ȒL33jCN< �j CN~NCjwȓ 03~N3 � c@C8j ⌧ ,RLLnjCN<
sCj@ j@3 �,jCRN R8 ⇡1.M/ RN j@3 cG3s UC,jna3Y

@RLRjRUw ,I�cc3c R8 ,IRc30 Ra$Cjc 8Ra �t �N0  t �<a33 C8 �N0 RNIw C8 j@3 �Rsc �a3 Ra$Cj
3\nCq�I3Nj qC� � L�U CcRjRUC, jR j@3 C03NjCjwY

5IF BDUJPO PO O BU JOҶOJUZ� i@3 CNj3a3cjCN< ,�c3 CN i@3Ra3L fYk Cc 8Ra cG3s �Rsc. �c
j@3 L�UUCN< jRanc R8 � ICN3�a �NRcRq L�U �0LCjc RNIw j@3 R$qCRnc cncU3NcCRN �Rs �N0
Cjc CNq3ac3Y iR cRIq3 j@3 UaR$I3L 8Ra cG3s �Rsc. s3 IRRG jR j@3 $RnN0�aw �j CN~NCjwġj@3
,RLU�,jC~,�jCRN R8 O $w j@3 ICN3c CN j@3 0C�<RN�I cjaCU LR03IY i@3 �,jCRN R8 ⇡1.M/ RN
QM 03c,3N0c jR O �N0 3uj3N0c jR �N �,jCRN $w @RL3RLRaU@CcLc RN 3�,@ $RnN0�aw ICN3.

,RLLnjCN< sCj@ � ja�NcI�jCRN R8 j@3 ICN3 j@�j ,RL3c 8aRL j@3 cjan,jna3 R8 j@3 IC8j30 8RIC�jCRNcY
i@3 0wN�LC,c R8 CN0CqC0n�I 3I3L3Njc �,jCN< RN j@3 ICN3 �j CN~NCjw �a3 �IcR s3II nN03acjRR0Y
mU jR U�ccCN< jR j@3 CN03uAjsR cn$<aRnU R8 3I3L3Njc Ua3c3aqCN< RaC3Nj�jCRN. Cj Cc �N 3u�LUI3
R8 s@�j s3 ,�II � IZQFSCPMJD�MJLF BDUJPOY

%FҶOJUJPO ��� V<�>WY �N �,jCRN R8 � <aRnUG RN j@3 ICN3 Cc IZQFSCPMJD�MJLF C8 Cj ,RLLnj3c sCj@
j@3 ja�NcI�jCRN x 7! x C 1. �N0 3q3aw NRNjaCqC�I 3I3L3Nj 3Cj@3a �,jc 8a33Iw. Ra @�c Ua3,Cc3Iw
jsR ~u30 URCNjc CN 3�,@ nNCj CNj3aq�I. RN3 �jja�,jCN< �N0 RN3 a3U3IICN<Y

BN j@3 ja�0CjCRN R8 ,I�ccC,�I j@3Ra3Lc R8 ?ǑI03a �N0 bRIR0Rq. s@C,@ UaRLRj3 CN8RaA
L�jCRN �$Rnj j@3 0wN�LC,c R8 CN0CqC0n�I @RL3RLRaU@CcLc R8 j@3 ICN3 jR � <IR$�I ,RN,IncCRN
�$Rnj j@3 cjan,jna3 R8 � <aRnU �,jCRN. s3 UaRq3 � <3N3a�I a3cnIj RN @wU3a$RIC,AICG3 �,jCRNc RN
j@3 ICN3Y

5IFPSFN ��� V?wU3a$RIC, �,jCRNc �a3 03j3aLCN30 $w ~u30 cU3,ja� <�>WY ;Cq3N jsR 8�Cj@8nI.
LCNCL�I. @wU3a$RIC,AICG3 �,jCRNc R8 � <aRnUG RN R. C8 j@3 c3jc R8 3I3L3Njc �,jCN< sCj@ ~u30
URCNjc 8Ra 3�,@ �,jCRN �<a33. j@3N j@3 jsR �,jCRNc �a3 ,RNEn<�j3 $w � @RL3RLRaU@CcLY

i@3 cja�j3<w R8 j@3 UaRR8 8Ra i@3Ra3L fY9 Cc jR a3,Rq3a j@3 ICN3�a Ra03a R8 ~u30 URCNjc
R8 3I3L3Njc V�N0 @3N,3 a3,RNcjan,j � 03Nc3 cn$c3j R8 j@3 ICN3W 8aRL j@3 �I<3$a�C, 0�j� R8 j@3
c3j R8 3I3L3Njc sCj@ ~u30 URCNjcY i@Cc Cc NRj 8�a CN cUCaCj 8aRL j@3 Ȓa3,RNcjan,jCRNȓ cja�j3<C3c
03c,aC$30 CN b3,jCRN lY i@3Ra3L fY9 Cc a3�IIw j@3 @3�aj R8 j@3 UaRR8 R8 i@3Ra3L fYk. s@�j
a3L�CNc Cc jR UaRLRj3 j@3 ,RNEn<�,w R8 �,jCRNc �j CN~NCjw jR �N @RN3cj Ra$Cj 3\nCq�I3N,3.
� j3,@NC\n3 �Ia3�0w nc30 $w #�a$RjY
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/PO�R�DPWFSFE ҷPXT BOE QTFVEP�"OPTPW ҷPXT� BN j@3 ,�c3 s@3a3 j@3 I3�8 cU�,3c R8 QF s

�N0 QF u �a3 NRNA?�nc0Ra{. RN3 ,�N I3q3a�<3 j@3 jRURIR<w R8 j@3c3 8RIC�jCRNc jR <3j CN8RaL�A
jCRN �$Rnj j@3 �Rs. � U3acU3,jCq3 8anCj8nIIw 3uUIRCj30 $w 73NI3w CN <��>Y Bj jnaNc Rnj j@�j j@3
c�L3 8�LCIw R8 j3,@NC\n3c �IcR �UUIC3c jR � cjaC,jIw $aR�03a ,I�cc R8 QTFVEP�"OPTPW �Rscġ
jRURIR<C,�I �Rsc sCj@ 3uU�N0CN<g,RNja�,jCN< $3@�qCRa �c CN j@3 �NRcRq ,�c3. $nj s@3a3 F

s

�N0 F
u �a3 �IIRs30 jR CSBODI CN � cU3,C~30 s�w �IRN< � 0Cc,a3j3 c3j R8 U3aCR0C, Ra$CjcY

i@3 Ra$Cj cU�,3 R8 cn,@ � �Rs Cc � jRURIR<C,�I UI�N3 sCj@ jsR ja�Ncq3ac3. SA0CL3NA
cCRN�I. URccC$Iw cCN<nI�a 8RIC�jCRNc. �c ,�ajRRN30 CN 7C<na3 : VaC<@jWY BN <�>. 73NI3w <Cq3c �
N�jna�I ,RNcjan,jCRN R8 � ,RLU�,jC~,�jCRN R8 j@3 Ra$Cj cU�,3 R8 �Nw Uc3n0RA�NRcRq �Rs $w
� $RnN0�aw ,Ca,I3 cR j@�j j@3 ,RLU�,jC~30 cU�,3 Cc @RL3RLRaU@C, jR � 0CcG �N0 j@3 N�jna�I
�,jCRN R8 j@3 8nN0�L3Nj�I <aRnU R8 j@3 L�NC8RI0 $w @RL3RLRaU@CcLc R8 O 3uj3N0c jR j@3
$RnN0�awY BN j@3 sRaG CN Ua3U�a�jCRN sCj@ #�aj@3ILā �N0 7a�NG3I. s3 nc3 j@Cc $RnN0�aw ,Ca,I3
�N0 j@3 CN0n,30 �,jCRN R8 ⇡1.M/ jR UaRq3 cU3,ja�I aC<C0Cjw 8Ra �II ja�NcCjCq3. NRNARA,Rq3a30
�NRcRq �N0 Uc3n0RA�NRcRq �Rsc RN ,RLU�,j kAL�NC8RI0cY +RL$CN30 sCj@ i@3Ra3L fYk.
j@Cc <Cq3c � 8nII cU3,ja�I aC<C0Cjw a3cnIj CN j@3 �NRcRq �N0 Uc3n0RA�NRcRq c3jjCN<- UaRqC030
j@3 �Rs Cc ja�NcCjCq3. C8 j@3 ,RNEn<�,w ,I�cc3c CN ⇡1.M/ a3Ua3c3Nj30 $w j@3 8a33 @RLRjRUw
,I�cc3c R8 ,IRc30 Ra$Cjc 8Ra jsR �Rsc �t �N0  t �<a33. j@3N j@3 �Rsc �a3 Ra$Cj 3\nCq�I3Nj qC�
� L�U CcRjRUC, jR j@3 C03NjCjwY

�Ij@Rn<@ j@Cc sRaG <Cq3c RN3 �Ncs3a jR j@3 ,I�ccC~,�jCRN UaR$I3L. L�Nw RU3N \n3cA
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