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1. Introduction

1.1. Character spaces and rigidity. Let Γ be a discrete group and G a
topological group. If G Ă HomeopXq for some space X, then the represen-
tation space HompΓ, Gq, equipped with the compact-open topology, param-
eterizes actions of Γ on X with image in G. Typically, G is used to specify
the regularity of the action – for instance taking G “ DiffpXq parametrizes
smooth actions, whereas if G is a Lie group acting transitively on M , these
are geometric actions in the sense of Ehresmann. Since conjugate actions
are dynamically equivalent, the appropriate moduli space of actions is the
quotient HompΓ, Gq{G under the natural conjugation action of G. However,
this quotient space is typically non-Hausdorff.

When G is a Lie group and HompΓ, Gq is an affine variety, algebraic ge-
ometers solve this problem by considering the quotient HompΓ, Gq{{G from
geometric invariant theory. In the special case where G is a semi-simple
complex reductive Lie group, this GIT quotient is simply the quotient of
HompΓ, Gq by the equivalence relation ρ1 „ ρ2 whenever the closures of
their conjugacy classes intersect [12, 13]. In particular, this relation makes
the quotient space Hausdorff. In the well-studied case of G “ SLpn,Cq,
the GIT quotient agrees with the space of characters of G-representations,
motivating the terminology in the following definition.

Definition 1.1. For any discrete group Γ and topological group G, the
character space XpΓ, Gq is the largest Hausdorff quotient1 of HompΓ, Gq{G.
We say that two representations are χ-equivalent if they give the same point
in XpΓ, Gq.

A representation ρ : Γ Ñ G is rigid, loosely speaking, if all deformations
of ρpΓq in G are trivial. This notion can be made precise in the setting of
character spaces, as follows.

1Recall the largest Hausdorff quotient XH of a topological space X is a space with the
universal property that any continuous map f : X Ñ Y from X to a Hausdorff topological
space factors canonically through the projection X Ñ XH . One construction of XH is
as the quotient of X by the intersection of all equivalence relations „ such that X{ „ is
Hausdorff.
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Definition 1.2. A representation ρ P HompΓ, Gq is rigid if the image of ρ
is an isolated point in the character space XpΓ, Gq.

This is quite a strong condition on ρ, and we may loosen it to some weaker,
and more explicit conditions. In particular, we will say that ρ is path-rigid if
the path component of ρ in HompΓ, Gq is contained in a single χ-equivalence
class.

The case of interest in this article is when G “ Homeo`pS1q, the group of
orientation-preserving homeomorphisms of the circle, and Γ “ Γg “ π1pΣgq

is the fundamental group of an orientable surface of genus g ě 2. In this case
HompΓ, Gq has an important interpretation as the space of flat or foliated
topological circle bundles over Σ. As will be explained in Section 2.3, in this
setting the character space XpΓ, Gq is the space of semi-conjugacy classes
of actions of Γ on S1, and path-rigid representations are those ρ such that
every path can be obtained by a continuous family of semi-conjugacies. Both
rigid and path-rigid representations can be thought of as corresponding to
foliated bundles that admit only trivial types of deformations.

A second motivation for the study of XpΓg,Homeo`pS1qq comes from
Goldman’s seminal work on XpΓg,PSLp2,Rqq and its relations with Teich-
müller spaces. In [9], Goldman showed that the connected components of
XpΓg,PSLp2,Rqq are classified by the Euler number. The Euler number is a
characteristic integer, which Milnor [22] showed takes values in r´2g`2, 2g´
2s XZ on (equivalence classes of) representations in XpΓg,PSLp2,Rqq. This
is the famous Milnor–Wood inequality; to which Wood’s contribution was an
extension of Milnor’s result to representations into Homeo`pS1q Ą PSLp2,Rq
[24]. However, as was shown in [14], the Euler number does not classify con-
nected components of XpΓg,PSLp2,Rqq, and extending Goldman’s work to
representations into Homeo`pS1q appears to be a difficult task. We will
comment further on this in the next section.

1.2. Geometric representations. The first known example of a rigid rep-
resentation of a surface group into Homeo`pS1q comes from a celebrated
theorem of Matsumoto [20]. He showed that the set of representations with
maximal Euler number, i.e. Euler number equal to 2g´ 2, in XpΓg, Gq con-
sists of a single point. As the Euler number is a continuous function on
HompΓg, Gq, this implies that representations of maximal Euler number are
rigid. (The same statement also holds for representations with Euler number
´2g ` 2.)

Phrased otherwise, Matsumoto’s result says that all representations with
Euler number ˘p2g´2q are χ-equivalent to discrete, faithful representations
into PSLp2,Rq. This hints at an underlying phenomenon for rigidity, namely
that these are representations coming from a geometric structure.

Definition 1.3 ([15]). Let M be a manifold, and Γ a countable group. A
representation ρ : Γ Ñ HomeopMq is called geometric if it is χ-equivalent
to a faithful representation with image a cocompact lattice in a transitive,
connected Lie group G Ă HomeopMq.
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It is not difficult to classify the geometric representations of surface groups
in Homeo`pS1q: up to χ-equivalence, all are either discrete, faithful repre-
sentations into PSLp2,Rq, or obtained by lifting such a representation to a
finite cyclic extension of PSLp2,Rq. See [15] for details.

The main result of [14] is the following.

Theorem 1.4 (Mann [14]). In the space HompΓg,Homeo`pS1qq, all geomet-
ric representations are rigid.

In fact, the main theorem of [14] is stated in a weaker form; it says that the
connected component of HompΓg,Homeo`pS1qq is a single semi-conjugacy, or
χ-equivalence, class (we will see soon that these two notions coincide). How-
ever, the proof of the theorem is carried out on the level of semi-conjugacy
invariants of representations, so actually proves the stronger result that geo-
metric representations descend to isolated points in XpΓg,Homeo`pS1qq.

1.3. Results. This article is devoted to proving the converse of Theorem 1.4.
We show the following.

Theorem 1.5. Every rigid representation in HompΓg,Homeo`pS1qq is geo-
metric.

In other words, the only source of rigidity for actions of Γg on S1 is the
existence of an underlying geometric structure.

Our main technical result in the course of proving Theorem 1.5 is stronger
for representations of non-zero Euler class, as we need to assume only path-
rigidity in this case.

Theorem 1.6. Let ρ : π1Σg Ñ Homeo`pS1q be a path-rigid representation.
If ρ is not geometric, then its Euler class is zero, and there exists a one-holed,
genus g ´ 1 subsurface Σ1 Ă Σg such that ρ|π1Σ1 has a finite orbit.

The condition of having a large subsurface with a finite orbit makes it very
unlikely that such a representation cannot be deformed along a path. This
gives strong evidence for the fact that all path-rigid representations should
in fact be geometric. However, at the time of writing we are unable to prove
this.

The proof of Theorem 1.6 is quite long and involved. A much simpler
argument, with some of the same spirit, can be carried out under the addi-
tional assumption that the relative Euler number on some genus 1 subsurface
is equal to 1; this is the case in particular for representations of Euler class
ě g. This simpler, though much weaker, proof is presented in the companion
article [17]. Although the present article is self-contained, the reader may
prefer to take [17] as a starting point.

We conclude this introduction by putting our result in the perspective of
the following ambitious problem (which remains wide open) in the natural
continuation of Goldman’s work on XpΓg,PSLp2,Rqq.

Question 1.7. What are the connected components of XpΓg,Homeo`pS1qq?
What are its path components?

One of the implications of Theorem 1.4 was that the spaceXpπ1Σg,Homeo`pS1qq

has strictly more connected components than Xpπ1Σg,PSLp2,Rqq. At this
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time, we do not even know if the former has finitely many connected com-
ponents. The present article, more than simply proving Theorem 1.5, aims
at providing some technical tools towards this question; we hope to address
it in a future work.

1.4. Strategy of the proof and organization of the article. The main
ingredient in the proof of Theorem 1.6 is the effect of bending deformations on
the periodic sets of simple closed curves. Bending deformations are classical
in (higher) Teichmüller theory, (see paragraph 2.2.2 for a reminder); and we
extend their study to representations to Homeo`pS1q.

As a first step, we make a (strong) additional technical hypothesis on
representations that forces them to look “locally” (i.e. on the level of some
pairs of curves) like representations into PSLkp2,Rq. Specifically, we say
that the action of two elements a, b P Γg representing standard generators
of a one-holed torus subsurface of Σg satisfies Skpa, bq if ρpaq and ρpbq are
separately conjugate to hyperbolic elements of PSLkp2,Rq, and their fixed
points alternate around the circle. We show the following.

Theorem 1.8. Let ρ be a path-rigid, minimal representation, and suppose
furthermore that there exists k ě 1 such that Skpa, bq holds for all standard
generators of one-holed torus subsurfaces. Then ρ is geometric.

The reader can think of this as a dynamical “local-to-global” result.
The proof of Theorem 1.8 starts by using bending deformations of ρ to

move the periodic points of generators of π1Σg. Provided ρ is path-rigid, we
are then able to conclude the periodic points of many simple closed curves
are in the same cyclic order as if ρ were geometric. In the companion article
[17], (whose additional hypothesis guarantees that k “ 1) this same process
was sufficient to demonstrate that ρ has maximal Euler number, hence is
geometric. Here in the general case, we need to use a more sophisticated tool,
and introduce Matsumoto’s theory of Basic Partitions (see Section 3.5).

The next step is to arrive at the property Skpa, bq from weaker hypotheses
on periodic sets of curves. We prove the following statements.

Proposition 1.9. If a representation π1Σg Ñ G is path-rigid then all non-
separating simple closed curves have rational rotation number.

Theorem 1.10. Suppose ρ is path-rigid and minimal. Then, for all a, b with
ipa, bq “ ˘1, we have the implication

Perpρpaqq X Perpρpbqq “ H ñ Skpa, bq for some k.

The proofs again make extensive use of bending deformations.
The upshot of these results is that, if a path-rigid and minimal represen-

tation fails to be geometric, then many curves are forced to have common
periodic points. Common periodic points hint at the existence of a finite
orbit for ρ, so our strategy becomes to look for a finite orbit in order to
derive a contradiction (indeed, representations with a finite orbit are easily
seen to be non-path-rigid). This idea turns out to be difficult to implement,
so we search first for curves with rotation number zero, as the dynamics of
these are easier to control. This search can be performed separately in every
one-holed torus in the surface, where the action of the mapping class group
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is simple to work with. Accordingly, a one-holed torus in Σg will be called a
good torus if it contains a nonseparating simple loop with rotation number
zero; otherwise we say it is a bad torus. Further, a one-holed torus will be
called a very good torus if its fundamental group has a finite orbit in S1. We
can prove:

Proposition 1.11. Let ρ be path-rigid. Suppose that Σg contains a bad torus
Σ1. Then its complement Σ2 contains only very good tori.

By studying the evolution of periodic sets under specific bending defor-
mations, we are able to prove the following two statements:

Proposition 1.12. Let ρ be path-rigid, and non-geometric. Then there can-
not exist two disjoint good tori that are not very good.

Theorem 1.13. Let ρ be a path-rigid representation. Let Σg1,1 be a subsur-
face in which all tori are very good. Then π1Σg1,1 has a finite orbit.

These three last statements prove that if ρ is a path-rigid and non-geometric
representation then it has a subsurface of genus g´ 1 with a finite orbit; the
statement about the Euler class in Theorem 1.6 is then an easy consequence.

Provided g ě 3, Theorem 1.13 implies that if ρ is a path-rigid but non-
geometric representation, then there exist curves a, b, generating a torus
subsurface of Σg, such that ρpaq and ρpbq have a common fixed point. It
then follows from a recent theorem of Alonso, Brum and Rivas [1] that ρ
cannot be rigid. However, path-rigidity and the genus g “ 2 case do not
follow. So we pursue a different route, taking their work as inspiration. We
prove an independent, simple lemma on rigid representations that shows
(after semiconjugacy) all torus subsurfaces have only finitely many finite
orbits. This applies to all genera of surfaces, and allows us conclude the
proof of Theorem 1.5.

The article is organized as follows. Section 2 introduces tools that will be
frequently used in the proof. While some of the material is standard, we also
prove new results on complexes of based curves, and prove a series of results
on the movement of periodic sets under specific bending deformations. We
also give more discussion to character spaces, semi-conjugacy, and the Euler
class. In Section 3 we prove Theorem 1.8. In Section 4 we prove Proposi-
tion 1.9 and Theorem 1.10. The proof of Theorem 1.6 is then completed in
Section 5. Finally, in Section 6 we complete the proof of Theorem 1.5 and
state some open questions and directions for further work.
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2. Preliminaries

This section sets notation and develops a toolkit for use in the main proofs.
The first part treats curves on surfaces. This subsection will feel familiar to
low dimensional topologists, except that we will give much more attention
to based curves than is usually present in the literature. The second sub-
section deals with actions of surface groups on S1 and their deformations.
We introduce new material on the behavior of periodic sets under deforma-
tions, and the topology of sets of persistent (and non-persistent) periodic
points; this will be crucial in later sections of the work. The third subsec-
tion covers character spaces, semi-conjugacy, and the Euler number in more
detail, including the proof that χ-equivalence coincides with semi-conjugacy
in HompΓ,Homeo`pS1qq.

2.1. Based curves on surfaces.

Warning 2.1. Although our notation π1Σg omits mention of a basepoint,
it is crucial to keep in mind that all elements of π1Σg are based. This is
because, very often, given two simple curves γ1, γ2, we will need to know
whether the product γ2γ1 is also (up to homotopy rel endpoints) a simple
curve, and this may change if γ2 is replaced by some conjugate of itself.
Note also that the set of simple based curves is itself not invariant under
conjugation.

As in the introduction, we use the notation Γg “ π1Σg.

Definition 2.2 (Based intersection number). Let a, b P Γg. We write
ipa, bq “ 0 if we can represent a and b by differentiable maps a, b : r0, 1s Ñ Σg

with t0, 1u mapped to the basepoint, whose restrictions to r0, 1q are injective,
and such that the cyclic order of their tangent vectors at the base point is
either pa1p0q,´a1p1q, b1p0q,´b1p1qq or pa1p0q,´a1p1q,´b1p1q, b1p0qq, or the re-
verse of one of these.
If instead the cyclic order of tangent vectors is pa1p0q, b1p0q,´a1p1q,´b1p1qq
or the reverse, we write ipa, bq “ 1 and ipa, bq “ ´1 respectively.

Note that this is an ad hoc definition, for these are the only two configu-
rations of pairs of curves that we will be interested in. For typical pairs of
curves a, b, the number ipa, bq is not defined.

Convention 2.3 (Read words from right to left). Since we will often be
working with a given representation, we will often abuse notation and identify
an element a P Γg with a homeomorphism of the circle. Thus, following the
convention of function composition, we write words in Γg (i.e. products of
loops by concatenation) from right to left.

We also fix commutator notation to be ra, bs :“ b´1a´1ba.

Notation 2.4 (Tori). Given two simple nonseparating loops a, b P Γg with
ipa, bq “ ˘1, their commutator ra, bs bounds a genus 1 subsurface containing
a and b, which we will denote by T pa, bq. Figure 1 illustrates T pa1, b1q.

Although T pa, bq is only defined up to based homotopy, we may still speak
reasonably of curves that intersect it, as follows.
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Definition 2.5. We say that a simple, nonseparating curve γ is disjoint from
T pa, bq if γ has intersection number zero with each of a, b and ra, bs, and that
γ enters or intersects T pa, bq otherwise. We say that two tori T pa, bq and
T pa1, b1q are disjoint if a, b are disjoint from T pa1, b1q and if a1, b1 are disjoint
from T pa, bq.

In the same line as Warning 2.1, note that T pa, bq ‰ T pb, aq.

Definition 2.6 (Based standard generators). We say a system of based loops
pa1, . . . , bgq is standard if the surface, together with these curves, are as in
Figure 1. They give the following standard presentation of the fundamental
group:

Γg “ xa1, b1, . . . , ag, bg | rag, bgs ¨ ¨ ¨ ra1, b1s “ 1y.

In such a picture, an easy mnemonic way not to confuse ai and bi with
a˘1
i or b˘1

i , is to remember that the curve rai, bis begins with the letter ai
and ends with b´1

i .

a 1

b 1

[a 1
, b
1
]

a
4

b
4

[a
4 , b

4 ]
a3

b3

[a3,b3]

a2

b2

[a
2,

b2
]

T (a1, b1)

Figure 1. Standard generators on the genus g surface (g “ 4)

Recall that a fat-graph is a graph together with the data of a total cyclic
order on ends of edges at each vertex. If every edge also comes with a pre-
ferred orientation, it is called a fat-quiver. We define the directed standard
k-chain to be the fat-quiver shown in Figure 2. As a graph it is simply the
standard rose with k petals, and as a fat-quiver, the ends of edges are in the
cyclic order pγ11p0q, γ12p0q,´γ11p1q, γ13p0q,´γ12p1q, γ14p0q, . . . ,´γ1kp1qq. In par-
ticular, ipγi, γi`1q “ `1, and ipγi, γjq “ 0 whenever |j ´ i| ě 2. By walking
along the sides of the curves γi, and computing the Euler characteristic, we
observe that the surface obtained by thickening the standard chain of length
2k is a genus k surface with one boundary component, and the one from the
chain of length 2k ` 1 is a genus k surface with two holes.

Definition 2.7 (Chains). Let Σ be a surface, and γ1, . . . , γk loops based
at the base point. We say that pγ1, . . . , γkq forms an oriented, directed k-
chain if these curves arise from an orientation-preserving embedding of the
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γ1

γ2 γ3

γ4

γ5

Figure 2. A directed chain of length 5

directed standard k-chain into Σ, and a directed k-chain if the embedding
may reverse the orientation. We say it forms simply a k-chain if there exists
a family of signs pε1, . . . , εkq such that pγε11 , . . . , γ

εk
k q is a directed k-chain.

We say that a (directed) k-chain is completable if its sits in the middle of
some k ` 2-chain.

For example, pa´1
1 b1a1, a1, b

´1
1 q is a non-completable 3-chain in Σg, and the

collection pa1, δ1, a2, δ2, . . . , δg´1, ag, b
´1
g q (as well as its sub-chains), where

we have set δi “ a´1
i`1bi`1ai`1b

´1
i , forms a directed chain. Also, the fam-

ily pa´1
1 b1a1, a1, δ1, a2, b

´1
2 q forms a (non-completable) 5-chain that will be

handy in Section 5.3.
We conclude this paragraph with some considerations on complexes of

pairs of based curves.

Lemma 2.8. Let G0 denote graph whose vertices are the pairs pa, bq P Γ2
g

with ipa, bq “ ˘1, with an edge between two pairs pa, bq and pb, cq whenever
pa, b, cq is a 3-chain. Then G0 is connected.

The proofs of the main results of this article do not depend on this lemma,
as we will simply need to work on a connected component of this graph – in
fact, our proof in the companion article [17] is done along this line. However,
the lemma is quite elementary, so here we take the honest approach of giving
the proof and using the whole connected graph instead of making reference
to a connected component.

The proof of Lemma 2.8 is divided into two main observations. It essen-
tially copies the proof of Proposition 6.7 of [18], but corrects a minor mistake
there, where the complex of based curves should have been used instead of
the standard curve complex.

Observation 2.9. Let G1 be the graph whose vertices are the elements of
Γg represented by simple, non-separating curves, and with edges between a
and b if and only if ipa, bq “ ˘1. Then G1 is connected.

Proof. Let G2 be the graph with the same vertices, but with edge between
a and b if ipa, bq “ 0, ´1 or 1 (i.e. whenever ipa, bq is well defined). Let G3

be the graph with vertex set consisting of the elements of Γg represented by
simple curves (possibly separating), with an edge between a and b whenever
ipa, bq is well defined. By drilling a puncture in Σg at the base point, this
graph G3 can be identified with the arc complex of the surface Σ1

g, and this
is well-known to be connected (see eg [Hatcher91]). We now show that its
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subgraph G2 is also connected. Suppose a1´ a2´ a3 is a path in G3, and a2

is separating. If a1 and a3 lie in distinct components of Σ1ra2, then a1´a3

is a shortcut. If a1 and a3 do not lie in distinct components, then we may
replace a2 in this path by any essential arc lying in the other side of Σ1 r a2

(such an arc exists since a2 is essential). Thus, we can make the separating
elements disappear from any path connecting two points of G2 in G3.

Now we can show that G1 is connected by inserting terms in paths of G2.
It suffices to show that, if a1 ´ a2 is an edge of G2 and ipa1, a2q “ 0, then
there always exists a curve b such that ipa1, bq “ ˘1 and ipb, a2q “ ˘1. So
suppose ipa1, a2q “ 0. Then a neighborhood of the curves a1 and a2 in Σg is
a pair of pants P , with three boundary components, freely homotopic to a1,
a2 and a1a

˘1
2 . If Σ, Σ1 and Σ2 are, respectively, the connected components

of Σg r P separated from P by a1, a2 and a1a
˘1
2 , then we have Σ “ Σ1 or

Σ “ Σ2, since a1 is non separating. Similarly, Σ1 “ Σ or Σ1 “ Σ2 as a2 is non
separating. Hence Σ “ Σ1 in all cases, thus, there does exist a connecting
curve b as needed. �

Observation 2.10. Let a, b, a1 such that ipa, bq “ ˘1 and ipa1, bq “ ˘1.
Then pa, bq is connected to pa1, bq in the graph G0 from Lemma 2.8.

Proof. Let „ denote the equivalence relation on vertices of G0 of being in the
same connected component. Let a, b, a1 be as in the statement of the observa-
tion, and let N be the (geometric) minimum number of disjoint intersections,
besides of the base point, between the based curves a and a1. We will pro-
ceed by induction on N , starting with the base case N “ 0. In this case
ipa, a1q P t0,˘1u. If ipa, a1q “ 0, then pa, b, a1q is a 3-chain and pa, bq „ pb, a1q.
If ipa, a1q “ ˘1, then for some ε P t´1, 1u, we have ipbεa, a1q “ 0 (this is seen
by looking at a neighborhood of the base point), hence pbεa, b, a1q is a 3-chain
and pbεaq „ pb, a1q. Now pbεa, bq „ pa, bq, because there exists a curve c such
that pbεa, b, cq and pa, b, cq are both 3-chains. This proves the base case.

Now, suppose N ě 1. Orient the curves a and a1 so that their tangent
vectors at t “ 0 are on the same side of b at the base point. Let px1, . . . , xN q
be the intersection points of a and a1, as ordered along the path a. Let a2
be the path obtained from following a1 from its starting time, until we hit
xN (actually, any of the xi would do), and then following the end of the
path a. Then we have ipa, bq “ ˘1, ipa1, bq “ ˘1, ipa2, bq “ ˘1 and the
intersections of a and a1 with a2 outside the base point are strictly less than
N ; this concludes our induction. �

Proof of Lemma 2.8. Let pa, bq and pc, dq be such that ipa, bq “ ˘1 and
ipc, dq “ ˘1. There exists a path between b and c in G1, which can be ex-
tended to a path γ1´ γ2´ ¨ ¨ ¨ ´ γn in G1 with pa, b, c, dq “ pγ1, γ2, γn´1, γnq.
By Observation 2.10, for all j P t1, . . . , n ´ 2u, pγj , γj`1q is connected to
pγj`1, γj`2q in G0, hence pa, bq is connected to pc, dq. �

Finally, here is an easy variation of Lemma 2.8.

Lemma 2.11. Let G denote graph whose vertices are the pairs pa, bq P Γ2
g

with ipa, bq “ ˘1, with an edge between two pairs pa, bq and pb, cq whenever
pa, b, cq is a completable 3-chain. Then G is connected.
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Proof. First, observe that whenever T pa, bq and T pc, dq are disjoint, pa, bq and
pc, dq are in the same connected component ofG. Now, observe that if pa, b, cq
is a directed 3-chain, then it is completable if and only if ca is nonseparating.
(The reader may find it helpful to draw a picture.) It follows that, if pa, b, cq
is a non-completable 3-chain in Σg, then there exists a pair pd, eq such that
a, b, c do not enter T pd, eq. Hence, pa, bq and pb, cq are connected to pd, eq in
G, and it follows that G is connected. �

2.2. Actions on the circle.

2.2.1. Basic dynamics of circle homeomorphisms. We quickly review some
definitions for the purpose of setting notation. For more detailed background
on this material, the reader may consult [6, 15, 7, 23] for example. Recall
that Homeo`Z pRq denotes the group of homeomorphisms of R commuting
with translation by 1. Viewing S1 as R{Z gives the central extension Z Ñ
Homeo`Z pRq Ñ Homeo`pS1q.

The principal dynamical invariant of elements of Homeo`Z pRq and Homeo`pS1q

is the rotation number of Poincaré.

Definition 2.12 (Rotation number). Let f P Homeo`pS1q and rf is a lift of
f in Homeo`Z pRq. The rotation numbers (sometimes called the translation

number in the case of rf) are defined by rrotp rfq :“ limnÑ8
rfnp0q
n P R, and

rotpfq :“ rrotpf̃q mod Z.

We assume the reader is familiar with the essential properties of the ro-
tation number. Those that we will use most frequently are that rot and rrot
are homomorphisms when restricted to abelian (eg. cyclic) subgroups, that
rotpfq “ p{q P Q mod Z if and only if f has a periodic orbit of period q, and
that rrot, and hence rot, are invariant under semi-conjugacy. (The definition
of semi-conjugacy is recalled in Section 2.3 where we will be using it.)

As is standard, we use Perpfq to denote the set tx P S1 | Dn P Z, fnpxq “
xu of periodic points of f . If n “ 0, we also denote this by Fixpfq. For
rf P Homeo`Z pRq, we use Perp rfq to denote the set of all lifts of points of
Perpfq to R.

Notation 2.13. For f P Homeo`pS1q with Perpfq ‰ H, let qpfq denote
the smallest non-negative integer such that Fixpf qpfqq ‰ H (equivalently,
the smallest non-negative integer such that rotpf qpfqq “ 0), and let ppfq be
the least non-negative integer such that f has rotation number equal to ppfq

qpfq

mod Z.

An attracting periodic point for f is a point x P Perpfq with a neighbor-
hood I of x such that fnqpfqpIq Ñ x as nÑ8. A repelling periodic point of
f is defined as an attracting periodic point of f´1. The sets of attracting and
repelling periodic points will be denoted Per`pfq and Per´pfq respectively.

2.2.2. One-parameter families and bending deformations. Let γ P Γg be a
based, simple loop. Cutting Σg along γ decomposes Γg into an amalgamated
product Γg “ A ˚xγy B, or an HNN-extension A˚xγy, depending on whether
γ is separating. Thus, deforming a representation ρ : Γg Ñ Homeo`pS1q (or
indeed to any topological group) amounts to deforming the restriction(s) of
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ρ on A (and B, if γ separates), subject to the constraint that these defor-
mations agree on γ. The following deformation is the analog of a bending
deformation from the theory of quasi-Fuchsian or Kleinian groups, in a very
special case as we bend only along one simple curve.

Definition 2.14. (Bending)
(1) Separating curves. Let γ “ c P Γg represent a separating simple

closed curve with Γg “ A ˚xcy B. Let ct be a one-parameter family
of homeomorphisms commuting with ρpcq. Define ρt to agree with ρ
on A, and to be equal to ctρc´1

t on B.
(2) Nonseparating curves. Let γ “ a, and b P Γg with ipa, bq “ ´1, and

let c “ ra, bs, writing again Γg “ A˚xcyB. Take a 1-parameter family
at commuting with ρpaq, and define ρt to agree with ρ on B, and on
Tab define ρtpaq “ ρpaq and ρtpbq “ atb.

In both cases, we call this deformation a bending along γ.

While we will typically use “1-parameter family” to mean a one-parameter
subgroup, for these bending constructions to define a path of representations
one only needs ct and at to be continuous paths based at id in the centralizers
of c and a in Homeo`pS1q, respectively.

As a special case of bending, if γt is a one-parameter family with γ1 “ γ,
then the deformation given above is the precomposition of ρ with τγ˚, where
τγ is the Dehn twist along γ. However, as we are working with explicit
computations involving based curves, it is important to us that these defor-
mations are well defined, not just up to inner automorphisms. In order for
the Dehn twist along γ to make proper sense as an automorphism of Γg, we
need to choose a way to freely homotope γ away from the base point. The
arbitrary choice made in the definition, in the case p1q above, consists in
pushing γ to the side of B, and in the case p2q it fits in the following general
convention.

Convention 2.15. Suppose we are given a directed k-chain pγ1, . . . , γkq,
and wish to write a Denh twist along the loop γi. Then we will always do so
by pushing γi outside the base point in such a way that it intersects only γi´1

and γi`1 (if these curves exist), in a neighborhood of the chain. Accordingly,
if ρ is a given representation and γti is a one-parameter family commuting
with ρpγiq, then the deformation leaves γj unchanged for |j ´ i| ě 2 and
j “ i, and changes ρpγi´1q into γ´ti ρpγi´1q and ρpγi`1q into ρpγi`1qγ

t
i .

Not all elements of Homeo`pS1q embed in a one parameter subgroup.
In fact, if rotpfq is irrational, then f embeds in such a subgroup if and
only if Perpfq “ S1, in which case f is conjugate to a rotation. However,
elements with rational rotation number do have large centralizers, giving us
some flexibility in the use of bending deformations. We formalize this in
the next lemma. Here, and later on, it will be convenient to fix a section of
Homeo`pS1q in Homeo`Z pRq.

Notation 2.16. For f P Homeo`pS1q, let pf P Homeo`Z pRq be the (unique)
lift of f with rrotp pfq “ ppfq{qpfq P r0, 1q; we will call it the canonical lift of f .
Later, we will also need to refer to the lift of f with translation number in
p´1, 0s, this we denote by qf . Note that pf´1 “ }f´1.
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Lemma 2.17. (Positive 1-parameter families) Let f P Homeo`pS1q have
rational rotation number. Then there exists a one-parameter group pftqtPR,
which commutes with f , such that @t ‰ 0, Fixpftq “ BPerpfq, and for all
t ą 0 and x P Rr BPerp rfq, we have pftpxq ą x.

Here and in what follows BX denotes the frontier of a subset X of R or S1.

Proof. The set S1 r BPerpfq consists of a union of open intervals permuted
by f . Choose a single representative interval Iα from each orbit. Note that
f qpfqpIαq “ Iα for any such interval, and the restriction of f qpfq to S1rPerpfq
is either fixed point free or the identity. Thus, we may identify each Iα with
R such that f qpfq, in coordinates, is x ÞÑ x ` C, for some C P t´1, 0, 1u.
Define st on Iα to be x ÞÑ x` t. Since these Iα are in different orbits of the
action of f on S1, we may extend st equivariantly to a 1-parameter family
of homeomorphisms of S1. �

This construction will be used frequently enough to merit a definition.

Definition 2.18. Let f P Homeo`pS1q. A positive one-parameter family
commuting with f is any family ft as in Lemma 2.17. If f is understood, or
if we wish to vary f , we will often simply refer to such an ft as a positive
one-parameter family.

2.2.3. Periodic sets under deformations. We now make some observations
on how periodic sets change under bending deformations using positive one-
parameter families. The main application of these comes in Section 5.2, but
they will also make a few earlier appearances.

Let f and g P Homeo`pS1q have rational rotation numbers. It follows
immediately from the definition of canonical lift that

x P Perp pfq ô pf qpfqpxq “ x` ppfq.

Let ft be a positive one-parameter family commuting with f . Let gt :“ ft˝g,
and let rgt “ pft ˝ pg. Note that rgt “ pgt, provided the rotation number of gt is
constant as t varies.

For all px, tq P S1 ˆ R, we set

∆f,gpx, t1, . . . , tqpgqq “ Ćgtqpgq ˝ ¨ ¨ ¨ ˝ Ăgt1px̃q ´ x̃´ ppgq,

and δf,gpx, tq “ ∆f,gpx, t, ¨ ¨ ¨ , tq “ prgtq
qpgqpx̃q ´ x̃´ ppgq.

This does not depend on the lift x̃ P R of x, but does depend on the choice of
the one-parameter family ft (so we are somewhat abusing notation). Further,
we set

P pf, gq “
 

x P S1 | @t P R, δf,gpx, tq “ 0
(

,

Npf, gq “
 

x P S1 | @t P R, δf,gpx, tq ‰ 0
(

,

and Upf, gq “
 

x P S1 | D!t P R, δf,gpx, tq “ 0
(

.

Unlike δf,g, these sets do not depend on the choice of the positive one-
parameter family (provided that it is chosen as in Lemma 2.17).

Assuming rotpgtq is constant, then P pf, gq “
Ş

tPR Perpgtq is the set of
persistent periodic points; Npf, gq is the set of points that are never periodic
for any gt, and Upf, gq is the set of points that lie in Perpgtq for a unique
time t.
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Let Tf,g : Upf, gq Ñ R be the map that assigns to each x P Upf, gq, the
unique time t P R for which δf,gpx, tq “ 0.

Lemma 2.19. Suppose gt has constant rotation number. Then we have the
following properties.

(1) The set P pf, gq is closed, moreover

P pf, gq “ Perpgq X

qpgq´1
č

k“0

gkpBPerpfqq;

in particular, if rotpfq “ 0 then every element of P pf, gq has a finite
orbit under the group xf, gy.

(2) The sets P pf, gq, Npf, gq and Upf, gq partition the circle.
(3) The set Upf, gq is open, and the map Tf,g : Upf, gq Ñ R is continuous.
(4) For any ε ą 0, there exists t0 such that Perpft ˝ gq lies in the ε-

neighborhood of P pf, gq Y BNpf, gq for all t ą t0.

Proof. By construction, the map ∆f,gpx, ¨q is (separately, in each variable
tj) constant if Ćgtj´1 ˝ ¨ ¨ ¨ ˝ Ăgt1px̃q P BPerpfq, and strictly increasing other-
wise. Monotonicity implies that the subsets ∆f,gpx,Rqpgqq and δf,gpx,Rq of
R coincide. The affirmations p1q and p2q are easy consequences of these ob-
servations. Let us prove p3q. Let x0 P Upf, gq, and write t0 “ T px0q, so
δpx0, t0q “ 0. Fix ε ą 0. Since x0 P Upf, gq, we have δpx0, t0 ` εq ą 0, and
δpx0, t0 ´ εq ă 0. Since the maps x ÞÑ δpx, t0 ` εq and x ÞÑ δpx, t0 ´ εq are
continuous, there exists η ą 0 such that, for all x P px0 ´ η, x0 ` ηq we have
δpx, t0 ` εq ą 0 and δpx, t0 ´ εq ă 0. Thus, for each x P px0 ´ η, x0 ` ηq,
the map t ÞÑ δpx, tq takes positive and negative values, hence has a (unique)
zero in the interval pt0´ε, t0`εq. In other words, px0´η, x0`ηq Ă Upf, gq,
and for all x P px0 ´ η, x0 ` ηq, we have |T pxq ´ T px0q| ă ε.

For statement (4), fix ε ą 0. Let I1, . . . , In denote the (finitely many)
connected components of Upf, gq of length ą ε. Let K Ă Upf, gq be the
set of points of Upf, gq that are distance at least ε from P Y BN . Then,
K Ă

Ť

i Ii, and it follows that K is compact. Since T is continuous, its
restriction to K takes values in some segment r´t0, t0s, this gives the t0 from
the statement. �

The next propositions describe the topology of the sets P pf, gq, Npf, gq
and Upf, gq in more detail.

Proposition 2.20. Suppose gt has constant rotation number. Then all ac-
cumulation points of BNpf, gq lie in P pf, gq.

The bulk of the proof of this is accomplished by the following lemma.

Lemma 2.21. Let x0 P S
1 rPerpgq and let I be a small interval containing

x0. Suppose there exists uk P Upf, gq X I converging to x0 from the right.
Then there exists ε ą 0 such that px0, x0 ` εq Ă Upf, gq.

Of course the symmetric statement, with sequences converging to x0 at
the left, holds as well, with a symmetric proof.

Proof. Let x0 R Perpgq, so we have d :“ dpx0, g
qpgqpx0qq ą 0. First, suppose

for contradiction that for all j P t1, . . . , qpgqu, gjpx0q is accumulated on the
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right by points of BPerpfq. Choose zqpgq P BPerpfqXpgqpgqpx0q, g
qpgqpx0q`

d
2q,

and, inductively for j “ qpgq ´ 1, qpgq ´ 2, ..., 1 define zj P BPerpfq X
pgjpx0q, g

´1pzj`1qq for j P t1, . . . , qpgq´ 1u, and set δ “ g´1pz1q´x0. Then,
for all t ą 0 we have pftgqjpx0, x0`δq Ă pg

jpx0q, zjq, hence pftgqqpgqpx0, x0`

δq Ă pgqpgqpx0q, g
qpgqpx0q `

d
2q. Now let k ě 0 be such that uk P px0, x0 ` δq,

and choose inductively y1 P pgpx0q, gpukqqXBPerpfq, and yj P pgjpx0q, gpyj´1qqX

Bpfq, for j ě 2. Then, for all t P R we have pftgqqpgqpukq P pyqpgq, zqpgqq, hence
pftgq

qpgqpukq P pg
qpgqpx0q, g

qpgqpx0q `
d
2q; this contradicts that uk P Upf, gq.

Thus, if a sequence uk P Upf, gq converges to x0 from the right, then
there exists some j P t1, . . . , qpgqu such that gjpx0q is not accumulated on
the right by points of BPerpfq. Let j be the minimum such index, and let
y be such that pgjpx0q, ys Ă S1 r BPerpfq. Let k be large enough so that
g ˝ pft ˝ gq

j´1pukq Ă pg
jpx0q, ys holds for all t P R. (Such k exists using the

argument above, since gipx0q is accumulated on the right by BPerpfq for all
i ă j.) Let z P px0, ukq. We will now show that z P Upf, gq.

Since ft acts transitively on pgjpx0q, ys, for T sufficiently large we have
fT ˝ g ˝ pfT ˝ gq

j´1pzq ą g ˝ pfT ˝ gq
j´1pukq. If T ą T pukq, this guarantees

that δf,gpz, T q ą 0. Similarly, if T 1 is small enough, we will have fT 1 ˝ g ˝
pfT 1 ˝ gq

j´1pzq ă g ˝ pfT ˝ gq
j´1puk1q for any given uk1 P px0, zq, and choosing

T 1 ă T pu1kq ensures that δf,gpz, T 1q ă 0. This shows that z P Upf, gq, as
desired. �

Proof of Proposition 2.20. Let x0 be an accumulation point of BNpf, gq. If
x0 R Perpgq, then by Lemma 2.21, on any side of x0 containing a sequence
of points in BNpf, gq, there is a neighborhood of x0 containing no points of
Upf, gq. Since P pf, gq, Npf, gq and Upf, gq partition S1, it follows that there
is also a sequence of points in P pf, gq approaching x0 from this side. Since
P pf, gq is closed, x0 P P pf, gq Ă Perpgq, a contradiction.

It follows that x0 P Perpgq. If also x0 R P pf, gq, then x0 P Upf, gq since x0

is a periodic point for f0 ˝ g “ g. But Upf, gq is open, a contradiction. �

All the discussion above describes the variation of Perpgq upon deforming
g by composition with ft on the left. However, one may equally well replace
g by gft and arrive at sets P , N , and U with the same properties (indeed,
replacing g by gft is equivalent to replacing g´1 by f´tg

´1). There is no
reason to privilege left-side deformations in the definition of bending, and
we will occasionally make use of such deformations on the right during the
proof.

2.3. The character space for Homeo`pS1q. In Section 1 of [4], Calegari
and Walker introduce what they call a character variety for Homeo`pS1q.
They propose that one should study rotation numbers of elements of Homeo`pS1q

as the natural analog of trace functions on linear representations. A theorem
of Ghys states that, for any group Γ, the rotation numbers of elements ρpγq
essentially parametrize the space of representations HompΓ,Homeo`pS1qq

up to semi-conjugacy, so it makes sense to think of representations up to
semi-conjugacy as the character variety for Homeo`pS1q. This perspective
was adopted implicitly in [14].
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Here, we observe that one can recover this analogy from our more general
definition of character spaces. Recall that XpΓ, Gq is the largest Hausdorff
quotient of HompΓ, Gq{G for any group Γ and any topological group G.
Letting, further, G{{G denote the space XpZ, Gq, there is, for each γ P Γ
a natural, continuous map XpΓ, Gq Ñ G{{G, which sends the class of a
representation ρ to the class of ρpγq. When G “ SLp2,Cq for example,
these are precisely the trace functions. And, as we will see below, when
G “ Homeo`pS1q, these are the rotation numbers, and the space XpΓ, Gq is,
as a set, exactly the set of semi-conjugacy classes of representations.

Following this analogy, the “character variety” for Homeo`pS1q not only
comes with its “ring of functions” (namely the rotation number functions),
but with an underlying topological space as well; i.e. XpΓ, Gq. This gives
the most natural setting to speak of rigidity, or to pose Question 1.7.

Definition 2.22 (Ghys [6]). Let Γ be any group. Two homomorphisms ρ1

and ρ2 P HompΓ,Homeo`Z pRqq are semi-conjugate if there exists a monotone
(possibly non-continuous or non-injective) map h : R Ñ R such that hpx `
1q “ hpxq ` 1 for all x P R, and h ˝ ρ1pγq “ ρ2pγq ˝ h for all γ P Γ.
Similarly, ρ1 and ρ2 P HompΓ,Homeo`pS1qq are semi-conjugate if there is
such a map h : R Ñ R such that for all γ, there are lifts Ćρ1pγq and Ćρ2pγq
which are semi-congugate by this map h.

Ghys [6] proves that, under this definition, semi-conjugacy is an equiva-
lence relation (see also [15] for an expository account). We note that this
definition is not the usual notion of semi-conjugacy from topological dynam-
ical systems (eg. as in [11]), which is not a symmetric relation. This was
perhaps the cause of a typo in the original article [6], which has led to some
amount of confusion. However, as it is now standard for actions on S1, we
use the term semi-conjugacy for the definition above.

We now make a few dynamical remarks. Recall that an action of a group
on a topological space is minimal if the closure of every orbit is dense. In
the special case of groups acting on S1, there is a trichotomy: either the
action is minimal, or has a finite orbit, or it has a closed invariant set (called
the exceptional minimal set) homeomorphic to a Cantor set, to which the
restriction of the action is minimal. The following observations are easy
consequences of the definition of semi-conjugacy.

Observation 2.23. Every action ρ1 with an exceptional minimal set is semi-
conjugate to a minimal action ρ2, by a continuous semi-conjugacy map h
satisfying h˝ρ1pγq “ ρ2pγq˝h; this map simply collapses each complimentary
component of the exceptional minimal set to a point. Furthermore, if ρ2 is
minimal, and ρ1 arbitrary, then any h satisfying this equation is necessarily
continuous. In particular, a semi-conjugacy h between two minimal actions
is invertible, and hence a conjugacy.

Observation 2.24. Let ρ2 P HompΓ,Homeo`pS1qq be minimal, and let ρ1

be any action semi-conjugate to ρ2, as in the previous observation. Then for
any γ P Γ, Perpρ2pγqq “ hPerpρ1pγqq, hence |Perpρ2pγqq| ď |Perpρ1pγqq|.

Another useful consequence of Observation 2.23 is that certain bending
deformations preserve the conjugacy class of rigid actions, as follows.
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Observation 2.25. Suppose that ρ is minimal and path-rigid, and let a, b
have ipa, bq “ ´1. Since bqpbq lies in a 1-parameter family, there is a bending
deformation replacing ρpaq with ρpbNqpbqaq for any N P Z. This bending is
realized by precomposition with a Dehn twist (see Section 2.2.2), so the new
representation has the same image as ρ; in paritcular it is minimal, hence
conjugate to ρ.

Our next goal is to show that semi-conjugacy is exactly the quotient re-
lation needed to produce the character space XpΓ,Homeo`pS1qq as defined
in the introduction. To motivate this (and give one tool for the proof) we
show first that this is certainly not the case for Homeo`pRq. Here there are
many dynamically distinct actions but the character space is a single point:

Proposition 2.26. For any discrete group Γ, the space XpΓ,Homeo`pRqq
consists of a single point.

Proof. Let ρ P HompΓ,Homeo`pRqq. Let S be a finite symmetric subset of
Γ. Given ε ą 0, we will conjugate ρ so that |ρpsqpxq ´ x| ă ε holds for
all s P S and x P R, hence show that conjugates of ρ approach the trivial
representation in the compact-open topology.

As a first case, assume also that the subgroup generated by S has no global
fixed points in R. Then define hp0q “ 0, and iteratively, for n P Z define
hpnε{2q “ maxsPS sphppn´1qε{2qqq if n ą 0, and hpnε{2q “ minsPS sphppn`
1qε{2qqq if n ă 0. Extend h over the interior of each interval rnε{2, pn`1qε{2s
as an affine map. Since S has no global fixed point, this map h is surjective,
hence it is an orientation-preserving homeomorphism. Furthermore, we have
hsh´1pnε{2q P rpn´1qε{2, pn`1qε{2s for all s P S. Thus, |hsh´1pxq´x| ă ε
holds for all x P R.

If instead the subgroup generated by S does have a global fixed point, we
may define h to be the identity on the set F of global fixed points, and define
it as above on each connected component of Rr F . �

Note that the same result holds more generally for spaces of continuous
representations when Γ is a topological group, with the modification that S
should be a compact set.

We now prove the main result of this section. In one direction of the proof
we will use a theorem of Ghys and Matusmoto, but we defer the statement
of this until after the proof as it leads naturally into the next section.

Proposition 2.27. Let Γ be any group. Two representations ρ1 and ρ2 in
HompΓ,Homeo`pS1qq are semi-conjugate if and only if they are χ-equivalent.

Proof. For one direction, it suffices to prove that the quotient of the space
HompΓ,Homeo`pS1qq by semi-conjugacy is Hausdorff. This follows from
Theorem 2.29 below (due to Ghys and Matsumoto), since the maps rot and
τ in the theorem are continuous, well defined on semi-conjugacy classes, take
values in the (Hausdorff) spaces S1 and R, and distinguish semi-conjugacy
classes. It follows that distinct semi-conjugacy classes are separated by in-
variant open sets in HompΓ,Homeo`pS1qq.

For the converse, we use the dynamical trichotomy from the remarks fol-
lowing Definition 2.22. If ρ has a finite orbit, then we can employ a similar
strategy to the proof of Proposition 2.26 to conjugate it arbitrarily close to
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an action on the circle by rigid rotations. Hence, there is a unique element
of the character space corresponding to the semi-conjugacy class of ρ.

Now suppose instead that ρ has an exceptional minimal set. By Observa-
tion 2.23 there is a minimal action ρ1 and continuous map h such that each
γ P Γ has lifts satisfying Ćρ1pγq ˝ h “ h ˝ Ąρpγq as in Definition 2.22. Let S be
a finite subset of Γ, and fix ε ą 0. Let δ P p0, εq be small enough so that for
all s P S and all x, y P S1, |x´ y| ă δ implies |ρ1psqpxq ´ ρ1psqpyq| ă ε.

Since h is continuous and commutes with x ÞÑ x` 1, we can approximate
it by a homeomorphism h1 P Homeo`Z pRq at C

0 distance at most δ from h.
Let s P S and x P R, and take the lifts Ćρ1psq and Ąρpsq as above. Then we
have

|Ćρ1psqpxq ´Ćρ1psq ˝ ph ˝ h1´1qpxq| ă ε

and
|h ˝ Ąρpsq ˝ h1´1pxq ´ h1 ˝ Ąρpsq ˝ h1´1pxq| ă ε,

hence the definition of semi-conjugacy and the triangle inequality gives

|Ćρ1psqpxq ´ h1 ˝ Ąρpsq ˝ h1´1pxq| ă 2ε.

This proves that every representation without finite orbit is χ-equivalent to
the minimal representation in its semi-conjugacy class. �

The content of the theorem of Ghys and Matsumoto used above is the
statement that representations to Homeo`pS1q are essentially determined
by rotation numbers of elements. To make this precise we need a definition.
Definition 2.28 (Translation cocycle). For f, g P Homeo`pS1q, define τpf, gq :“

rrotpf̃ g̃q´ rrotpf̃q´ rrotpg̃q, where f̃ and g̃ are any lifts of f and g to Homeo`Z pRq.
Note that the value of τpf, gq is independent of the choice of lifts.
Theorem 2.29 (Ghys [6], Matsumoto [19]). Let Γ be any group, and let S be
a generating set for Γ. Two representations ρ1 and ρ2 in HompΓ,Homeo`pS1qq

are semi-conjugate if and only if the following two conditions hold:
i) rotpρ1psqq “ rotpρ2psqq for each s P S,
ii) τpρ1paq, ρ1pbqq “ τpρ2paq, ρ2pbqq for all a and b in Γ.

As an illustration of the power of Theorem 2.29, let us prove a lemma that
will be very useful later on. For f1, . . . , fn P Homeo`pS1q, let

τpf1, . . . , fnq “ rrotpĂfn ˝ ¨ ¨ ¨ ˝ rf1q ´
ÿ

i

rrotprfiq

(which obviously does not depend on the choices of lifts). This is notationally
convenient, but actually contains no more information than the two-variable
τ , since

τpf1, . . . , fnq “ τpf1, fn ˝ ¨ ¨ ¨ ˝ f2q ´

n´1
ÿ

j“2

τpfj , fn ˝ ¨ ¨ ¨ ˝ fj`1q.

Lemma 2.30. Let f, g P Homeo`pS1q be two homeomorphisms with rational
rotation number. The following assertions are equivalent.

(1) f and g share a periodic point.
(2) For every ` ě 1 and all integers n1,m1, . . . , n`,m`, we have

τpfn1qpfq, gm1qpgq, ¨ ¨ ¨ , fn`qpfq, gm`qpgqq “ 0.
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Together with Theorem 2.29, this lemma asserts that given γ1, γ2 in a
group Γ, the property of whether or not ρpγ1q and ρpγ2q share a periodic
point only depends on the semi-conjugacy class of ρ. It is in this form that
Lemma 2.30 will be used throughout this text.

Proof. The implication p1q ñ p2q is trivial. For the converse, suppose
Perpfq X Perpgq “ H. Then S1 r pPerpfq Y Perpgqq is a union of inter-
vals. As Perpfq and Perpgq are closed, disjoint sets, only finitely many of
these complementary intervals have one boundary point in each of Perpfq
and Perpgq. The intervals bounded at their right by a point of Perpfq and at
their left by a point of Perpgq alternate with the others, in particular there
are an even number of such complementary intervals. Let I1, . . . , I2` denote
these intervals, in their cyclic order on the circle, and let Ij “ pxj , yjq. Up to
shifting the indices cyclically, we have xi, yi`1 P Perpgq and xi`1, yi P Perpfq
for all i even.

Choose a point x in I1. The interval px1, y2q contains only points of
Perpgq, hence there exists some power n1 of f qpfq, such that fn1qpfqpxq P I2.
Similarly, there exists a power n2 of gqpgq which maps fn1qpfqpxq into I3,
and so on. The last operation can be done so that the image of x, under
a suitable word gn`qpgqfn`qpfq ¨ ¨ ¨ gn2qpgqfn1qpfq, lies at the right of x in I1.
Then, choosing the canonical lifts of fniqpfq and gmiqpgq, we observe that
τpfn1qpfq, gm1qpgq, ¨ ¨ ¨ , fn`qpfq, gm`qpgqq ě 1. �

Remark 2.31. In the case Perpfq X Perpgq “ H, the integer ` in the proof
above also only depends on τ – in fact, it is the minimal integer such that
there exist mi, ni P Z with τpfn1qpfq, gm1qpgq, ¨ ¨ ¨ , fn`qpfq, gm`qpgqq ě 1.

To see this, fix h ă `. For any xj even, and any M,N P Z we have
{gMqpgq{fNqpfqp rxjq ă Ćxj`2, where rxj and Ćxj`2 are consecutive lifts of xj and
xj`2. Thus, for any choice of integers ni,mi we have

{gnhqpgq {fnhqpfq ¨ ¨ ¨ {gn2qpgq {fn1qpfqp rxjq ăČxj`2h

(again, taking consecutive lifts), and since h ă ` this implies that
{gnhqpgq {fnhqpfq ¨ ¨ ¨ {gn2qpgq {fn1qpfqpxq ă x` 1

for all x P R, whence τpfn1qpfq, gm1qpgq, ¨ ¨ ¨ , fn`qpfq, gm`qpgqq ă 1.

2.4. The Euler class. We now recall the Euler class for Homeo`pS1q as a
discrete group (equivalently, for flat topological S1 bundles) and state the
related results needed later in this work.

In fact, the real Euler class has already made a brief appearance – it is the
element eR P H2pHomeo`pS1q;Rq – R represented by the inhomogeneous
2-cocycle τ from Definition 2.28. The (integer) Euler class is the generator
e of H2pHomeo`pS1q;Zq – Z which maps to eR under the natural inclu-
sion. For the experts, we recall that Ghys’ original version of Theorem 2.29
above is the statement that the semi-conjugacy class of a representation
ρ : Γ Ñ Homeo`pS1q is determined by the bounded, integral Euler class
ρ˚peq P H2pΓ;Zq; Matsumoto translated this into the language of rotation
numbers.

The Euler number of a representation ρ : Γg Ñ Homeo`pS1q is the integer
xρ˚peq, rΓgsy, where rΓgs denotes the fundamental class, i.e. a generator of
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H2pΓg,Zq. Although this definition only makes sense for fundamental groups
of closed surfaces, (a surface with boundary has free fundamental group, and
H2pFn;Zq “ 0 ) there is a relative Euler number for surfaces with boundary,
which is additive when such subsurfaces are glued together. This can be
made precise in the language of bounded cohomology, and, following [3,
§ 4.3], we will use the following definition. (Compare also Goldman [8] and
Matsumoto [20].)

Definition 2.32 (Relative Euler number for pants.). Let P Ă Σg be a
subsurface homeomorphic to a pair of pants. If P contains the base point of
Σg, equip it with three curves a, b, c as in Figure 3. If not, choose a point
in P , and a path in Σg from its base point to the chosen point in P , and use
it to define three such curves a, b and c.

Let ρ : π1Σg Ñ Homeo`pS1q, and let Ąρpaq, Ąρpbq be any lifts of ρpaq and

ρpbq to Homeo`Z pRq, and let Ąρpcq “
´

ĄρpbqĄρpaq
¯´1

. Then the contribution of
P to the Euler number of ρ is

euP pρq “ rrot
´

Ąρpaq
¯

` rrot
´

Ąρpbq
¯

` rrot
´

Ąρpcq
¯

.

∗ a
c

b

cba = 1

Figure 3. A pair of pants with standard generators of its
fundamental group

This extends naturally to one-holed tori.

Definition 2.33 (Relative Euler number for one-holed tori.). Let T “

T pa, bq Ă Σg be a one-holed torus subsurface, where a and b are oriented
curves representing a standard pair of generators as in Figure 1. Let c “
ra, bs. Then the triple pb´1, a´1ba, cq forms a set of boundary curves of a
pants subsurface obtained by cutting T along a loop freely homotopic to b.
Let Ąρpbq and Ąρpaq be lifts of ρpbq and ρpaq respectively. Then, as rrot is con-

jugacy invariant, we have rrotpĄρpbq
´1
q “ ´ rrotpĄρpaq

´1
ĄρpbqĄρpaqq, so consistent

with the definition above, the relative Euler number of ρ on T is given by

euT pρq “ rrot

ˆ

Ąρpbq
´1

Ąρpaq
´1

ĄρpbqĄρpaq

˙

.

If the surface Σg is cut into pairs of pants (and/or tori), the Euler class
of ρ is the sum of the contributions of these subsurfaces. See [3, § 4.3] for
a detailed discussion, and [17] for a short exposition and a proof. With the
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consistent orientation of the boundary curves of each pant, eupρq is a sum of
6g´6 rotation numbers, in which each curve appears (up to conjugacy) with
a positive and a negative power, hence the resulting number is an integer.
We leave it as an exercise to the reader to verify that this agrees with the
standard definition of Euler number.

3. A first statement

This section proves the main theorem under a strong additional hypoth-
esis. We will show that if ρ is path-rigid and if for every a, b P Γg with
ipa, bq “ ˘1, ρpaq and ρpbq dynamically “look like” a geometric representa-
tion, then ρ is in fact geometric. In other words, the local condition that ρ
“looks geometric” on pairs a, b with ipa, bq “ ˘1 implies global geometricity.
To formalize this, we introduce some definitions.

Definition 3.1. Say that an element f P PSLkp2,Rq is hyperbolic if its
projection to PSLp2,Rq is hyperbolic. Equivalently, all its periodic points
are hyperbolic in the sense of classical smooth dynamics.

Definition 3.2. Let a, b P Γg and ρ : Γg Ñ Homeo`pS1q. Denote by Skpa, bq
(the notation ρ is suppressed) the property that
i. ipa, bq “ ˘1 and ρpaq and ρpbq are each separately conjugate to a hyper-

bolic element of PSLkp2,Rq, and
ii. their periodic points alternate around the circle, meaning that each pair

of points of Perpaq are separated by Perpbq, and vice versa.
If all pairs a, b with ipa, bq “ ˘1 have Skpa, bq, then we say that ρ has
property Sk.

With this notation we can state the main result of this section.

Theorem 3.3. Let ρ be a path-rigid, minimal representation, and suppose
ρ satisfies Sk for some k. Then ρ is geometric.

Before embarking on the proof, we discuss some other variations on hy-
perbolicity to be used later in the section.

Let f P Homeo`pS1q. We say that an open interval I Ă S1 is attracting
for f if fpIq Ă I. We say that I is repelling for f if it is attracting for
f´1. Matsumoto [20] calls homeomorphisms that do not admit attracting
intervals tame. In line with his terminology, we call those homeomorphisms
which do savage. More specifically, we have:

Definition 3.4. A homeomorphism f P Homeo`pS1q is n-savage if there
exist 2n open intervals with pairwise disjoint closures, indexed in cyclic order
by I´1 , I`1 , . . . , I´n , I`n such that

fpS1 r pYnj“1I
´
j qq “ Y

n
j“1I

`
j .

In this sense, savage means 1-savage.
The next observation is an immediate consequence of the definition, we

leave the proof to the reader.

Observation 3.5. If f is n-savage, then fk is also n-savage for any k P
Zrt0u. Furthermore, rotpfnq “ 0 and f has least one periodic point in each
interval I`j and I´j .
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As a concrete example, note that if f is conjugate to a hyperbolic element
in PSLkp2,Rq, then f is n-savage if and only if n ď k.

The intervals I`j and I´j in the definition of savage are by no way unique,
but it will be convenient to use the notation I`pfq :“ Ynj“1I

`
j and I´pfq :“

Ynj“1I
´
j , even if this these sets depend on choices. We also set Ipfq :“

I`pfq Y I´pfq.

Definition 3.6. Two n-savage homeomorphisms f, g P Homeo`pS1q are in
n-Schottky position if their respective attracting and repelling intervals I˘j
can be chosen so that Ipfq and Ipgq have disjoint closures.

Note that, if f and g are n-Schottky, then f´1 and g are n-Schottky as
well. Note also that the condition Skpa, bq is not equivalent to k-Schottky,
although Skpa, bq does imply that aN and bN are k-Schottky for sufficiently
large N . One of the challenges we face is to show that hypothesis Sk on
a path-rigid representation ρ implies that a and b are indeed k-Schottky
whenever ipa, bq “ ˘1.

3.1. Outline of Proof of Theorem 3.3. We start in Section 3.2 with a
series of lemmas that use rigidity and property Sk to show the cyclic order of
periodic points of various non-separating curves agrees with that of a geomet-
ric representation, and that certain pairs of curves are k-Schottky. Following
this, we show in Section 3.3 that the Euler number of a path-rigid, minimal,
Sk representation agrees with a geometric one, i.e. is equal to ˘2g´2

k . From
there, we need to improve this essentially combinatorial result to the fact
that the representation is actually geometric. Our main tool is existing work
of Matsumoto on Basic Partitions. His technique uses a decomposition of
the surface into one-holed tori and pairs of pants, involving many separating
curves, which on the level of fundamental groups corresponds to a decompo-
sition of Γg into a tree of groups. However, our hypothesis Sk is a condition
on non-separating curves (which is much more natural for us, given that we
are working with standard generators, chains, and bending deformations).
Thus, before invoking Matsumoto, we must pass from non-separating to sep-
arating curves; this is done in Section 3.4. (A more direct approach would be
to adapt Matsumoto’s techniques to a general decomposition of the surface
group into a graph of groups, but this Pyrrhic victory would actually make
our proof longer and more difficult.)

We are now ready to embark on the proof. Throughout, we make the
following assumption.

Assumption 3.7. For the rest of this section, ρ denotes a path-rigid minimal
representation of Γg that satisfies Sk. To simplify notation, we often omit ρ,
identifying a P Γg with ρpaq P Homeo`pS1q. Thus, we will speak of Perpaq,
denote an attracting point of ρpaq by a`, etc.

3.2. Order of periodic points. Property Sk makes it much easier to un-
derstand periodic points under deformations. We start with several lemmas
to this effect.

Lemma 3.8. Let ipa, bq “ 1, let F Ă S1 be a countable set, and let bt be
a positive one-parameter family commuting with b “ ρpbq. Then for some
t P R, we have Perpbtρpaqq X F “ H.



22 KATHRYN MANN AND MAXIME WOLFF

Proof. We use the notation from Section 2.2.3. Path-rigidity of ρ implies
that rotpbtaq is constant, and Property Sk implies that P pb, aq “ H, so we
need only worry about points in U “ Upb, aq. Thus, provided t R Tb,apF q,
we have Perpbtaq X F “ H. �

Lemma 3.9 (Disjoint curves have disjoint Per). Let pa, b, cq be a completable
directed 3-chain. Then Perpaq X Perpcq “ H. In fact, Perpcq X bnpPerpaqq “
H for all n P Z.

Proof. Fix n P N. Complete pa, b, cq to a directed 4-chain pa, b, c, dq, and
apply a bending deformation replacing c with dtc (leaving the action of a
and b unchanged, hence bnPerpaq unchanged), for a positive family dt. By
Lemma 3.8, there is some t such that Perpdtcq X bnPerpaq “ H. Now the
conclusion follows from path-rigidity of ρ, together with Lemma 2.30. �

Note that, if ipa, bq “ ˘1, then for any n P Z we also have ipbna, bq “ ˘1,
hence Skpbna, bq holds. The next lemma describes the position of the periodic
points of Skpbna, bq for large n. This is particularly useful since there exist
bending deformations replacing the pair a, b with bna, b provided that qpbq
divides n (see Observation 2.25).

Lemma 3.10 (Movement of Per by bending). Suppose ipa, bq “ ˘1. Then
as N Ñ `8, the points of Per`pbNaq approach Per`pbq, and Per´pbNaq ap-
proaches a´1Per´pbq; similarly, as N Ñ ´8, Per`pbNaq approaches Per´b
and Per´pbNaq approaches a´1Per`pbq.

Proof. The conclusion of the lemma is an easy exercise, provided that a´1PerpbqX
Perpbq “ H. We claim that path-rigidity of ρ implies this extra provision.
To see this, suppose for example that ipa, bq “ 1, and let pc, a, bq be a com-
pletable directed 3-chain. By Lemma 3.9, Perpcq X Perpbq “ H. Thus,
we can make a positive bending deformation replacing a with act, until
pactq

´1Perpbq X Perpbq “ H. �

Notation 3.11. Let f and g be homeomorphisms of S1. When talking
about cyclic order of periodic points, we use the notation ppf`, g`, g´, f´qqk
to mean that, in cyclic order, there is one attracting point for f , followed by
an attracting point for g, followed by a repelling point for g, followed by an
attracting point for f , with this pattern repeating k times. The notation f˘
means any point from Perpfq. We also use other obvious variations, such as
ppf˘, g´, f˘, g`qqk, and extend this naturally to periodic points of three or
more homeomorphisms.

When such a cyclic order is given, we call an interval I Ă S1 of type
pf`, g´q if it is bounded on the left (proceeding anti-clockwise, using the
natural orientation of S1) by a point of Per`pfq and on the right by a point
of Per´pgq. Of course, we also use other obvious variations.

Lemma 3.12 (Periodic points of 3-chains). Let pa, b, cq be a completable
directed 3-chain. Then, up to reversing the orientation of the circle, the
periodic points of a, b and c come in the following cyclic order:

`̀

a´, b´, a`, c˘, b`, c˘
˘̆

k
,
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Proof. Up to reversing orientation of S1, we may suppose that the cyclic
order of points in PerpaqYPerpbq is ppa´, b´, a`, b`qqk. Choose two consecutive
points of Perpbq (in cyclic order), and denote these by b´ and b`. (To
avoid unnecessary subscripts or superscripts, we will often use f˘ to denote
a specific attracting/repelling fixed point of a homeomorphism f , and the
double-bracket notation above to indicate the cyclic order of a set of fixed
points.) Let a` be the point of Perpaq between b´ and b`, and let c˘ be the
periodic point of c in this interval (there is exactly one by hypothesis Sk).
We know that the points of Perpaq in the interval pb´, b`q are in cyclic order
pb´, a`, bqpbqpa`q, b`q.

By Lemma 3.9, c˘ cannot be equal to a` or bqpbqpa`q. Suppose for contra-
diction that c˘ lies in the interval pb´, a`q, or in the interval pbqpbqpa`q, b`q.
Then the closed segment ra`, bqpbqpa`qs does not contain any periodic point
of c. Let pctqtPR be a positive 1-parameter family commuting with c, and use
this to perform a bending along c as in Section 2.2.3. Using the notation from
this section, we have δc,bpa`, 0q ą 0, but for t sufficiently negative, we have
∆c,bpa

`, 0, . . . , 0, tq ă 0. Thus, for some t0 ă 0, we have δc,bpa`, t0q “ 0,
i.e. a` P Perpct0bq X Perpaq. This, together with Lemma 2.30 and the path-
rigidity of ρ, yields a contradiction.

The same argument applies to an interval of the form pb`, b´q, where b`
and b´ denote two other consecutive points of Perpbq. In that case, the
argument shows that the (unique) periodic point of c in this interval lies
between points of the form bqpbqpa´q and a´, proving the lemma. �

In particular, for all pairs a, c P Γg such that there exists a completable
3-chain pa, b, cq, Lemma 3.12 provides information about the periodic sets of
a and c.

Corollary 3.13. Let a and c be two non separating curves with ipa, cq “ 0,
and suppose c is not conjugate to a or a´1. Then their periodic points are
in cyclic order ppa˘, a˘, c˘, c˘qqk.

Proposition 3.14. Let pa, b, cq be a completable directed 3-chain. Then, up
to reversing the orientation of the circle, the periodic points of a, b and c and
the b-preimages of Perpcq are in cyclic order

`̀

a´, b´1pc˘q, b´, b´1pc˘q, a`, c˘, b`, c˘
˘̆

k
.

Proof of Proposition 3.14. Apply a bending deformation of ρ replacing b
with cNqpcqb, and leaving the action of c and a unchanged. By Lemma 3.10,
forN sufficiently large, Per´pcNqpcqbq approaches b´1Per´pcq, and Per´pc´Nqpcqbq
approaches b´1Per`pcq. Since ρ is path-rigid, the cyclic order of periodic
points is invariant under these deformations, hence the points b´1pc˘q all
must lie in intervals of type pa´, a`q.

Now up to replacing c with c´1 (its orientation is unimportant in this
proof) we may assume that the order of periodic points given by Lemma 3.12
is ppa´, b´, a`, c`, b`, c´qqk. Then b´1Per´pcq lies in the intervals of type
pb`, b´q, as b preserves these intervals. Thus, points of b´1Per´pcq are
between consecutive points of Per´paq and Per´pbq. Similarly, the points
b´1pc`q are between consecutive points of the form b´ and a`. �

The following variation is proved using the same style of argument.
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Lemma 3.15. Let a, b, c P Γg be three non-separating curves such that
ipa, bq “ ´1 and c is disjoint from T pa, bq. Up to reversing the orienta-
tion of S1, we may suppose that the periodic points of a and b are in the
order ppa´, b`, a`, b´qqk. Then the periodic points of c all lie in intervals of
type pb´, a´q.

Note that the order in which we prefer to take the periodic points of a
and b is different here than in the two preceding statements, because here
ipa, bq “ ´1.

Proof. Similar to the proof of Proposition 3.14, we perform bending defor-
mations. Since ρ is path-rigid, the cyclic order of periodic points does not
change after the bending deformation replacing b with aNqpaqb (leaving a and
c unchanged). The effect of these deformations is to push Per`pbq as close as
we want to either Per`paq or Per´1paq. Applying Lemma 3.10 as in the proof
of Proposition 3.14 shows that periodic points of c cannot be in the intervals
of type pa´, b`q or pb`, a`q – as the argument is entirely analogous, we omit
the details. The same argument again using the deformation replacing a by
bNqpbqa shows that the periodic points of c cannot be in the intervals of type
pa`, b´q, either. �

Proposition 3.16. Let a, c be two non separating curves with ipa, cq “ 0,
and suppose c is not conjugate to a or a´1. Then ρpaq and ρpcq are in
k-Schottky position.

Proof. Up to changing the orientation of c, we may choose non separating
curves b and d such that pa, b, c, dq is the beginning of a standard basis of
π1Σg.

Using a deformation as in Lemma 3.9, path-rigidity of ρ implies that the
points of Per´pdq, c´1Per`pdq, Per´pbq, and a´1Per`pbq are all distinct. Fix
small disjoint neighborhoods U` of Per´pdq, U´ of c´1Per`pdq, and also V `
of Per´pbq, and V ´ of a´1Per`pbq.

By Lemma 3.10, if n is large enough, d´nqpdqcpS1 r U´q Ă U` and
b´nqpbqapS1 r V ´q Ă V `, so we may find 2k disjoint attracting and re-
pelling intervals for d´nqpdqc and b´nqpbqa as in the definition of k-Schottky.
Now there exists a bending deformation that replaces c with d´nqpdqc and a
with b´nqpbqa, and it follows from Observation 2.25 that this deformation is
conjugate to the original action. Thus, a and c are k-Schottky. �

Proposition 3.17. Let a, c be two non separating curves with ipa, cq “ ˘1.
Then ρpaq and ρpcq are in k-Schottky position.

Proof. Choose b and d so that pb, a, c, dq is a 4-chain. Now follow the proof
above. �

From Proposition 3.16 we deduce an enhanced version of Lemma 3.12.

Proposition 3.18. Let pa, b, cq be a completable directed 3-chain. Then, up
to reversing the orientation of the circle, the periodic points of a, b and c are
in cyclic order ppa´, b´, a`, c´, b`, c`qqk.

Proof. Following Proposition 3.14, we need only discard the possibility that
the order is ppa´, b´, a`, c`, b`, c´qqk. Suppose for contradiction that this
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order does hold. By Proposition 3.16, we know that a and c each have 2k
intervals as in Definition 3.4, with pairwise disjoint closures. As |Perpaq| “
|Perpcq| “ 2k, each of these intervals contains exactly one periodic point, so
their cyclic order is specified by the order of periodic points given above.

Note that ca is non-separating, as the 3-chain pa, b, cq is completable. Also,
ρpcaq is k-savage, and we may take I´pcaq Ă I´paq and I`pcaq Ă I`pcq.
With the same argument as above, ρpcaq has exactly one repelling periodic
point in each interval of I´pcaq, and one attracting periodic point in each
interval of I`pcaq.

If Perpbq is disjoint from I´paq Y I`pcq, then this is enough to imply
that the periodic points of ca and b alternate, contradicting Lemma 3.12,
since ipca, bq “ 0. Thus, it only remains to prove that Perpbq can be made
disjoint from I´paqYI`pcq to finish the proof. This can be done in the same
manner as that of Proposition 3.16. First, complete pa, b, cq into a directed
5-chain pα, a, b, c, γq. Then, consider a bending deformation of ρ, where b is
unchanged but the action of a is replaced by that of aαNqpαq and the action
of c by γNqpγqc for N large. By Observation 2.25 this new action is conjugate
to ρ. Now, provided N is large enough, we can choose our Schottky intervals
to be as narrow as we want, around the points α´, apα`q, γ` and c´1pγ´q
which, using Lemma 3.9, are disjoint from Perpbq. �

3.3. Euler number. As a consequence of the work in the previous section,
we can now show that the Euler number of ρ agrees with a geometric repre-
sentation.

Theorem 3.19. Let ρ be path-rigid, minimal and satisfy Sk. Then |eupρq| “
2g´2
k .

In fact, we will show the following stronger statement, which implies The-
orem 3.19 by additivity of the Euler number on subsurfaces.

Theorem 3.20. Up to changing the orientation of the circle, for every pair-
of-pants subsurface P Ă Σg, the relative Euler class of ρ on P is ´1

k .

This is true in particular for one-holed torus subsurfaces, which will be of
interest in the next subsection.

Definition 3.21. Let ipa, bq “ 1. We say that the ordered pair pa, bq is of
type` if the periodic points of a and b are in the cyclic order ppa´, b´, a`, b`qqk.
Otherwise, we say that pa, bq is of type ´.

As a consequence of Proposition 3.18, for every oriented, completable
directed 3-chain pa, b, cq, the pairs pa, bq and pb, cq have the same type. Thus,
Lemma 2.11 implies that all one-holed tori have the same type. Thus, up to
conjugating ρ by an orientation-reversing homeomorphism, we may suppose
the type is always `.

Proof of Theorem 3.20. We begin by proving the claim for a pair of pants
P , such that at least two boundary components of P are non-separating.
Denote by a´1, c´1, and ac the three boundary components of P , with the
convention of Figure 3, and suppose that a and c are non-separating. With
these choices of orientations, the Euler number of ρ on P will be equal to
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rrotppapcq´ rrotppaq´ rrotppcq, and there exists a curve b such that pa, b, cq is an ori-
ented, completable, directed 3-chain (the end of the proof of Observation 2.9
justifies the existence such a curve b).

Since pa, bq is of type `, it follows from Proposition 3.18 that the peri-
odic points of a and c are in cyclic order ppa´, a`, c´, c`qqk; and by Propo-
sition 3.16, they are in k-Schottky position, with Schottky intervals I˘j paq
and I˘j pcq. Lift these to intervals Ĩ˘j paq and Ĩ

˘
j pcq Ă R, indexed by integers,

and in order
...Ĩ´j paq, Ĩ

`
j paq, Ĩ

´
j pcq, Ĩ

`
j pcq, Ĩ

´
j`1paq, ...

such that the projection to S1 is given by taking indices mod k. It fol-
lows easily from the definition of Savage (see also Observation 3.5) that
papĨ`j paqq Ă Ĩ`j``paq for some ` (which depends of course on a) and in this
case `{k “ rrotppaq. An analogous statement holds also for c; let m{k denote
its translation number.

Since a and c are in k-Schottky position, their product ac is k-savage, and
we can take I´pacq “ I´pcq and I`pacq Ă I`paq. Note that each of the k
intervals of I`pacq is contained in a different interval of I`paq. We now track
images of intervals to compare translation numbers. Set the indexing of the
intervals Ĩ˘pacq so that Ĩ`1 paq “ Ĩ`1 pacq. This lies between Ĩ

`
0 pcq and Ĩ

´
1 pcq,

so we have
cpĨ`1 pacqq Ă Ĩ`mpcq

and similarly, since Ĩ`mpcq lies between Ĩ`mpaq and Ĩ
´
m`1paq, we have

acpĨ`1 pacqq Ă apĨ`mpcqq Ă Ĩ`m``paq “ Ĩ`m``pacq.

Thus, k ¨ rrotppapcq “ m``´1 “ k ¨ rrotppaq`k ¨ rrotppcq´1 and hence kp rrotppapcq´
rrotppaq ´ rrotppcqq “ ´1, as desired.
This implies Theorem 3.19, as we can cut the surface Σg into pairs of

pants whose boundary components are all non-separating.
Now, if P is a pair of pants with possibly more than one separating bound-

ary component, then Σg r P admits a pants decomposition whose pants all
have at most one separating boundary component. The fact that the contri-
bution of P to the Euler class of ρ is ´1

k is then a consequence of Theorem 3.19
and the additivity of the Euler class. �

In fact, 3.17 implies an even stronger statement:

Proposition 3.22. Let ipa, bq “ ˘1. The restriction of ρ to xa, by is semi-
conjugate to the restriction of a geometric representation in PSLkp2,Rq.

Proof. The fact that ρ is k-Schottky allows one to apply the classical ping-
pong lemma to the action of a and b. A careful reading of the classical proof
of the ping-pong lemma not only shows that some point x P S1 has a free
orbit under a and b, but that the cyclic order of x is determined by the cyclic
order of the domains I ˘ paq and I ˘ pbq, and their images under a and b;
this determines the action up to semi-conjugacy. A detailed proof is written
out in Lemma 4.2 in [16]. Alternatively, this can be proved by Matsumoto’s
theory of Basic Partitions, as in Example 3.31 and the comments following
Example 3.32 below. �
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3.4. Surfaces bounded by separating curves. Fix a standard basis tai, biu
for Γg, and let ci “ rai, bis. By considering the one-holed tori T pai, biq in
Theorem 3.20, we know that, up to reversing the orientation of the circle,
rotpciq “ ´1{k for all i. We fix this orientation, for the rest of this section.
We now discuss the cyclic order of their periodic points, and the images
cipPerpcjqq. This, combined with the fact that ai and bi are k-Schottky, will
furnish enough combinatorial data to conclude (in the next subsection) that
ρ is geometric.

Recall from the previous section that, up to reindexing the basis, we have
the cyclic order of periodic points

`̀

a´1 , b
`
1 , a

`
1 , b

´
1 , a

´
2 , b

`
2 , a

`
2 , b

´
2 , ...

˘̆

k

and that, for each i, the restriction of ρ to xai, biy is semi-conjugate to a
PSLkp2,Rq geometric representation. Let c`i denote points in the set of
closest points of Perpciq to Per´pbiq, and let c´i denote points in the set of
closest points of Perpciq to Per´paiq. Both of these two “closest points” sets
have cardinality k. We are slightly abusing notation here, because the points
c`i and c´i need not be attracting or repelling points. But this abuse will be
justified shortly.

Using our notation for cyclic order of points, the fact that the restriction
of ρ to xai, biy is semi-conjugate to a geometric representation implies that
these points are in the cyclic order

`̀

c´i , a
´
i , b

`
i , a

`
i , b

´
i , c

`
i

˘̆

k
for each i. We

now make a stronger claim.

Lemma 3.23. The periodic points of ai, bi and ci, with the notation above,
are in the cyclic order

`̀

c´1 , a
´
1 , b

`
1 , a

`
1 , b

´
1 , c

`
1 , c

´
2 a
´
2 , b

`
2 , a

`
2 , b

´
2 , c

`
2 , ...

˘̆

k
,

with the possibility that c`i “ c´i`1 (taking indices mod k) for some of the
points c`i and c´i`1 (not necessarily respecting the repetition of the pattern k
times).

Proof. Since c`i and c´i are in BPerpciq, it suffices to prove the following.

Claim. Let I be an interval of type pc´i , c
`
i q, and let j ‰ i. Then BPerpcjqX

I “ H.

Suppose for contradiction that this claim is false, and let x P BPerpcjqX I.
Let ct be a positive one parameter family commuting with ci and sup-
ported on I. Apply a bending deformation in the separating simple closed
curve ci, so that ρtpaiq “ ctρpaiqc

´1
t . Since this deformation is a conju-

gacy on xai, biy, we have |Perρtpaiq| “ 2k for all t, and there is exactly
one point of Per`pρtpaiqq in each interval of type pρtpbiq`, ρtpbiq´q, which
moves continuously through the interval I. Now for some t, we have x P
Per`pρtpaiqq XPerpρtpcjqq. Since ρ was assumed minimal, the cardinality of
Per`pρtpaiqqrPerpρtpcjqq can only increase, hence must have been constant.
Since tρtpxq | t P Ru “ I, this implies that I Ă Perpρtpcjqq “ Perpρpcjqq, a
contradiction. This proves the claim, and hence the lemma. �

In order to eliminate the case that some c`i “ c´i`1 and for future work,
we use a result of [14].



28 KATHRYN MANN AND MAXIME WOLFF

Lemma 3.24. (1) Any two points of the form c`i and c´j are distinct.

(2) We have rrotpqci...qc2 qc1q “
´p2i´1q

k for all i “ 1, ..., g ´ 1.
(3) Each point cipc`i´1q lies in an interval of type pc`i , c

´
i q, and within

this interval, we have c`i ă cipc
`
i´1q ă c`i`1 ă c´i .

In the statement above, the lifts qci to Homeo`Z pRq are the “canonical
lifts” of ci, in the sense that regardless of the choices of lifts ai, bi we have
rai, bis “ qci; this holds because the participation of T pai, biq to the Euler
class of ρ is ´1

k . Note that this is different than the canonical lifts defined in
Notation 2.16.

The proof of Lemma 3.24 is accomplished by tracking the orbit of points
under initial strings of the word pqci ¨ ¨ ¨ qc2 qc1q

k. In essence, the constraint
on the Euler number of ρ (i.e. the translation number of qcg ¨ ¨ ¨ qc2 qc1) com-
bined with the cyclic order of the periodic points of the ci places strong
constraints on the rotation numbers and images of points under initial sub-
words of qcg ¨ ¨ ¨ qc2 qc1. However, since this computation is already carried out
exactly in previous work of one of the authors, we will save time here by just
quoting the relevant results. A very similar argument is given, with complete
details, in the proof of Lemma 3.26 later on.

Proof of Lemma 3.24. Note that, for each i, the points c`i are all in a single
orbit, because of Proposition 3.22. The same is true for the c´i . Since we
know the Euler number of ρ is ´p2g´2q

k , and this is equal to rrotpc̄g´1c̄g...c̄1q´

1{k, Proposition 4.6 in [14] applied to the sets of lifts of periodic points c̃`i
gives the second and third part of the statement – the fact that cipc`i´1q lies
in an interval of type pc`i , c

´
i q is immediate, and the rest of (2) is a direct

translation of Proposition 4.6 into our notation. With regards to notation,
we warn the reader that, although Proposition 4.6 also uses ci to denote
homeomorphisms, rotation numbers there are assumed positive. However,
the indexing and composition works out by using c̃i there to stand for our
ppciq

´1.)
The first part now follows immediately from Corollary 4.8 of [14]. �

Given the lemma above, one can use a further result of [14] to understand
the location of all periodic points of the ci.

Corollary 3.25 (Cor. 4.8 of [14]). Keeping the notation above, if xi denotes
any periodic orbit of ci, then these points are in cyclic order

ppx1, x2, ..., xgqqk .

In particular, Perpciq X Perpcjq “ H for all i ‰ j; and these periodic sets
satisfy the property that each connected component of S1 r Perpciq either
contains a point of the form c`j , or does not intersect Perpcjq.

Proof. The statement that periodic points of c1, c2, ..., cg´1 are in cyclic order

ppx1, x2, ..., xg´1qqk

is exactly the statement of Cor. 4.8 of [14]. Applying this again to c3, ...cg, c1

instead gives the statement above. �
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c1

c2

d1

c3

d2 . . .

cg´1

dg´3

cg “ d´1
g´2

Figure 4. A flute decomposition of Σg in pairs of pants and tori

These lemmas (mostly) justify our use of notation c˘i , as it is easy to com-
pute from the location of periodic points of ai and bi that c

qpciq
i is increasing

on the intervals of type pc´i , c
`
i q.

To summarize, Corollary 3.25 says that if one looks only at the periodic
points of the curves ai, bi and ci defined above, then ρ is indistinguishable
from a representation semi-conjugate to a geometric one. Our next goal is
to understand the dynamics of other separating curves. Keeping the index-
ing as above, we decompose Σg into the tori T pai, biq and g ´ 2 pants, by
adding the curves d1 :“ c2c1 and dj :“ cj`1dj´1 for i “ 2, ..., g ´ 2. Note
that dg´2 “ c´1

g , and for convenience we set the notation d0 :“ c1. These
curves are illustrated in Figure 4 – for simplicity we have drawn unbased,
unoriented curves in their free homotopy classes, but as always the basepoint
and orientation is important.

Corollary 3.25 tells us the cyclic order of points Perpqcjq. In particular,
S1 r

Ť

i‰j Perpciq has exactly k connected components that contain points
of Perpcjq. Enumerate these connected components in cyclic order and let
Jmpcjq denote the closed interval between the leftmost and rightmost point
of Perpcjq in the mth component, for m “ 1, 2, ..., k. Note that the union
of left endpoints of the Jmpcjq, for fixed j, lie in a single orbit because of
Corollary 3.25, and the same is true of the union of right endpoints. See
Figure 5 for a schematic illustration of Jpc1q and Jpc2q in the case k “ 1.

Abusing notation slightly, for m P Z let Jmpcjq denote the lift of the
previously defined intervals to R, and reindex if needed so that these are in
linear order

...Jmpc1q, Jmpc2q, ..., Jmpcgq, Jm`1pc1q, Jm`1pc2q, ...

With this notation, we have qcjpJmpcjqq “ Jm´1pcjq.

Lemma 3.26. Let x P R be greater than the leftmost endpoint of Jipc1q, and
let 1 ă n ă g. Then p qcn ¨ ¨ ¨ qc2 qc1q

kpxq is greater than the rightmost endpoint
of Ji´kp2n´1qpcnq. In particular, for all x in the convex hull of Jipc1qYJipcnq,
we have p qcn ¨ ¨ ¨ qc2 qc1q

kpxq ą x´ p2n´ 1q.

In this and later proofs, for sets A,B Ă R, we use the notation A ą B to
mean that a ą b holds for all a P A and b P B. If A “ tau, then we write
a ą B.
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c1 c2

c3
d2

d1

c4d3

cg

Jpc1q Jpc2q

I´pd1q I`pd1q

I`pd2q

I`pd3q

Figure 5. Sorting periodic points

Proof. Let x be greater than the leftmost endpoint of Jipc1q. Then qc1pxq is
greater than the leftmost endpoint of Ji´1pc1q. Since Ji´1pc1q ą Ji´2pc2q, we
have qc1pxq ą Ji´2pc2q, hence qc2 qc1pxq ą Ji´3pc2q. Repeating this argument,
we have that qcn ¨ ¨ ¨ qc2 qc1pxq ą Ji´p2n´1qpcnq ą Ji´p2n´1qpc1q. Now apply this
k times, and conclude that p qcn ¨ ¨ ¨ qc2 qc1q

kpxq ą Ji´kp2n´1qpcnq. �

From now on, we denote by di “ qci ¨ ¨ ¨ qc1 the “prefered” lift of di to
Homeo`Z pRq.

Lemma 3.27. For each i “ 1, 2, ...g ´ 3, all the periodic points of Perpdiq
are contained in 2k segments. Lifting these to R, and denoting the segments
by I´mpdiq and I`mpdiq, they occur in the order

Jm´1pcgq ă I´mpdg´3q ă ¨ ¨ ¨ ă I´mpd2q ă . . . ă I´mpd1q ă Jmpc1q and

Jmpci`1q ă I`mpdiq ă Jmpci`2q for all i.

In brief, Lemma 3.27 says that the sets of periodic points of ci, ai, bi and
di are indistinguishable from those of a geometric representation. Figure 5
gives a cartoon of this in the case k “ 1. Inside the boxes, the dynamics of ci
and di are not known. However, outside, the homeomorphisms behave like
hyperbolic elements of PSLp2,Rq with axes as indicated in the figure. The
general case k ą 1 is obtained by thinking of a lift of these dynamics to the
k-fold cover of the circle, and composing with appropriate rotations.

Proof. We start with the base case of d1 “ c2c1. Lemma 3.26 above says
that d1

k
pxq ą x ´ 3 on the convex hull of Jmpc1q Y Jmpc2q, for all m. In

particular, since rrotpd1q “
´3
k , it has no periodic points there. Now we

perform a similar computation for the other half of the statement. Suppose
that x is less than or equal to the right endpoint of Jmpcgq. Then we have
qc2 qc1pxq ă Jm´3pc3q ă Jm´3pcgq. Hence d1

k
pxq ă Jm´3kpc3q. This implies in

particular that d1 has no periodic points in the convex hull of Jmpc3qYJmpcgq,
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for any m; this shows that the periodic set of d1 has indeed the configuration
as in Figure 5, and as stated in the Lemma.

We now repeat the argument of Lemma 3.26 using the collection of home-
omorphisms d1, c3, c4, ...cg instead of c1, c2, c3...cg. To do this, let Jmpd1q

denote the intervals bounded by the leftmost and rightmost endpoints of
Perpd2q between consecutive points of Perpcgq and Perpc3q. It follows from
the dynamics of d1 “ c2c1 above that d1pJmpd1qq “ Jm´3pd1q. This can be
fed it into the computation from Lemma 3.26 to conclude that d2

k
pxq ą x´5

holds on the convex hull of Jmpd1qYJmpc3q (hence dm has no periodic points
there) and the computation from the base case can be repeated to show
qc3d1

k
pxq “ d2

k
pxq ă Jm´3kpc4q for all x less than the right endpoint of

Jmpcgq. This process can be iterated; defining Jmpdiq and repeating first
the calculation from Lemma 3.26, then the computation from the base case,
for the homeomorphisms di, ci`2, ...cg each time. The result is a description
of periodic sets of the di in cyclic order exactly as in the statement of the
Lemma. �

Finally, we discuss the images of periodic points of the di.

Lemma 3.28. Keeping the notation from before, let I˘m denote the minimal
intervals (possibly singletons) satisfying the conclusion of the Lemma above.
Then we have, for all m P Z,

I`m´p2i`1qpdiq ă dipI
˘
mpdi`1q ă Jm´p2i`1qpci`2q.

Proof. The first inequality is immediate, given that rrotpdiq “
´p2i`1q

k . The
second inequality can be deduced from the locations of periodic points,
as follows. Assume for simplicity that m “ 0. If instead there is some
x P I˘0 pdi`1q and y P J´p2i`1qpciq with dipxq ą y then using the fact that
rrotp}ci`2q “ ´1{k and that Jpci`2q is ci`2-invariant, we have di`1pxq “
}ci`2dipxq ą J´2i´3pciq. Since J´2i´3pciq ą I´´2i´3pdi`1q, we conclude that
di`1

k
pxq ą I´kp´2i´3qpdi`1q. However, since I´0 pdi`1q was assumed minimal,

and I`0 pdi`1q ă I´0 pdi`1q, there is some point x1 ą x in I´0 pdi`1q that is
periodic for di`1, i.e di`1

k
px1q “ x1 ` p´2i ´ 3q P I´kp´2i´3qpdi`1q. But this

contradicts the inequality above. �

3.5. Basic partitions and combinations. We keep the decomposition of
the surface and the notation ci and di from the previous section. Our next
goal is to show that the cyclic order of periodic points and basic dynamics
of the curves ai, bi, ci and di established so far is sufficient information to
determine the dynamics of ρ, namely, that it is geometric. For this, we
apply tools developed by Matsumoto that allow one to recover a geometric
representation from this kind of essentially combinatorial data. The first of
these tools is a Basic Partition.

Definition 3.29 (Matsumoto [21]). Let G be a group generated by a finite
symmetric set S, and let ρ : GÑ Homeo`pS1q. A Basic Partition (BP) for
ρpGq is a collection P of disjoint closed intervals of S1 satisfying
i) for each I P P , there is a unique sI P S such that ρpsIqpIq is a union of
m “ mpIq elements of P and m´ 1 complementary intervals to P ,
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ii) for any s ‰ sI in S, the image ρpsqpIq is a proper subset of an element
of P , and

iii) for any complementary interval J to P and s P S, either ρpsqpIq is
contained in the interior of P , or is a complementary interval to P .

These properties of a BP (reminiscent of a Markov partition) imply that
the cyclic order of the images of the endpoints of intervals in the BP under
the elements s P S is determined by the cyclic order of the intervals I,
and the intervals containing or comprising their images under the st. This
observation, together with an inductive argument on word length, allows
Matsumoto to prove the following.

Theorem 3.30 (4.7 in [21]). Let ρ1 and ρ2 P HompG,Homeo`pS1qq. Sup-
pose that ρ1 has a basic partition P . If there exists ξ P Homeo`pS1q such
that tξpIq : I P P u is a BP for ρ2 respecting the group action (i.e. with
sI “ sξpIq and sIpxq P J ô sξpIqξpxq P J for any endpoint of a BP interval
x), then ρ1 and ρ2 are semi-conjugate.

The following is an essential and elementary example of a BP.

Example 3.31 (Basic Partition for one-holed torus groups). Let G “ xa, by,
and suppose that a and b are two hyperbolic elements of PSLp2,Rq in 1-
Schottky position, with fixed points in cyclic order a´, b`, a`, b´. Let x
and y be the repelling and attracting fixed points o ra, bs, respectively. Then
the points

y, x, bpyq, bpxq, abpyq, bapxq, apyq, apxq

are in cyclic order, and the intervals

rx, bpyqs, rbpxq, abpyqs, rbapxq, apyqs, rapxq, ys

are a BP for ρpT q. This is illustrated in Figure 6 (left).

Checking that the BP conditions hold in this example is easy and left to
the reader. See [21, Ex 4.2].

Motivated by this, we call such a BP the standard geometric BP for a
one-holed torus group. Similarly, we have

Example 3.32 (Basic Partition for pants subgroups). Let G “ xa, by, and
suppose that a and b are 1-Schottky, with domains in cyclic order I`paq,
I´pbq, I`pbq, I´paq. Then there is a BP for a and b as illustrated in Figure 6.

It is a straightforward exercise to show that, if ρ is an action of G on
S1 that lifts to an action ρ̂ on a k-fold cover of S1, then the pre-image
of a BP for ρ is a BP for ρ̂ (see Lemma 4.8 in [21]). In particular, one
can easily check that if a and b are k-Schottky with components of I˘paq
and I˘pbq alternating, then they have a BP which is a lift of the one in
Example 3.31. Similarly, if instead, a and b are k-Schottky with cyclic order
of intervals ppI`paq, I´pbq, I`pbq, I´paqqqk, then they have a BP that is a lift
of the partition in Example 3.32.

So far, our examples of BP’s lend themselves to actions of free groups. To
pass to amalgamated products, Matsumoto defines a Basic Configuration
or BC. To define a Basic Configuration (BC), one starts with a group G,
a homomorphism ρ : G Ñ Homeo`pS1q, and a decomposition of G into a
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Figure 6. Two examples of Basic Partitions and “entrances”
for cyclic subgroups

tree of groups such that the edge groups are all infinite cyclic. With this
data, a BC consists of a set of Basic Partitions with disjoint interiors, one
for each vertex group. For each edge group Ge – xgy adjacent to a vertex
group Gv, the entrance Exgy to the BP of v for e is defined to be the set
of complementary intervals whose stabilizers are nontrivial subgroups of the
cyclic group Ge. If v and v1 are adjacent to e, then we require that their
entrances for e have disjoint interiors, and union equal to S1. This, together
with a few other minor technical conditions (for brevity, we do not give the
full list here, but refer the reader to [21, Assumption 6.3]), ensures that
the vertex-group BP’s satisfy a “combination theorem” reminiscent of the
Klein–Maskit combination theorem, for any two vertex groups that share an
edge.

The result is that the combinatorial data of a BC determines the cyclic
order of the orbit of a point under ρpGq, and hence determines the semi-
conjugacy class of the group action. More precisely, given a decomposition
of G as a tree of groups and ρ1, ρ2 P HompG,Homeo`pS1qq, Matsumoto
shows the following.

Theorem 3.33 (Matsumoto). Suppose that ρ1 admits a BC, with PV de-
noting the corresponding BP for each vertex group V Ă G. If there exists
ξ P Homeo`pS1q such that, for each V , the image ξpPV q is a BP for ρ2pV q
respecting the group action (as in Theorem 3.30), then ρ1 and ρ2 are semi-
conjugate.

The key example of a BC is that which comes from the decomposition of a
surface group into a tree of groups corresponding to a decomposition of the
surface into pants and one-holed-torus subsurfaces, exactly as in Figure 4.
Using this decomposition, Matsumoto shows that the standard Fuchsian
action of Γg, and hence any lift of this action to a finite cover of the circle
admits a Basic Configuration. Following our previous terminology, we call
these standard geometric BCs. Thus, to finish the proof of Theorem 3.3,
we need to show that for our (path-rigid, minimal, Sk) action ρ admits a
standard geometric BC.

End of Proof of Theorem 3.3. First consider the restriction of ρ to a ver-
tex subgroup of the form xai, biy. By proposition 3.17, these are k-Schottky,
hence semi-conjugate to the PSLkp2,Rq geometric action of a one-holed torus
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subgroup. Thus, they admit a BP that agrees with a k-fold lift of the stan-
dard geometric BP for a one-holed torus group. If these are chosen as in
Example 3.31, then Lemma 3.27 implies that the BP’s for distinct vertex
subgroups are pairwise disjoint.

For the vertex subgroups corresponding to pants subsurfaces, Lemmas
3.27 and 3.28 imply that these admit a BP that agrees with a k-fold lift of
the standard geometric BP for a pair of pants, which can be chosen as in
Example 3.32. Indeed, this was the purpose of proving both of these lemmas
in the previous section! The configuration of periodic points in Lemma 3.27
also implies that these can be chosen pairwise disjoint, and disjoint from the
partitions for the one-holed torus vertex groups.

Since all of these BP’s agree with k-fold lifts of the standard geometric
BPs, they satisfy Matsumoto’s additional hypothesis on stabilizers making
them “pure” BPs. Moreover, if V1 and V2 are the vertex groups for some
edge with edge group ci or dj , then Lemma 3.27 implies that the BP’s can
be chosen so that the entrances for this edge group have disjoint interiors,
and union equal to S1. There is actually some flexibility in choice of in-
tervals in the BP here since the “blocks” containing periodic points of the
edge group generators – the white boxes in Figure 5 – can be included ei-
ther in BP intervals or in entrances. However, many possible choices satisfy
Matsumoto’s combination conditions, for instance, one can choose the com-
plements of Jpc1q and Jpc2q to be the entrances for c1 and c2 in the BPs for
xa1, b1y and xa2, b2y respectively; this determines the choice of intervals in
the BP for the pants subgroup bordering T pa1, b1q and T pa2, b2q, and one
can proceed iteratively from there. Were the white boxes all single points,
the choice would be canonical.

Chosen this way, these BPs form a combinable pair as in [21, Def 5.2],
with the same combinatorial data as a k-fold lift of a Fuchsian representa-
tion. With this input, all the conditions of being a BC are satisfied, and
Theorem 3.33 now says that ρ is semi-conjugate to a k-fold lift of a Fuchsian
representation. �

4. Periodic considerations

As explained in the introduction, the content of this section is the proof
of the following two statements.

Proposition 4.1. If a representation π1Σg Ñ G is path-rigid then all non
separating simple closed curves have rational rotation number.

Theorem 4.2. Suppose ρ is path-rigid and minimal. Then, for all a, b with
ipa, bq “ ˘1, we have the implication

Perpaq X Perpbq “ H ñ Skpa, bq for some k.

4.1. No irrational simple closed curve. We begin with the proof of
Proposition 4.1. For f P Homeo`pS1q with rotpfq R Q, we denote its minimal
set by Kpfq.

Lemma 4.3. Let ρ : xa, by Ñ Homeo`pS1q be a representation such that
rotpρpaqq R Q. Then at least one of these holds:

(1) Kpρpaqq is ρpbq-invariant
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(2) there exists a continuous deformation ρt of ρ, with ρtpra, bsq “ ρpra, bsq
for all t, and γ P xa, by such that rotpρtpγqq is non-constant.

Proof. If ρpaq is conjugate to a rotation (i.e. if Kpρpaqq “ S1), then it lies
in a one-parameter group of rotations, at, and in this case we may perform
a bending deformation replacing ρpbq with atρpbq, which has nonconstant
rotation number.

Thus, we now suppose that K “ Kpρpaqq is a Cantor set, and suppose
that ρpbqpKq ‰ K. We will treat the case that ρpbqpKq Ć K, and leave the
case ρpbq´1pKq Ć K, symmetric, to the reader. In this case, we will first
find N P Z such that rotpρpaNbqq “ 0, and then define the deformation of ρ.

Let K 1 Ă K be the set of two-sided accumulation points of K. Since
K 1 “ K, there exists x P K 1 such that ρpbqpxq R K. Let I be the connected
component of S1 rK containing ρpbqpxq. Then ρpbq´1pIq is a neighborhood
of x, and since K is the minimal closed set invariant by ρpaq, there exists a
power N P Z such that ρpaqN pIq Ă ρpbq´1pIq. It follows that ρpaqN pIq is an
attracting interval for ρpaNbq, hence rotpρpaNbqq “ 0.

Now let βt be a positive one-parameter family commuting with ρpaNbq.
We claim that a bending deformation along aNb will change the rotation
number of a. To see this, let J be a connected component of S1 r ρpaNbq.
Since ρpaNbq does not preserve K, we can choose such a J that intersects
K 1, and find m such that ρpaqmpJq X J ‰ H. Let x̃ P R be a lift of a point
in ρpaqmpJq X J .

Adapting the notation from Section 2.2.3 we have

∆px̃, t1, . . . , tM q “ yβtM
yρpaq ˝ ¨ ¨ ¨ ˝ xβt1

yρpaqpx̃q ´ x̃´ k,

and δpx̃, tq “ ∆px̃, t, . . . , tq. Up to changing orientation, we can suppose that

δpx̃, 0q ą 0. Since the open interval J̃ contains both x̃ and yρpaq
M
px̃q, there

exists t ă 0 such that ∆px̃, 0, . . . , 0, tq ă 0, hence δpx̃, tq ă 0. Thus, there
exists t0 such that δpx̃, t0q “ 0, hence rotpρt0paqq “

k
M P Q. �

Now we can prove the proposition.

Proof of Proposition 4.1. By contradiction, suppose that there exists some
non-separating simple curve a with ρpaq R Q. After semi-conjugacy, we may
assume that ρ is minimal. By path-rigidity and Lemma 4.3, ρpaq cannot be a
rotation, so Kpρpaqq is a genuine Cantor set. Also, for all b with |ipa, bq| “ 1,
the set Kpρpaqq is ρpbq-invariant. But π1Σg is generated by such curves b
(indeed, if pa1, b1, . . . , ag, bgq is a standard generating set, and if a “ a1, con-
sider the new generating set pa1b1, b1, a2b

´1
1 , b1b2, . . . , agb

´1
1 , b1bgq). It follows

that Kpρpaqq is invariant by the whole action, contradicting minimality. �

4.2. Proof of Theorem 4.2. We assume now that ρ is path-rigid, and
ipa, bq “ ˘1. We will first establish some properties that do not use min-
imality, thus are robust under deformations of ρ. We will assume that ρ
is minimal only in the end of the proof. By the Proposition 4.1, Perpaq
and Perpbq are nonempty, and we assume for the rest of this section that
Perpaq X Perpbq “ H. As before, for simplicity, we drop the notation ρ.
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The strategy of the proof is to first show that a and b look like they are
semi-conjugate to elements satisfying Skpa, bq, namely, if one takes each in-
terval in S1rPerpaq that does not contain a point of Perpbq and collapses its
closure to a point (and then repeats with the roles of a and b reversed), the
remaining periodic points are attracting and repelling and alternate around
the circle. We will then show that this collapse can be realized by a defor-
mation of ρ, and we attain Skpa, bq if ρ is minimal. Much of this work will
depend on the observation that the hypothesis that Perpaq X Perpbq “ H is
invariant under deformations of the action.

We begin by discussing some basic combinatorics of periodic sets. Bor-
rowing notation from the previous section, say that a connected component
of S1 r pPerpaqYPerpbqq is of type px, yq if, with its natural orientation from
the circle, it is bounded to the left by a point of Perpxq and to the right by
a point of Perpyq, for x, y P ta, bu. Note that each pa, bq interval is followed
by a collection (perhaps empty) of pb, bq intervals, and then a pb, aq interval.
As the sets Perpaq and Perpbq are closed and disjoint, this implies that there
exists an integer m “ mpρq ě 1 such that S1 contains exactly m intervals of
type pa, bq and m intervals of type pb, aq, which alternate around the circle.
By Remark 2.31, the integer m depends only on the semi-conjugacy class
of ρ.

Definition 4.4. Let Xa :“ tI connected component of S1 r Perpaq : I X

Perpbq ‰ Hu, and say that an interval I in Xa is positive if aqpaq is increasing
on I, and negative otherwise.

Likewise, we defineXb, and its positive and negative intervals, by reversing
the roles of a and b in the definition. Since the leftmost points of intervals in
Xa are exactly the leftmost points of the pa, bq intervals, we have |Xa| “ m.

Lemma 4.5. The set Xa is ρpaq-invariant, and the subset of positive (re-
spectively, negative) intervals in Xa is also ρpaq-invariant.

Proof. Let I P Xa be a positive interval; we will use path-rigidity show that
its image under a is another positive interval in Xa. The negative case is
completely analogous.

For all n P Z, anpIq is an interval between two consecutive periodic points
of a, and on which aqpaq is increasing. Thus, for all n, anpIq cannot be one
of the negative intervals in Xa, and we need only show that apIq P Xa.

Suppose for contradiction that apIq R Xa, i.e. that apIq X Perpbq “ H.
Then apIq Ă J for some J P Xb, by definition of Xa and Xb. We will use a
bending deformation in b to produce a common periodic point for a and b,
giving a contradiction.

Let bt be a positive one-parameter family commuting with b, let x P I X
Perpbq, and take lifts x̃ P Ĩ of x and I to R. We have δb,apx̃, 0q ą 0, since I
is a positive interval in Xa. If t ă 0 is negative enough that btpIq X I “ H,
then we have pbtppapx̃qq ă papĨq and hence paqpaq´1ppbtppapx̃qqq ă Ĩ ` k. It follows
that ∆b,apx̃, t, 0, . . . , 0q ă 0, so δb,apx̃, tq ă 0. In particular, there exists
t0 P R such that δb,apx, t0q “ 0, i.e. x P Perpbt0aq X Perpbq; this contradicts
path-rigidity via Lemma 2.30. �
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Obviously, reversing the roles of a and b above shows the positive and
negative intervals of Xb are b-invariant.

While Remark 2.31 (and path-rigidity of ρ) showed that the cardinality of
Spaq and Spbq are constant under deformations, the next lemma shows that
the sets themselves are constant under particular bending deformations.

Lemma 4.6. Let bt be a positive one-parameter family commuting with b.
For all t P R, let Xbptq denote the set of connected components I of S1 r
Perpbq such that I X Perpbtaq ‰ H. Then Xbptq “ Xbp0q for all t.

Proof. Let Xbptq be as in the statement of the lemma, and let Xaptq denote
the set of connected components of S1rPerpbtaq containing points of Perpbq,
for t P R.

Let Ka “ tpx, tq P S
1 ˆ R | x P Perpbtaqu, and Kb “ Perpbq ˆ R. These

are closed, disjoint sets, and their intersections with each horizontal slice
S1 ˆ ttu give the periodic sets for bta and b.

For each connected component I Ă S1 r Perpbq, we set

TI “ tt P R | I P Xbptqu “ tt P R | I X Perpbtaq ‰ Hu.

This is a closed set. Indeed, I being compact, the second projection, on
the product space I ˆ R, is a closed map, and TI is the image of Ka by
this map. We claim TI is also open. To see this, let t0 P TI , and let
I2, . . . , Im be the other components of S1 r Perpbq such that t0 P TIj . If
d ą 0 is the distance (for the product metric) between the disjoint compact
sets pS1ˆrt0´1, t0`1sqXKa and pS1ˆrt0´1, t0`1sqXKb, let Im`1, . . . , IN
be the remaining connected components of S1 r Perpbq of length ě d. Any
component J of shorter length obviously satisfies TJ X rt0 ´ 1, t0 ` 1s “ H.
Since the sets TIj are closed, there exists ε ą 0 such that p´ε, εq X TIj “ H
for all j ě m ` 1. It follows that p´ε, εq is contained in TI , for otherwise
the number m would fail to be constant. This proves that TI is open, hence
equal to H or R, and the intervals in Xbptq do actually not depend on t. �

The next lemma states that a and b look (on the level of periodic sets) as
if they are semi-conjugate to hyperbolic elements of PSLkp2,Rq, satisfying
hypothesis Skpa, bq.

Lemma 4.7. Every two consecutive intervals of Xa (for the natural cyclic
order from S1) have opposite sign. In other words, m “ 2k for some k ě 1,
and the positive and negative intervals of Xa alternate.

Proof. Let bt be a positive one-parameter family of homeomorphisms com-
muting with ρpbq. Suppose for contradiction that Xa has two successive
positive intervals I1 and I2 (the negative case is analogous). Let I P Xb be
the interval such that I1X I ‰ H and I2X I ‰ H. Take x P I1 r I such that
aqpaqpxq P I. For t large enough, btaqpaqpxq can be taken arbitrarily close to
the right endpoint of I, hence aqpaqbtaqpaqpxq P I2 r I. Since bt has positive
dynamics, it follows that pbtaqpaqq2 moves every point of I to the right, thus,
∆b,apy, 0, . . . , 0, tq ą 0 for all y P I. It follows that Perpbtaq X I “ H for t
large enough, but this contradicts Lemma 4.6. �

As a consequence of this lemma, the intervals ofXa andXb can be labelled,
in their natural cyclic order (the cyclic order in which their leftmost points
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appear on S1), as
`̀

I`a , I
`
b , I

´
a , I

´
b

˘̆

k
or

`̀

I`a , I
´
b , I

´
a , I

`
b

˘̆

k
, borrowing the

notation from Secion 3.

Lemma 4.8. Let I P Xb have left endpoint in a positive interval of Xa.
Then apIq Ă J for some J P Xb. If instead I P Xb has left endpoint in a
negative interval of Xa, then a´1pIq Ă J for some J P Xb.

Note that, because periodic points alternate and positive and negative
intervals alternate, in both cases, J is a positive interval of Xb if and only
if I is. Of course, the statement of the lemma also holds with the roles of a
and b exchanged.

Proof. Let x1, x2, . . . x6 be points in cyclic order such that px1, x3q and
px4, x6q are consecutive (positive and negative, respectively) intervals in Xa,
and I “ px2, x5q P Xb. Let yi “ apxiq for i “ 1, 3, 4, 6. Then py1, y3q

and py4, y6q P Xa and both intersect some interval of Xb, say py2, y5q. The
statement of the lemma is that apx5q ď y5 and apx2q ě y2.

Similar to the Proof of Lemma 4.5, we assume the contrary and find
a deformation with a common periodic point for a and b. Suppose that
apx5q ą y5 (the proof of the other inequality is symmetric), and choose a
positive one-parameter family bt commuting with b. Since a´1py5q P px2, x5q,
there exists t P R such that bta´1py5q P px1, x3q. As py1, y3q is aqpaq-invariant,
it follows that a´qpaq`1bta

´1py5q ă y5, ie, ∆b,apy5, 0, . . . , 0, t, 0q ą 0. On the
other hand, as py4, y6q is a negative interval of Xa, we have δb,apy5, 0q ă 0.
It follows that for a suitable t0 P R, y5 is a periodic point of bt0a. But it
is a periodic point of b as well: together with Lemma 2.30, this contradicts
the path-rigidity of ρ. The statement concerning ρpaq´1 is symmetric, and
proved in the same manner. �

Now we state a lemma of purely technical nature, that will allow us to
compress the periodic sets, in each interval of XaYXb, to singletons. In the
statement and proof, we use τt : RÑ R to denote the translation x ÞÑ x` t.

Lemma 4.9. Let n ě 1, and for all i “ 1, . . . , n, let fi be an increasing
homeomorphism from R to some interval pai, biq Ă R. Assume that ai ą ´8
for at least one i, and that bj ă `8 for at least one j. For all t P R, we
set Ft “ τt ˝ fn ˝ ¨ ¨ ¨ ˝ τt ˝ f1. Then, there exists a subset N Ă R of finite
Lebesgue measure and consisting of a countable union of segments, such that
for all t R N , the map Ft admits a unique fixed point in R.

Let us postpone the proof of this lemma to the next paragraph, and use
it now to finish the proof of Theorem 4.2.

Proof of Theorem 4.2. Assume now that ρ is minimal. Let bt be a positive
one-parameter family commuting with the action of b. We will first prove
that for some t, bta has exactly 2k periodic points; the conclusion will then
follow easily.

LetX`a denote the set of positive intervals ofXa. As observed in Lemma 4.5,
ρpaq induces a permutation of X`a ; which has say, ` orbits, all of cardinality
n “ k{`. Fix an interval I0 P Xb whose left endpoint lies in an element of
X`a . By successive applications of Lemma 4.8, for m “ 1, 2, . . . n ´ 1 we
have ρpaqmpI0q Ă Im for some Im P Xb, and ρpaqnpI0q Ă I0 because ρpaqn
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fixes X`a . Note that, there must exist some m such that ρpaqpIm´1q Ă Im
is a strict inclusion at the left endpoint (and similarly, another for the right
endpoint) as otherwise a and b would have an endpoint of I0 as a common
periodic point.

For each j, let φj : Ij Ñ R be a homeomorphism such that φj˝bt˝φ´1
j “ τt,

and for j P t1, . . . , nu, set fj “ φj`1 ˝ a ˝ φ
´1
j , using cyclic notation for the

last index. Then, Lemma 4.9 applies, and provides a set NI0 Ă R of finite
Lebesgue measure, such that for all t R NI0 , pbtaqn “ φ´1

1 ˝ Ft ˝ φ1 has a
unique fixed point in I0.

We repeat this procedure for each element I of Xb, using a´1, instead of
a, for the intervals of Xb whose left endpoint lies in a negative interval of
Xa. The resulting, finitely many, sets NI , each of finite Lebesgue measure,
cannot cover R, hence there exists t P R such that each element of Xb

contains a unique periodic point of bta. By Lemma 4.6, bta does not have
any other periodic points, hence bta admits exactly 2k periodic points. As bta
is obtained by a bending deformation that does not change a, by Lemma 4.7
these 2k periodic points have alternating attracting and repelling dynamics.
One may now repeat the same procedure reversing the roles of a and b, to
obtain a further deformation where b has exactly 2k periodic points, that
are alternately attracting and repelling. If ρ is assumed to be minimal, by
Observation 2.24, this was originally true of ρ. �

4.3. Proving Lemma 4.9. The statement of Lemma 4.9 came from our
attempt to understand the argument in the first four lines of page 644 in [5].
The case n “ 1 of Lemma 4.9 gives an alternative end of the proof of [5,
Lemma 2.7].

To give an outline of the major ideas, we sketch the proof in the (easier)
case n “ 1. Suppose, for all t, x P R we have Ftpxq “ fpxq ` t, where f is
an increasing homeomorphism from R to a bounded interval pa, bq. Define
T pxq :“ x´ fpxq; so T pxq is the unique number such that x is a fixed point
of FT pxq. We want to prove that most t are realized as T pxq by a unique x.
If T px1q “ T px2q for some x1 ă x2, then we have fpx2q´fpx1q “ x2´x1, ie,
the intervals rfpx1q, fpx2qs and rx1, x2s have the same length, say `. Since
T cannot increase faster than the identity map, all elements x P rx1, x2s

have |T pxq ´ T px1q| ď `. In summary, although we have found a segment
rT px1q ´ `, T px1q ` `s of length 2` that contains t’s which may have several
preimages under T , it has cost us the length ` in the image of f , and this
reservoir is finite.

Now let us turn this into a precise proof, in the general case n ě 1.

Proof of Lemma 4.9. We will show that there exists a countable union of
segments, N` Ă R`, of finite Lebesgue measure, such that for all t P R` r
N`, Ft has a unique fixed point. The case for t ă 0 is symmetric and left to
the reader.

Let j be an index such that bj ă `8. Let At “ τt ˝ fj ˝ ¨ ¨ ¨ ˝ τt ˝ f1,
and Bt “ τt ˝ fn ˝ ¨ ¨ ¨ ˝ τt ˝ fj`1. For fixed t, both maps At and Bt are
homeomorphisms to their images so Ft “ Bt ˝At has a unique fixed point x
if and only if At ˝Bt has a unique fixed point (in which case it is Btpxq). In
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other words, we may suppose without loss of generality that j “ n. (For the
t ă 0 case, one supposes instead that an ą ´8.)

Let Gpt, xq “ fn ˝ τt ˝ fn´1 ˝ ¨ ¨ ¨ ˝ τt ˝ f1pxq “ Ftpxq ´ t. This map G is
strictly increasing in the variable x, and increasing (strictly, if n ě 2) in t.
The monotonicity of G, and the assumptions suppajq ą ´8 and bn ă `8,
imply that the range of the map G : Rě0ˆRÑ R is a bounded interval. Let
pa0, b0q denote this interval, with b0 “ bn.

If x ě b0, the map t ÞÑ Ftpxq is a homeomorphism between Rě0 and
rF0pxq,`8q, and F0pxq “ Gpx, 0q ă b0. Hence, there is a unique t “ T pxq
such that Ftpxq “ x. This defines a function T : rb0,`8q Ñ p0,`8q.

Sublemma 4.10. The map T satisfies the following inequalities.
(T1) For every x P rb0,`8q, we have a0 ă x´ T pxq ă b0.
(T2) For all x1, x2 P rb0,`8q such that x1 ă x2, we have

f1px1q ´ f1px2q ă T px2q ´ T px1q ă x2 ´ x1.

In particular, T is continuous, at bounded distance from the identity, and
its rate of increase is bounded above by 1.

Proof. The inequality (T1) follows directly from the fact that the range of
G is pa0, b0q, and from the defining identity FT pxqpxq “ x for all x ě b0. Let
us turn to (T2).

Suppose x1 ă x2. If T px2q ě T px1q the first inequality holds trivially, so
suppose T px2q ă T px1q. By definition we have FT px1qpx1q ă FT px2qpx2q, so
Gpx1, T px1qq ă Gpx2, T px2qq, ie

fn ˝ τT px1q ˝ . . . ˝ f2pf1px1q ` T px1qq ă fn ˝ τT px2q ˝ . . . ˝ f2pf1px2q ` T px2qq.

As t ÞÑ fn ˝ τt ˝ . . . τt ˝ f2 is increasing in t, we have

fn ˝ τT px2q ˝ . . . ˝ f2pf1px1q ` T px1qq ă fn ˝ τT px2q ˝ . . . ˝ f2pf1px2q ` T px2qq,

hence f1px1q`T px1q ă f1px2q`T px2q and f1px1q´f1px2q ă T px2q´T px1q.
For the second inequality, if T px2q ď T px1q it is automatically satisfied,

as x2 ´ x1 ą 0, so suppose T px2q ą T px1q. Since G is increasing in t and
strictly increasing in x, we have FT px2qpx2q´T px2q ą FT px1qpx1q´T px1q, ie,
T px2q ´ T px1q ă x2 ´ x1. �

Now, we define a map H : Rěb0 Ñ R by Hpxq “ suptT px1q, x1 ď xu.

Lemma 4.11. The map H : Rěb0 Ñ rT pb0q,`8q is continuous, surjective,
and for all A ě T pb0q, the set H´1pAq is a segment, ra, bs, with possibly
a “ b, and T paq “ T pbq “ A.

This is an easy exercise in undergraduate analysis; we leave the details to
the reader.

For the last step of the proof, let W Ă rT pb0q,`8q be the set of all
elements w P rT pb0q,`8q such that H´1pwq is not a singleton, and for all
w PW , write H´1pwq “ raw, bws.

Sublemma 4.12. The set W is countable, and
ř

wPW bw ´ aw ď b0 ´ a0.

Proof. First, since the segments raw, bws all have positive length and are
disjoint in rb0,`8q, there can only be countably many of them. Now, for
any w P W , we have Fwpawq “ aw and Fwpbwq “ bw, by Lemma 4.11. In
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other words, Gpw, awq`w “ aw and Gpw, bwq`w “ bw. Thus, the segment
rGpw, awq, Gpw, bwqs has the same length bw ´ aw.

Since the image of G is an interval of length b0 ´ a0, it suffices to prove
that the segments rGpw, awq, Gpw, bwqs are pairwise disjoint. To do this, take
w1, w2 P W , with w1 ă w2. Since H is increasing, we have bw1 ă aw2 . By
monotonicity of G, we have Gpw1, bw1q ă Gpw2, aw2q and these segments are
disjoint indeed. �

Now, for all w PW , define Nw :“ rw ´ pbw ´ awq, ws, and define

N` “ r0, b0 ´ a0s Y
ď

wPW

Nw.

This may not be a disjoint union, but, by Lemma 4.12, this countable union
of segments has finite Lebesgue measure. Hence, the proof of Lemma 4.9
boils down to the following observation.

Sublemma 4.13. For all t P Rě0 rN`, the map Ft admits a unique fixed
point.

Proof. Let t ą b0 ´ a0 be such that Ft has at least two distinct fixed points,
say x1, x2 with x1 ă x2. We want to prove that t P Nw for some w P W .
By definition, the xi satisfy Gpt, xiq ` t “ xi. Since Gpt, xq ą a0 for all x,
and t ą b0 ´ a0, this implies x1, x2 P rb0,`8q. By definition of the map T ,
we have T px1q “ T px2q “ t. Let x0 “ mintx ď x2 |T pxq “ Hpx2qu. Then
x0 ă x2. Indeed, if Hpx2q “ t then x0 ď x1, and if Hpx2q ą t then the
maximum Hpx2q is reached at some point to the left of x2. Thus, x0 “ aw
for some w PW , and we also have bw ě x2.

We claim now that t P Nw. Since x2 ď bw, by definition of H we have
w “ Hpbwq ě t “ T px2q. Applying inequality (T2) to x2 and bw now gives
w ´ t ď bw ´ x2, so w ´ t ď bw ´ aw, hence t ě w ´ pbw ´ awq. Thus we
indeed have t P Nw. �

This concludes the proof of Lemma 4.9. �

5. Proof of Theorem 1.6

In this section we finish the proof of the main result for path-rigid rep-
resentations, showing that a path-rigid representation ρ of π1Σg is either
geometric, or (as an unlikely case) must have Euler class zero and a genus
g ´ 1 subsurface whose fundamental has finite orbit under ρ.

Definition 5.1. Let ρ : Γg Ñ Homeo`pS1q, and let T Ă Σg be a one-holed
torus. We say T is a good torus if T contains a nonseparating simple closed
curve a with rotpρpaqq “ 0, and bad otherwise.

We say T is very good if ρpπ1pT qq has a finite orbit in S1.

Observation 5.2 (Very good implies good). Suppose that T is very good,
and let a and b be free generators for π1pT q, represented by simple closed
curves on Σg with ipa, bq “ ˘ (here orientation of curves is not important).
Since T is very good, rot is a homomorphism to a finite subgroup of R{Z. If
0 ‰ |rotpρpaqq| ď |rotpρpbqq| ă 1, then there exists n such that |rotpρpanbqq| ă
|rotpρpaqq|. Since a, anb are again free generators represented by simple closed
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curves, one may repeat this procedure until the process terminates with a
simple closed curve of rotation number zero.

Assumption 5.3. For the remainder of this section, we assume that ρ : Γg Ñ
Homeo`pS1q is path-rigid.

As in Section 3, we will frequently drop the notation ρ when the context
is clear, using a to denote ρpaq.

5.1. Bad tori. This subsection contains the proof of Proposition 1.11. Un-
der our standing assumption that ρ is path-rigid, we will show that if Σg

contains a bad torus T , then ΣgzT contains only very good tori. We be-
gin with some general preliminaries on rotation numbers in order to show
that a bad torus T always contains simple closed curves with rotation num-
ber arbitrarily close to zero. This means in particular that there are points
“almost fixed” by simple closed curves in T . We then study these “almost
fixed” points for some specific sequences of generators for π1pT q, and lever-
age properties of these sets to show that there cannot exist two disjoint bad
tori.

Definition 5.4. If f, g P Homeo`Z pRq, we say that g dominates f , and we
write f ă g, if we have fpxq ă gpxq for all x P R.

It is immediate that ă is a left- and right-invariant partial order on
Homeo`Z pRq. Furthermore, it satisfies the following obvious properties.

(1) @f, g P Homeo`Z pRq, f ą g ô f´1 ă g´1;
(2) @f P Homeo`pS1q, pf ą Id ô rotpfq ‰ 0;

(3) @f, g P Homeo`Z pRq,
"

f ă g ñ rrotpfq ď rrotpgq, and
pf ă g or g ă fq ô rrotpf´1gq ‰ 0.

Property (2) uses the notation pf from Notation 2.16, which is also adopted
throughout this section. The following easy observation will be handy.

Observation 5.5. Let f, g P Homeo`Z pRq. Suppose that rrotpfq ă rrotpgq and
rrotpg´1fq ‰ 0. Then f ă g.

Proof. If not, there exists x0 P R such that fpx0q ě gpx0q, hence rrotpg´1fq ě
0. Thus, rrotpg´1fq ą 0, and this implies g´1f ą Id, hence f ą g and
rrotpfq ě rrotpgq, a contradiction. �

Building on this observation, we show that the infimum of rotation num-
bers of non-separating simple curves in a bad torus is necessarily zero. More
precisely, we have the following.

Lemma 5.6. Let pa, bq be standard generators of a bad torus T . Then,
there exist integers m,n, unique and well-defined modulo qpaq, with pn ´
mqppaq “ 1 mod qpaq, and such that for all j not divisible by qpaq, we have
yanb ă paj, and qaj ă }amb. Moreover, if ppaq “ 1, then we have yanb

2
ă pa, or

an´1b
´2
ă pa, or both.

Of course, the same statement holds with the roles of a and b exchanged.
In this lemma, the standing assumption that ρ path-rigid is used only to
guarantee that all non-separating simple closed curves are mapped to home-
omorphisms of rational rotation number (see Proposition 4.1).
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Proof. Let F be a finite orbit of a. If there exists some point x P F Xb´1pF q,
then there exists N ą 0 such that ρpaqNρpbqpxq “ x, thus rotpaNbq “ 0,
contradicting the fact that T was bad. Thus, F X b´1pF q “ H.

Now we show these sets alternate in the circle. Suppose for contradiction
that some connected component I “ px1, x2q of S1 rF contains at least two
points of b´1pF q. Let y1 P b

´1pF q be the leftmost point of b´1pF q in I, and
y2 be the second leftmost such point. Then there exists N ą 0 such that
aNbpy1q “ x1. It follows that aNbpy2q “ x2 and paNbq´1pIq “ py1, y2q Ă I.
In particular, rotpaNbq “ 0, a contradiction.

Now that we know these sets alternate, choose x P b´1pF q, and let yr, y`,
be the next point of F to the right and to the left of x, respectively. Then
there exists a unique pair pn,mq P t0, . . . , qpaq ´ 1u2 such that anbpxq “ yr
and ambpxq “ y`. In particular, pn´mqppaq “ 1 mod qpaq. These m,n are
obviously the only candidates, modulo qpaq, for the dominations yanb ă paj

and }amb ą}a´j , for an integer j such that akpy`q “ yr. (This shows m and n
do not depend on F ). We claim that this pair pn,mq satisfies the statement
of the lemma.

To see this, lift the points of F to R and let x1 ă x2 ă . . . ă xqpaq

denote qpaq consecutive points of the lift. Then, for all i, yanbpxiq ď xi`1;

hence rrotpyanb
qpaq
q ď 1, Hence, rrotpyanbq ď 1

qpaq , and for every integer j not

divisible by qpaq we have rrotpyanbq ď rrotp pajq. So we cannot have yanb ą paj .

But paj
´1
yanb cannot have translation number zero, for otherwise an´jb would

have rotation number zero and the torus would be good. Thus, yanb ă paj .
An essentially identical argument shows that }amb ą qaj .

It remains only to prove the statement regarding the case ppaq “ 1. As

we have seen, pa ą yanb, and pa ą {b´1a1´n “ an´1b
´1

, and this immediately
implies pa “ yanb ¨ {b´1a1´n. As pa, anbq and hence pb´1a1´n, anbq are also
standard generating sets of π1pT q (obtained by Dehn twists) and T is bad,
we must either have {b´1a1´n ą yanb, or {b´1a1´n ă yanb, otherwise the non-
separating simple closed curve an´1banb would have rotation number zero.
The statement follows. �

As a consequence, we have the following.

Proposition 5.7. Let pa, bq be a standard generating set for a bad torus. Let
pak, bkqkě0 be the sequence of standard generating sets, defined inductively as
follows.

‚ Define pa0, b0q “ pa, bq.
‚ If k is even, let ak`1 “ ak and bk`1 “ a

npkq
k bk, where 0 ď npkq ď

qpakq´ 1 is the integer given by Lemma 5.6 applied to the generators
pak, bkq.

‚ If k is odd, let bk`1 “ bk and ak`1 “ b
npkq
k ak, where 0 ď npkq ď

qpakq´1 is obtained, similarly, by inputting pbk, akq into Lemma 5.6.

Then for all k ě 0 even we have zak`1 ą
zbk`1, and for k ě 0 odd we have

zak`1 ă
zbk`1.
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Moreover, for all k ě 0, we have pak ą zak`2
2, and pbk ązbk`2

2
. In particu-

lar, both sequences protpakqqkě0 and protpbkqqkě0 converge to zero.

Note that the sequence pak, bkq is built so that both rotpakq and rotpbkq
converge to zero from above. This choice is arbitrary.

Proof. The first consideration follows immediately from the first statement
of Lemma 5.6. Let us prove the second. Let k ě 0 be even. If ppakq ě 2, let
n “ npkq ě 0 be such that nppakq “ 1 mod qpakq, as in Lemma 5.6. Then

rotpankq “
1

qpakq
, and xank

ppakq
“ pak. By lemma 5.6 we have zbk`1 ă xank , hence

zbk`1
ppakq

ă pak, and zak`2
2
ă pak.

Otherwise, ppakq “ 1, and again we take npkq as in Lemma 5.6. If
{

a
npkq
k bk

2

ă pak then we may conclude as above. Otherwise, {b´1
k a1´n

k

2

ă pak,

ie, {b´1
k`1ak`1

2

ă pak. Thus either npk ` 1q equals ´1 modulo qpbk`1q, or

not, in which case rrotp
{

b
npk`1q
k`1 ak`1q ă rrotp {b´1

k`1ak`1q, and then {bn
1

k`1ak`1 ă

{b´1
k`1ak`1. In either case we conclude that zak`2

2
ă pak.

For k odd, and for bk instead of ak, things are symmetric. Note that
zak`2

2
ă pak implies in particular that 0 ă rrotpzak`2q ă

1
2 rrotp pakq, hence the

sequences p rrotp pakqq and p rrotp pbkqq converge to zero from above. �

Let T “ T pa, bq be a bad torus, and let pak, bkq be the sequence furnished
by Proposition 5.7. Let x P S1, and let x̃ P R be a lift of x. Then, by
Proposition 5.7, the sequence p pakpx̃qqk is decreasing, bounded below by x̃,
hence it converges to some real number that we denote by x̃ ` jT pxq. Note
that jT pxq does not depend on the choice of the lift of x. We define

FT :“ tx P S1, jT pxq “ 0u.

The reader should interpret this as the set of points that are moved arbitrar-
ily small distances by elements taku (or that are almost fixed by elements
towards the tail end of this sequence). Although the notation pa, bq is sup-
pressed, FT as defined is dependent on the generating set we started with.
(But see Step 1 of the proof of Proposition 5.9 below). As usual, we let ĂFT
denote the preimage of FT in R.

Proposition 5.8 (Properties of FT ). (1) FT is a non-empty, proper sub-
set of S1, and it has no isolated points (in particular, it is infinite).

(2) For every x P S1, we have mintĂFT X rx̃,8qu “ x̃` jT pxq. In partic-
ular, x` jT pxq P FT for all x.

(3) The commutator ra, bs fixes FT pointwise (in particular, it has rota-
tion number zero).

Proof. Let x P R. For all k ě 0 we have pakpxq ą x` jT pxq, hence, pak
2
pxq ą

x`jT pxq`jT px`jT pxqq. But zak´2pxq ą pak
2
pxq, and, by definition, zak´2pxq

converges to x` jT pxq. This proves that x` jT pxq P FT , which, thus, is non-
empty. Further, if the open interval px, x` jT pxqq contained a point y P ĂFT ,
then for large k we would have x ` jT pxq ą pakpyq ą y ą x, contradicting
that ak preserves orientation. This proves property (2).



RIGIDITY AND GEOMETRICITY 45

To prove property (3), let x P ĂFT and observe, just as above, that the
sequence pak

4
pxq also converges to x. Fix ε ą 0, and let k be even, and large

enough so that x1 “ x, x2 “ pakpxq, x3 “ pak
2
pxq and x4 “ pak

3
pxq all lie in

the interval rx, x` εs. By Lemma 5.6, ak`1 “ ak and zbk`1 is dominated by
zak`1. Thus, zbk`1px3q P px3, x4q, and zbk`1

´1
px2, x3q Ă px1, x3q. It follows

that rak`1, bk`1s “ ra, bs maps the point x2 into the interval px1, x3q, hence,
for all ε ą 0, ra, bsmaps a point of rx, x`εs in rx, x`εs, whence ra, bspxq “ x.

It remains to prove that FT ‰ S1, and FT has no isolated point. If FT was
equal to S1, then ra, bs would be the identity of S1. Thus, the restriction
of ρ to xa, by would have abelian image and rotation number would be a
homomorphism. In particular, the proof of Observation 5.2 shows that T is
not bad.

Finally if x were an isolated point of FT , we could take x0 P S
1 such

that rx0, xq X FT “ H. Let x1 be the next point of FT to the right of x.
Then x0 ` jT px0q “ x, and x ` jT pxq “ x1. It follows that for all k ě 0,
pak

2
px0q ě x1, hence x0 ` jT px0q ě x1, a contradiction. �

We remark that the complement of the set FT is a union of half-open
intervals, so FT is not closed. Using FT and jT , we now prove the following
major step towards Proposition 1.11

Proposition 5.9. There cannot exist two disjoint bad tori in Σg.

Proof. By contradiction, let T “ T pa, bq and T 1 “ T pa1, b1q be two disjoint
bad tori. Up to re-indexing and reversing some of these curves, we may
suppose that pa, b, a1, b1q is the beginning of a standard basis of π1Σg.
Step 1: We have jT “ jT 1 .

We proceed by contradiction. Suppose these functions are non-equal and
let x0 P S

1 be such that jT px0q ‰ jT 1px0q, without loss of generality assume
jT px0q ă jT 1px0q. Let pak, bkqkě0 and pa1k, b

1
kqkě0 be the sequences of gen-

erators of T and T 1 furnished by Proposition 5.7. For k large enough, we
have pakpx0q ă x0 ` jT 1px0q. Let m be as in Lemma 5.6 applied to pak, bkq,
and put α “ ak, and β “ amk bk. Then pα, βq is a standard generating set
for T , and pα ą yβ´1. Since rotpb1`q Ñ 0, for ` ě 0 large enough we have
rrotppb1`q ă rrotpyβ´1q. But pb1`px0q ą x0` jT 1px0q (indeed, pb1` dominates ya1``1, by
construction of the sequences in Proposition 5.7), hence pak does not dom-
inate pb1`. We now prove a sub-lemma to derive a contradiction, this will
conclude the proof of Step 1.

Lemma 5.10. Let T “ T pa, bq be a bad torus, and let b1 be a non separating
simple curve outside T pa, bq such that b1´1a and bb1 are simple. Suppose that
pa ąyb´1 and rrotpyb´1q ą rrotppb1q. Then pa dominates pb1.

Proof. Suppose that pa does not dominate pb1. Then yb´1 does not dominate
pb1, either. Observation 5.5 then asserts that both b1´1a and bb1 have rotation
numbers zero. Now the two curves b1´1a and bb1 are standard generators of
a torus T pb1´1a, bb1q, and since rotpb1´1aq “ 0, this homeomorphism lies in a
one-parameter family, so as in Observation 2.25, there is a path-deformation
of ρ replacing the action of bb1 with b1´1a ¨ bb1. Hence, rotpbb1q “ 0 “



46 KATHRYN MANN AND MAXIME WOLFF

rotpb1´1a ¨ bb1q “ rotpabq. However, we assumed that T pa, bq was bad, so
rotpabq ‰ 0. This gives the desired contradiction. �

Step 2: We can deform the representation so that jT ‰ jT 1 .
As shown in the proof of Proposition 5.8, ra, bs ‰ id, but FT Ă Fixpra, bsq.

Let x R Fixpra, bsq, so then jT pxq ą 0. Let y “ x ` jT pxq, let I be the
connected component of S1 r Fixpra, bsq containing x, and let ct be a one-
parameter family of homeomorphisms commuting with ra, bs, and with sup-
port equal to I.

Then, regardless of whether y P I, the distance between ctpxq and ctpyq
varies, in a nonconstant way, with t: it goes to zero as t Ñ 8 if y P I,
and simply changes if y R I. Now, consider a bending deformation of our
representation ρ, by setting ρtpγq “ ρpγq for all curves outside T , and ρtpγq “
ctρpγqc´t for γ P xa, by. This deformation changes the value of jT pxq, without
changing the value of jT 1pxq. In particular, after this path-deformation,
Step 1 no longer holds! This gives a contradiction. �

Supposing again that T pa, bq is a bad torus, it remains to show that any
torus in Σg r T pa, bq is not only good, but very good.

Lemma 5.11. Let T “ T pa, bq be a bad torus, and let γ be a non-separating
simple closed curve outside of T , with rotpγq “ 0. Then FT Ă Fixpγq.

Proof. Let pak, bkqkě0 be the sequence given by Proposition 5.7, and orient
γ so that γ´1ak is also a (non-separating) simple curve. Fix k ě 0, and
let α “ ak, and β “ amk bk, as in Lemma 5.6. Then, as a consequence of
Lemma 5.10, we have pak ą pγ. This holds for all k ě 0, hence, for all x P R
we have pγpxq ď x` jT pxq. In particular, if x P rFT , we have pγpxq ď x.

For the reverse inequality, first observe that, as in Lemma 5.10, the con-
ditions qa ă }b´1 and rrotp}b´1q ă rrotpqγq imply the domination qa ă qγ (this
is exactly the statement of Lemma 5.10 upon reversing the orientation of
R). And qγ “ pγ, since rotpγq “ 0. Thus, fix x P ĂFT ; we want to prove that
qγpxq ě x. Fix ε ą 0. For k large enough, the sequence pak, bkq from Propo-
sition 5.7 satisfies pakpxq ă x`ε. Let pa1, b1q “ pak, bkq for such a large k, and
now define b2 “ b1 and a2 “ b1ma1 and then α “ a2 and β “ a2nb2, where m,
and then n, are given by Lemma 5.6 with these two successive pairs. Then,
we have rrotpqαq ă rrotp}β´1q ă rrotpqγq, hence, qα ă qγ, ie, yα´1 dominates pγ´1.
It follows that pγpxq ď x` ε. �

End of the proof of Proposition 1.11. Suppose that T “ T pa, bq is a bad
torus, and let T 1 be a torus disjoint from T . Since T 1 is good, by Lemma 5.10
we may take T 1 “ T pa1, b1q where rotpa1q “ 0. Then we have Fixpa1q Ą FT
by Lemma 5.11. This is also true after replacing a1 with a deformation b1ta1,
so Perpb1q Ą FT or equivalently Fixpb1qpb

1qq Ą FT . Since this is also true after
replacing b1 with any deformation a1tb1, it must be that FT Ă P pa1, b1q. By
Lemma 2.19 (1), this means that xa1, b1y has a finite orbit in S1. �

5.2. Good tori. In this section, we prove Proposition 1.12. Recall this was
the statement that if ρ is path-rigid and non-geometric, then there cannot
exist two disjoint good tori which are both not very good.
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In the course of the proof, we will develop some tools that will be used
again in Section 6 for the proof of Theorem 1.5. The proof proceeds by
showing that any path-rigid, minimal representation that fails the hypoth-
esis above on tori necessarily satisfies hypothesis Sk. Our main tool is the
movement of periodic sets by bending deformations, as introduced in Para-
graph 2.2.3.

To motivate the first step, observe that if ρ has two disjoint good tori
T pa, bq and T pd, eq with rotpaq “ rotpeq “ 0, and if neither of these tori
are very good, then P pa, bq “ P pe, dq “ H. We can also find c so that
pa, b, c, d, eq is a 5-chain. This is the set-up of the next Proposition.

Proposition 5.12. Let ρ be path-rigid minimal and let pa, b, c, d, eq be a
5-chain. Suppose that both P pa, bq and P pe, dq are empty. Then we have
Skpb, cq, for some k ě 1.

Proof of Proposition 5.12. After changing orientations of these curves, we
may suppose that pa, b, c, d, eq is a directed 5-chain. By Theorem 4.2, it
suffices to show that Perpbq X Perpcq “ H. Since P pa, bq “ H, Lemma 2.21
says that BNpa, bq is finite. Choose a positive one-parameter family petqtPR,
commuting with ρpeq. Since P pe, dq “ H, we have Perpetdq Ă Upe, dq for
all t, so the sets Perpetdq, for varying t, are pairwise disjoint. Thus, we
can choose t0 so that Perpet0dq X BNpa, bq “ H. Abusing notation, we now
replace d with et0d (we will not further use e). With this change in notation,
we now have BNpa, bqXP pd, cq “ H. The remaining step will be a useful tool
later in Section 6, so we split it off to a separate statement (Lemma 5.13),
proved below. �

Lemma 5.13. Let ρ be path-rigid, and let pa, b, c, dq be a 4-chain. Suppose
that P pa, bq “ H and BNpa, bq X P pd, cq “ H. Then Perpbq X Perpcq “ H.

Proof. Let at and dt be positive one-parameter families commuting with a
and d respectively. By Lemma 2.30, it suffices to find t and s such that
PerpatbqXPerpdscq “ H. Let F0 “ BNpa, bqXBNpd, cq. As P pa, bq is empty,
the set BNpa, bq is finite, by Lemma 2.21. Hence, F0 is finite. Let F1 “

BNpa, bqrF0 and F2 “ pP pd, cqYBNpd, cqqrF0. By construction, the Fi are
disjoint closed sets, so we can take ε ą 0 smaller than the minimum distance
between any two of them. Fix t large, so that (by Lemma 2.19), Perpatbq is
contained in the ε-neighborhood of F0 Y F1, hence disjoint from F2. Since
F0 Ă Npa, bq, it is also disjoint form Perpatbq, i.e. PerpatbqX pF0YF2q “ H.
Now let η ą 0 be smaller than the distance between F0 Y F2 and Perpatbq.
By Lemma 2.19 again, for s large enough, the set Perpdscq is in the η-
neighborhood of F0 Y F2. Hence, Perpatbq and Perpdscq are disjoint, as
desired. �

Our next goal is to propagate Skp¨, ¨q to other curves. For this, we define
two stronger properties.

Definition 5.14 (Strengthenings of Sk). We say that two curves a and b
satisfy S`k pa, bq if they satisfy Skpa, bq and if additionally, we have apPerpbqqX

Perpbq “ H. We say that a and b satisfy S``k pa, bq if they satisfy both
S`k pa, bq and S

`
k pb, aq.
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Property S`k p¨, ¨q is what allows one to move families of periodic points
continuously by twist deformations, as described in the following lemma.

Lemma 5.15 (Periodic points move continuously). Let a and b be any curves
with ipa, bq “ ´1 satisfying S`k pa, bq. Then there exists a continuous family
at commuting with a such that Perpatbq X Perpasbq “ H for all s ‰ t, and
|Perpatbq| “ 2k for all t.

Since property Skpa, bq immediately implies that Perpbq Ă Upa, bq, the
nontrivial part of this lemma is controlling the cardinality of Perpatbq at all
times t. This requires a special choice of one-parameter family at, which we
construct by hand.

Proof of Lemma 5.15. Together with Lemma 4.8, the asumption aPerpbq X
Perpbq “ H completely prescribes the cyclic order on the set

Ť

n a
npPerpbqq;

it follows that we may choose a neighborhood V of Perpbq, consisting of 2k
open intervals, such that anpV q X ampV q “ H for all n,m P Z.

We now construct a continuous family of homeomorphisms at commuting
with a, supported on

Ť

nPZ a
nV . A slight variation on this construction

would give a positive family of homeomorphisms, but this is not required by
the lemma.

Choose one point in each of the periodic orbits of b; let x1, x2, . . . , xm
denote these points. We may parametrize S1 so that, for each xi, b agrees
with a rigid rotation by ppbq{qpbq on a small neighborhood of bkpxiq for
k “ 0, 1, . . . , qpbq ´ 2 and so that b maps a neighborhood of bqpbq´1pxiq

to a neighborhood of xi “ bqpbqpxiq by the map x ÞÑ 2x or x ÞÑ x{2, in
coordinates, depending on whether the orbit of xi is repelling or attracting.

Let Vi,k denote the connected component of V containing bkpxiq. Note
that, by construction, these sets partition V . Define at to be the identity on
Vi,k for k “ 0, 1, . . . , qpbq´2 and all i. To define at on Vi,qpbq´1 we proceed as
follows. Let Ui be a neighborhood of bqpbq´1pxiq whose closure is contained
in Vi,qpbq´1. Using the local coordinates in which b is linear, define at to agree
with the translation x ÞÑ x`t on Ui. Since Ui has closure contained in Vi,q´1,
there exists ε ą 0 so that for all t ď ε, this map extends to a homeomorphism
of Vi,qpbq´1 fixing the endpoints, and we may take these extensions to vary
continuously in t. From now on, we restrict to such t ď ε. Finally, we extend
at to a family of homeomorphisms of S1 that is equivariant with respect to
a on

Ť

nPZ a
nU , where U “

Ť

i Ui, and agrees with the identity elsewhere.
The property that at agrees with x ÞÑ x ` t on Ui implies that patbqqpbq

has a unique fixed point in each set b´nUi for n “ 0, 1, 2, . . . , qpbq ´ 1. Since
the union of such sets open b´nUi covers Perpbq, there is some δ ą 0 such
that |bqpbqpxq´x| ě δ for all x P S1 rU , hence for all t sufficiently small, we
will have Perpatbq Ă U . �

Another function of property S`k is given by the following lemma.

Lemma 5.16. Let pa, b, cq be a completable 3-chain. Then S`k pa, bq implies
Skpb, cq.

As hinted by this statement, the stronger Property S``k can actually be
propagated along chains, as follows.
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Proposition 5.17. Let pa, b, cq be a completable 3-chain. Suppose that
S``k pa, bq holds. Then S``k pb, cq holds as well.

To prove these two statements, we will need a quick sub-lemma.

Lemma 5.18 (Per has empty interior). Let a and b be any curves with
ipa, bq “ ˘1, and let bt be a positive one-parameter family commuting with
b. Then, for all but countably many t, the set Perpbtaq has empty interior.

Proof. Let X “ S1 rP pb, aq. Then for t ‰ s, we have Perpbtaq XPerpbsaq X
X “ H. In particular, the set

T “ tt : Perpbtaq XX contains a nonempty open setu

is countable. Note also that if Perpbtaq contains a nonempty open set U ,
then U XX “ U rP pb, aq is open and nonempty, since P pb, aq is closed with
empty interior, hence t P T . It follows that for all t R T , Perpbtaq has empty
interior. �

Proof of Lemma 5.16. Complete pa, b, cq to a 4-chain pa, b, c, dq, and let pdtqtPR
be a positive one-parameter family commuting with d. By Lemma 5.18,
Perpdt0cq has empty interior for some t0 P R. Now, by Lemma 5.15, there
exists a one-parameter group pasqsPR, an interval I Ă R and 2k maps,
φj : I Ñ S1, each homeomorphism to its image, such that the 2k periodic
points of Perpasbq are precisely φ1psq, . . . , φ2kpsq, for all s P I. The set
Ş

φ´1
j pPerpdt0cqq then has empty interior in I, hence there exists s0 P I such

that Perpas0bq X Perpdt0cq “ H, and we conclude that Perpbq X Perpcq “ H
by Lemma 2.30. We conclude by using Theorem 4.2. �

Proof of Proposition 5.17. Complete the 3-chain into a 5-chain, pe, a, b, c, dq,
and apply Lemma 5.16 to the 3-chains pa, b, cq and pe, a, bq to conclude
Skpb, cq and Skpa, eq. By Lemma 3.8, we may then use a bending defor-
mation of a along e to move the periodic set of a disjoint from any finite set,
so in particular Perpaq X Perpcq “ H. Now take a positive one-parameter
family at commuting with a. Since PerpaqXPerpcq “ H the points a´tPerpcq
move continuously in t, so there is some t such that bPerpcqXa´tPerpcq “ H.
Thus, atbPerpcq X Perpcq “ H hence by Lemma 2.30 bPerpcq X Perpcq “ H.
Thus, we conclude that S`k pb, cq holds. By Lemma 5.16, this implies that
Skpc, dq holds as well. In particular, Perpdq is finite. We can now apply
Lemma 3.8 and use a bending deformation so that Perpatbq X Perpdq “ H,
which implies that Perpbq X Perpdq “ H, and repeat the argument above
(with d and c playing the roles of a and b) to conclude S`k pc, bq holds as
well. �

Proposition 5.17, Theorem 3.3, and the connectedness of the graph in
Lemma 2.11 immediately gives the following.

Corollary 5.19. Let ρ be a path-rigid, minimal representation, and suppose
there exists pa, bq such that S``k pa, bq holds. Then ρ is geometric.

This consequence is strong enough to imply the main result of the com-
panion article [17]. We explain this now, as it will be used again in Section 6.
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Corollary 5.20. Let ρ be a path-rigid, minimal representation, and suppose
that there is some torus T pa, bq such that the relative Euler number of T pa, bq
is ˘1. Then ρ is semi-conjugate to a Fuchsian representation.

Proof. Since T pa, bq has Euler number 1, it follows form [21] that the re-
striction of ρ to xa, by is semi-conjugate to a geometric representation in
PSLp2,Rq. (This is not difficult: that rrotpryρpaq, yρpbqs “ ˘1 easily implies
that ρpaq and ρpbq are 1-Schottky, hence as in Proposition 3.22 are semi-
conjugate to a geometric representation in PSLp2,Rq. See the beginning of
§3 in [21].) In particular, property S``1 pa, bq holds. It follows from Corollary
5.19 that ρ is geometric. �

Given Corollary 5.19, to achieve our main goal of this section, we need
only show the following.

Proposition 5.21. Let pa, b, c, d, eq be a 5-chain, and suppose that P pa, bq “
P pe, dq “ H. Then we have S``k pb, cq.

Proof. Suppose P pa, bq “ P pe, dq “ H. By Proposition 5.12, we have Skpb, cq
and Skpc, dq for some k ě 1. Since P pe, dq “ H and Perpbq is finite, we
have a bending deformation etd such that Perpbq X Perpetdq “ H, hence
Perpbq XPerpdq “ H. Hence, Perpbq X dtcPerpbq “ H for some t, so we have
PerpbqX cPerpbq “ H, ie, S`k pc, bq holds. By Lemma 5.16, this gives Skpa, bq.
In particular, Perpaq is finite, and so there exists a bending deformation
replacing c with dtc such that Perpaq X Perpdtcq “ H, and hence Perpaq X
Perpcq “ H. Repeating the argument above, we conclude S`k pb, cq holds. �

The main result of this section is now a quick corollary. We restate it here
for convenience and to summarize our work.

Corollary 5.22. Let ρ be a path-rigid, minimal representation. Suppose ρ
admits two disjoint good tori that are not very good. Then ρ is geometric.

Proof. Let T pa, bq and T pd, eq be these two disjoint good tori. Since they are
good, we may suppose rotpaq “ rotpeq “ 0. Since they are not very good,
we have P pa, bq “ H and P pe, dq “ H. We may find a curve c such that
pa, b, c, d, eq is a 5-chain, and then Proposition 5.21 and Corollary 5.19 imply
that ρ is geometric. �

5.3. Finite orbits. The goal of this section is the proof of the following
proposition.

Proposition 5.23. Let ρ : Γg Ñ Homeo`pS1q be a path-rigid representation,
and let Σ “ Σg´1,1 be a subsurface containing only very good tori. Then ρ|π1Σ

has a finite orbit.

If T pa, bq is very good, then a and b act with a finite orbit, so rotpabq “
rotpaq ` rotpbq. Thus, in a subsurface where all tori are very good, rotation
number is additive on any pair of curves with intersection number ˘1. This
motivates the following proposition, which gives our first step.

Proposition 5.24. Let Σ be a one-holed surface of genus ě 2. We suppose
that π1Σ acts on the circle in such a way that all nonseparating simple curves
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have rational rotation number, and that for all γ1, γ2 with ipγ1, γ2q “ ˘1,
we have rotpγ1γ2q “ rotpγ1q ` rotpγ2q.

Then, there exist two curves γ1, γ2 with ipγ1, γ2q “ ˘1 and rotpγ1q “

rotpγ2q “ 0.

Proof. Let pa1, . . . , bgq be a standard generating set of π1Σ, ie, where the
loop ra1, b1s ¨ ¨ ¨ rag, bgs is homotopic to the boundary, and consider the non-
completable directed 5-chain pγ1, γ2, γ3, γ4, γ5q “ pa´1

1 b1a1, a1, δ1, a2, b
´1
2 q,

with the notation of Section 2.1. Our proof proceeds by iteratively applying
Dehn twists in this system of curves.

Recall from Convention 2.15 that the effect of a Dehn twist along γi re-
places γi´1 (if i ě 2) with γ´1

i γi´1, and replaces γi`1 with γi`1γi (if i ď 4),
while leaving the other curves unchanged. By the asumption of the proposi-
tion, and since ipγi, γi`1q “ 1 for each i, the Dehn twist τi along γi changes
the vector pr1, r2, r3, r4, r5q of rotation numbers of the γi, by replacing ri´1

with ri´1´ri and replacing ri`1 with ri`1`ri. This Dehn twist also changes
the standard generating system pa1, . . . , bgq into a new generating system
(with a new chain pγ1, . . . , γ5q with rotation numbers changed as above), in
which we may perform new Dehn twists and iterate this process.

In other words, Proposition 5.24 amounts to proving that the operations
τi : pr1, . . . , r5q ÞÑ pr11, . . . , r

1
5q with r1i´1 “ ri´1 ´ ri and r1i`1 “ ri`1 ` ri,

and r1j “ rj otherwise, can be iterated to transform any vector in pQ{Zq5
to a vector of the form p0, 0, r3, r4, r5q. This should seem well known to any
reader familiar with the symplectic group Spp2g,Zq, but we give the details
anyway.

Start with a vector pr1, . . . , r5q, and lift it (without change in notation)
to Q. Since the τi are linear operations, we may suppose instead that
r1, r2, r3, r4, r5 are integers with greatest common divisor 1. We use the
notation x^ y to denote the greatest common divisor of x and y.

Using only τ4 and τ5 and their inverses, we can apply the Euclidean algo-
rithm to r4 and r5, changing pr1, r2, r3, r4, r5q into pr1, r2, r3`N, r4^ r5, 0q,
where N is some multiple of r4^r5. By applying again a power of τ4, we get
to pr1, r2, r3, r4^ r5, Nq. Similarly, by applying a sequence of τ3 and τ4, and
then some power of τ3 to correct the effect on r2, we can arrive at a vector
of the form pr1, r2, r3 ^ r4 ^ r5, ‹, ‹q. We then do the same operation on the
second and third entries of the vector using τ3 and τ2, and again finally on
the first and second via τ2 and τ1. After these operations, the new vector is
of the form p1, r12, r

1
3, r

1
4, r

1
5q, and after using a power of τ1, we get the vector

p1, 1, r13, r
1
4, r

1
5q.

Applying τ3 maps this vector to p1, 1 ´ r13, r
1
3, r

1
4 ` r13, r

1
5q. We can then

apply τ r
1
3

1 , to get p1, 1, r13, r14` r13, r15q. Let us call τ 13 this combination. Then,
the operations τ 13 and τ4 enable to run the Euclidean algorithm on r13 and r14,
without changing first two entries of the vector. This allows us to arrive at
a vector of the form p1, 1, 0, n,mq. Now we apply τ2, getting p0, 1, 1, n,mq,
and then τ3, getting p0, 0, 1, n` 1,mq. �

Our interest in Proposition 5.24 is that it is much easier to keep track
of the dynamics of two curves if their rotation numbers are zero. In this
case, we do not need a condition as strong as Perpaq X Perpbq “ H in order
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to control the fixed points as in Lemma 5.15. More precisely, we have the
following statement.

Proposition 5.25. Suppose rotpaq “ rotpbq “ 0. Then for every ε ą 0,
there exists a one-parameter family patqtPR commuting with a, an interval
J Ă R, and a finite collection of homeomorphisms φi : J Ñ S1 with disjoint
images, such that for all t P J ,

Fixpatbq X
`

S1 r VεpP pa, bqq
˘

“ tφ1ptq, ¨ ¨ ¨ , φnptqu.

In other words, for all t P J , the fixed points of atb at distance ě ε to
P pa, bq are finite in number and move continuously in t. Note that, in the
statement above, we do not require at to be a positive family.

Proof. Fix a positive one-parameter family αt commuting with a. We will
modify αt to obtain the desired family at.

When rotpaq “ rotpbq “ 0, we have P pa, bq “ Fixpbq X BFixpaq, and
the set Upa, bq has a very simple description: x P Upa, bq if and only if
x and bpxq are in the same connected component of S1 r BFixpaq. Thus,
Upa, bq “

Ť

IpI X b
´1pIqq, where I ranges over the connected components of

S1 r BFixpaq. As each connected component I is a-invariant, we may define
at separately on each, affecting only Fixpatbq X I.

For every connected component I of S1 r BFixpaq, let UpIq denote I X
b´1pIq. By definition, each endpoint of UpIq lies in BNpa, bqYP pa, bq. Thus,
by Lemma 2.19, all but finitely many intervals UpIq lie in VεpP pa, bqq. On all
the corresponding connected components I of S1 r BFixpaq, there is nothing
to worry about, and we set at “ αt.

Now we treat the remaining (finitely many) intervals I of S1rFixpaq such
that UpIq is nonempty, considering the configuration of I and b´1pIq. As
a first case, suppose that I and b´1pIq share an endpoint, i.e. a point in
P pa, bq. If this is the right endpoint, define at “ αt on I. If the left endpoint
is shared, take instead at “ α´t. If I “ bpIq, either choice will work. In each
case, for all s sufficiently large, we have

(5.1) Fixpasbq X I Ă VεpP pa, bqq.

As a second case, suppose b shifts I. If the shift is to the right, i.e.
I “ px1, x3q and bpIq “ px2, x4q with x1, x2, x3, x4 in cyclic order, define
at “ αt on I, and if the shift is to the left, set at “ α´t. In either case, for
all s sufficiently large, we have

(5.2) Fixpasbq X I “ H.

We are left with the case where either b ¯pIq Ă I or Ī Ă bpIq. Suppose the
first holds, as the second can be dealt with by a symmetric argument. Note
that (using αt and b) we are in the case n “ 1 of Lemma 4.9 of the preceding
section. Thus, there exists s P R such that αsb has a unique fixed point in
I. Moreover, b ¯pIq Ă I implies that this unique fixed point is an attracting
point, i.e. we may take local coordinates so that the map αsb agrees with
x ÞÑ x{2 at the origin. After reparametrization of αt on I, we may assume
that this time s is sufficiently large to satisfy (5.1) and (5.2) above. Working
in coordinates, let p´δ, δq be a neighborhood of 0 contained in a fundamental
domain for a. Let τt be a smooth family of bump functions supported on
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p´δ, δq and agreeing with x ÞÑ x` t on an even smaller (fixed) neighborhood
of 0, for all t ă δ1 ă δ. Extend τt a-equivariantly to a homeomorphism of
I Now define at on I to agree with αt for t ă s, to agree with τt´sαs for
s ď t ď s ` δ1, and arbitrarily (for example, constant in t) for t ě s ` δ1.
Varying t in J :“ ps, s`δ1q, the homeomorphism atb has a unique fixed point
in I that moves continuously with t, as desired. Of course, we can choose
parameterizations of at on each of these (finitely many) intervals so that J
does not depend on I. This proves the lemma. �

Using this tool, we can propagate finite orbits over chains.

Proposition 5.26. Let a, γ1, γ2, γ3, ...γk be a chain. Suppose that Perpaq
has empty interior, rotpγiq “ 0 for all i, the subgroup xa, γ1y has a finite
orbit and xγi, γi`1y has a global fixed point. Then xa, γi, ..., γky has a finite
orbit.

Proof. Inductively, suppose the statement holds for chains of length k and
take a chain of length k` 1 of the form a, γ1, ..., γk. By inductive hypothesis
the group generated by the first k elements xa, γ1, ..., γk´1y has a finite orbit,
i.e. there is a periodic orbit of a contained in

Şk´1
i“1 Fixpγiq.

Since Perpaq has empty interior, for any n P N, we can use Proposi-
tion 5.25 to produce a homeomorphism cpnq lying in a one-parameter family
commuting with γk such that Fixpcpnqγk´1q X Perpaq Ă V1{npP pγk´1, γkqq.
Indeed, with the notation of that proposition, there exists t P J such that
φjptq R Perpaq for all j, because

Ş

j φ
´1
j pPerpaqq has empty interior in J . Do

this for each n P N; we do not require that the cpnq all belong to a common
one-parameter family, all that is important is that they are each obtainable
by a bending deformation, hence give a semi-conjugate representation.

The result is a sequence of bending deformations cpnqγk´1 of γk´1 such
that

Fixpcpnqγk´1q X Perpaq Ă V1{npFixpγk´1q X Fixpγkqq.

Since xa, γ1, ..., γk´1y has a finite orbit, and this property is stable under
semi-conjugacy, it follows that, for every n,

Şk´2
i“1 Fixpγiq X Fixpcpnqγk´1q

contains a full orbit of a. For each n, choose one such full orbit, and denote
it by On. After passing to a subsequence, the sets On converge pointwise to
a finite subset of

Şk´2
i“1 Fixpγiq X Perpaq that is invariant under a (as these

are both closed conditions) so the limit is a full orbit. Moreover, this orbit
is contained in every open neighborhood of Fixpγk´1q X Fixpγkq, so also lies
in Fixpγk´1q X Fixpγkq. This gives a periodic orbit of a in

Şk
i“1 Fixpγiq, as

desired. �

We can now prove the main result advertised at the beginning of this
section.

Proof of proposition 5.23. Let Σg,1 be a surface with one boundary compo-
nent, in which all tori are very good. Recall that our goal is to show that
ρ has a finite orbit. Since all tori are very good, we may use Proposi-
tion 5.24 to find a standard system of generators a1, b1, . . . , ag´1, bg´1 where
rotpaiq “ rotpbiq “ 0 for all i “ 2, 3, . . . , g ´ 1. Since T pa1, b1q is good, we
may also assume that rotpb1q “ 0.
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Let δi “ a´1
i`1bi`1ai`1b

´1
i as in Section 2.1, so that pa1, δ1, a2, δ2, . . . δg´2, ag´1, bg´1q

forms a chain. For each i, we can use Lemma 5.18 in order to assume without
loss of generality that Perpδiq has empty interior, and then apply Proposi-
tion 5.26 to the chain pδi, ai, biq. It follows that xδi, biy has a finite orbit,
hence

rotpδiq ` rotpbiq “ rotpa´1
i`1bi`1ai`1q “ rotpbi`1q.

Thus, rotpδiq “ 0 for all i.
Lemma 5.18 implies that, after a deformation, we may assume that Perpa1q

has empty interior. Thus, we can apply Proposition 5.26 to the chain
pa1, δ1, a2, δ2, . . . δg´2, ag´1, bg´1q to conclude that the subgroup generated
by these elements has a finite orbit. As this subgroup is equal to π1pΣg´1,1q,
this proves the proposition. �

5.4. Proof of Theorem 1.6. Theorem 1.6 is now a quick consequence of
Proposition 5.23 and Corollary 5.20.

Proof of Theorem 1.6. Let ρ : π1pΣgq Ñ Homeo`pS
1q be a path-rigid repre-

sentation, and suppose that ρ is not geometric. If Σ contains a bad torus T ,
then by Proposition 1.12, Σ r T contains only very good tori. If Σ contains
no bad torus, but some torus T 1 that is not very good, then Proposition
1.12 implies that Σ r T 1 contains only very good tori. In either case, there
is a genus g ´ 1 subsurface Σg´1,1 containing only very good tori, hence by
Proposition 5.23 the restriction of ρ to Σg´1,1 has a finite orbit. In partic-
ular, the boundary curve of this subsurface has zero rotation number, and
the restriction of ρ to this subsurface has relative Euler number zero.

It follows that the Euler number of the remaining (not very good) torus is
either 0 or ˘1. By Corollary 5.20, if it is ˘1, then ρ is geometric. Thus, the
remaining torus has Euler number 0, and by additivity the Euler number of
ρ is zero. �

We conclude by noting that if Σ has only very good tori, then the proof of
Proposition 5.23 actually shows that ρ has a finite orbit (hence automatically
Euler number zero).

6. Proof of Theorem 1.5 and last comments

6.1. Proof of Theorem 1.5. Here is where we use the stronger hypoth-
esis of rigidity, instead of path-rigidity. Our proof relies on the following
observation, that was hinted to us by work in the recent article [1].

Lemma 6.1. Let ρ be a rigid, minimal representation. Let T “ T pa, bq be
a very good torus. Then only finitely many points of S1 have a finite orbit
under xa, by. In particular, if rotpaq “ 0 then P pa, bq is a finite set.

This observation is the only place where we use rigidity, rather than the
weaker path-rigidity, in our proof.

Proof. Let F pa, bq denote the set of points whose orbit under xa, by is finite.
To simplify the exposition of the proof, fix a metric on S1 so that a and b
act on F pa, bq by rigid rotations. Given any ε ą 0, let J1, J2, ... denote the
(finitely many) connected components of S1 rF pa, bq consisting of intervals
of length greater than ε (by our choice of metric, this is a xa, by-invariant set).
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If F pa, bq is finite, and ε small enough, then
Ť

i Ji “ S1. Otherwise (even
in the case where

Ť

i Ji “ H), we may divide S1 r
Ť

i Ji into finitely many
disjoint open intervals I1, I2, ... each of length at most ε and with endpoints
in F pa, bq, such that these intervals are permuted by xa, by, and such that
S1 “ p

Ť

i Jiq Y p
Ť

i Iiq.
Since T is very good, we can suppose without loss of generality that

rotpaq “ 0. We claim that there exist a1, b1 P Homeo`pS1q, agreeing with a
and b on S1 r

Ť

i Ii, such that ra1, b1s “ ra, bs holds globally, and such that
Perpb1q X

Ť

Ii “ H.
Let c “ ra, bs. As

Ť

i Ii is a, b-invariant, constructing a
1 and b1 amounts

to solving the equation b1c “ a1´1ba1 on
Ť

i Ji. That this can be solved is
shown in [5, Lemma 2.7]; as their notation and context is slightly different,
we explain the strategy. Take coordinates identifying each Ji with R. If b1
is defined on some Ji (with image in Jj) to increase sufficiently quickly (as
a homomorphism R Ñ R), then b1c will also be strictly increasing, hence
conjugate to b1. One then defines a1 to be this conjugacy.

Let ρ1 be the representation obtained from ρ by replacing pa, bq by pa1, b1q.
As ε ą 0 is arbitrary, this ρ1 can be taken arbitrarily close to ρ, in HompΓg,Homeo`pS1qq.
Since ρ is assumed rigid, for small enough ε, ρ1 must be semi-conjugate to ρ.
As ρ was supposed to be minimal, then there is a continuous semi-conjugacy
h : S1 Ñ S1 such that h ˝ ρ1 “ ρ ˝ h. Let

F 1 :“ tx P S1 | x has finite orbit under xρ1paq, ρ1pbqyu.

By construction of ρ1, this set is finite. However, hpF 1q “ F pa, bq. It follows
that F pa, bq was finite as well. �

To conclude the proof of Theorem 1.5, let ρ be a rigid, minimal representa-
tion, and assume for contradiction that ρ is non-geometric. As a consequence
of Lemma 6.1, Proposition 5.8 and Lemma 5.11, ρ cannot have bad tori. In
order to derive a contradiction, we will show that all good tori are actually
very good. We pursue this in the spirit of Proposition 5.12.

Lemma 6.2. Suppose P pa, bq “ H. Then BNpa, bq Ă BPerpaqYb´1pBPerpaqq.

Proof. Assume P pa, bq “ H and let x P BNpa, bq. Since P pa, bq “ H, the set
Npa, bq is closed, hence x P Npa, bq X Upa, bq.

Suppose that x R pBPerpaqYb´1pBPerpaqq. Then, there exists two intervals,
I, J , neighborhoods of x, with I Ă S1 r BPerpaq and J Ă S1 r b´1pBPerpaqq.
As x P Upa, bq, there exists u P Upa, bq X I X J . Let at be a positive one-
parameter family commuting with a. Since bpJq contains bpxq and bpuq
and bpJq X BPerpaq “ H, there exists t0 P R such that at0bpxq “ bpuq.
Similarly, there exists t1 P R such that at1puq “ x. Thus, ∆a,bpx, t1 `
T puq, T puq, . . . , T puq, T puq ` t0q “ 0, and it now follows easily that x P
Upa, bq. This proves the lemma. �

Lemma 6.3. Suppose rotpaq “ 0 and suppose xa, by has no finite orbit.
Choose a positive one-parameter group bt commuting with b. Then for all
x P S1, there exist at most two values of t such that x P BNpbta, bq.

Proof. Since xa, by has no finite orbit, P pa, bq “ H and hence P pbta, bq “ H
for all t. Let x P S1; we will apply Lemma 6.2 to the pairs pbta, bq. If
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x P Perpbq, then x R Npbta, bq, and in particular x R BNpbta, bq for all t P R.
Thus, suppose x R Perpbq.

By Lemma 6.2, if x P BNpbta, bq, then x P BPerpbtaq Y b´1pBPerpbtaqq.
Note that x cannot be in P pb, aq, as x R Perpbq. Hence, if there exists some
t P R such that x P Perpbtaq, then x P Upb, aq, and this t is unique. Similarly,
if there exists some t P R such that bpxq P Perpbtaq, then bpxq P Upb, aq, and
this t is unique. This concludes the proof. �

Using these tools, we will now show that ρ (always assumed rigid and
minimal) satisfies hypothesis Sk. We divide the first part of this proof into
two lemmas.

Lemma 6.4. Let pa, b, c, dq be a 4-chain, and suppose rotpaq “ rotpdq “ 0
holds. Suppose that T pa, bq is good but not very good. Then we have Skpb, cq.

Proof. By Lemma 6.1, the set P pd, cq is finite, and using Lemma 6.3, we can
first deform a, to some bta, so that BNpa, bq does not intersect P pd, cq. Then
by Lemma 5.13, we have Perpbq X Perpcq “ H. �

Lemma 6.5. Let pa, b, c, dq be a 4-chain, and suppose Skpa, bq and rotpdq “ 0
hold. Then we have Skpb, cq.

Proof. By Lemma 6.1, the set P pd, cq is finite. By Lemma 3.8 in the torus
T pa, bq, the set Perpbq is disjoint from P pd, cq.

Hence, Perpbq Ă Upd, cq Y Npd, cq, and Perpbq is finite. Thus, for all but
finitely many t, we have Perpbq XPerpdtcq “ H. Hence Perpbq XPerpcq “ H
by Lemma 2.30. �

Now we can complete the proof of the Theorem.

Proof of Theorem 1.5. Let ρ be a rigid, minimal representation. As we said
above, ρ does not admit any bad torus. If all tori are very good, then as in the
proof of Theorem 1.6, we know that ρ admits a finite orbit, a contradiction.

Thus, ρ admits a good torus, T pa, bq, which is not very good. We may
suppose rotpaq “ 0. As all tori are good, we may choose a curve d outside
T pa, bq with rotpdq “ 0, and we may form a 4-chain pa, b, c, dq. By Lemma 6.4,
we have Skpb, cq for some k.

Now rename pb, cq into pa, bq, and forget about the other curves, remem-
bering only that we have two curves a, b with Skpa, bq. Since all tori are good,
we may choose a curve d outside T pa, bq such that rotpdq “ 0, and such that
there exists a standard generating system beginning with pa, b, d, γq Define
u “ γa´1b´1a and v “ γa´1. Then pu, a, b, vq, pd, u, a, bq and pa, b, v, dq are
4-chains (we encourage the reader to refer to Figure 1 and draw these curves
u and v for him/herself). Apply Lemma 6.5 to the 4-chain pa, b, v, dq. This
proves that Skpb, vq holds. The same lemma applied to the 4 chain pd, u, a, bq
implies Skpu, aq. Hence, the 4-chain pu, a, b, vq satisfies Skpu, aq, Skpa, bq and
Skpb, vq. We can deform a along u, thanks to Lemma 3.8, in such a way that
Perpaq XPerpvq “ H, hence we have S`k pb, aq, and we can deform b along v,
in such a way that Perpbq X Perpuq “ H, hence we have S`k pa, bq. Finally,
this proves S``k pa, bq, and thus ρ is geometric by Corollary 5.19. �

6.2. Comments and further questions. We conclude this paper by dis-
cussing some natural questions and directions for further work.
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6.2.1. Path-rigidity. Given Theorem 1.6, we expect that path-rigiditity should
suffice to imply that a representation is geometric. The most obvious route
to this result would be through an improvement of Lemma 6.1, as it is the
only place where we use the stronger hypothesis of rigidity.

Question 6.6. Does Lemma 6.1 hold when “rigid” is replaced by “path-rigid”?

This question also arises naturally out of the work of Alonso–Brum–Rivas
in [1], which served as our inspiration for Lemma 6.1. Their main result is
the following.

Theorem 6.7 (Alonso–Brum–Rivas [1]). Let ρ P HompΓg,Homeo`pS1qq

or in HompΓg,Homeo`pRqq. In any neighborhood U of ρ, there exists a
representation ρ1 without global fixed points.

Since it is unknown whether these representation spaces are locally con-
nected, their result does not imply that there is a path-deformation of ρ
without global fixed points. Thus, the obvious problem arising out of their
work is to upgrade this result to path-deformations. A first step in this di-
rection would be to attempt to reprove [1, Lemma 3.9, 3.10]. These lemmas
show that, in any neighborhood of ρ, there exists a representation ρ1 whose
fixed points are isolated and either attracting or repelling points. Can ρ1 be
attained by deforming along a path? If so, can this be generalized to finite
orbits, rather than fixed points, for actions on S1? This is essentially the
content of Question 6.6 above.

6.2.2. The commutator equation. More general than Question 6.6 above, the
following basic problem appears to be essential in understanding the topology
of HompΓg,Homeo`pS1qq.

Probem 6.8. For fixed h P Homeo`pS1q, describe the topology of the set

νh :“ tf, g P Homeo`pS1q ˆHomeo`pS1q | rf, gs “ hu.

As it stands, remarkably little is known about this space. If rotphq P
Qr t0u, then it is known that νh is not connected; however, we do not know
the number of connected components, nor do we know in any circumstances
whether νh is locally connected or not.

This problem is strongly related to Question 1.7 on classifying connected
components of HompΓg,Homeo`pS1qq that we raised in the introduction. For
instance, Goldman’s classification of connected components of HompΓg,PSLp2,Rqq
given in [9] is built upon a complete understanding of this space for νh X
PSLp2,RqˆPSLp2,Rq. This is of course a much easier problem, as PSLp2,Rq
is a finite dimensional Lie group, and the commutator map is smooth. The re-
sult of the first author in [14] (that Euler number does not classify connected
components of HompΓg,Homeo`pS1qq, unlike the PSLp2,Rq case) may also
serve as warning that the topology of νh space should be more complicated
than its intersection with PSLp2,Rq ˆ PSLp2,Rq.

Throughout this paper, we navigated within νh by making bending defor-
mations. This raises a few obvious questions, such as the following.

Question 6.9. Let h P Homeo`pS1q, and let pf, gq, pf 1, g1q in the same
path-component of νh. Identifying f, g with the image of generators of a
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one-holed torus, Can we move from pf, gq to pf 1, g1q by using bending de-
formations? More generally, given ρ and ρ1 in the same path-component of
HompΓg,Homeo`pS1qq, is there a path from ρ to ρ1 using bending deforma-
tions in simple closed curves on Σg?

This question is reminiscent of Thurston’s earthquake theorem for Teich-
müller space. It also calls to mind work of Goldman–Xia [10], who use the
analogous (positive) result for bending deformations in connected compo-
nents of classical character varieties in order to studying the action of the
mapping class group on these varieties. As well as justifying our use of bend-
ing deformations alone, a positive answer to Question 6.9 would give another
analogy between classical character varieties and χpΓg,Homeo`pS1qq.

6.2.3. Bad tori. In Section 5, we needed a long series of lemmas in order to
prove that a path-rigid representation cannot contain two disjoint bad tori.
However, we do not know any example of a path-rigid representation with
even one single bad torus. Besides being an interesting question in itself, the
question of existence bad tori could provide an alternative route to prove
that path-rigid representations are geometric even in Euler class zero. The
strategy would be to show that a path-rigid representation of Γg cannot
admit a bad torus, and then prove and enhanced version of Lemma 5.13.

However, we were somewhat surprised to be unable to tackle the following
even more basic technical question.

Question 6.10. Let T pa, bq be a one-holed torus. Does there exist a repre-
sentation ρ : π1pT q Ñ Homeo`pS1q such that the rotation number of every
nonseparating simple closed curve is rational, but nonzero?

This is, obviously, related to understanding the mapping class group ac-
tions on character varieties, as we are insisting on finding a nonseparating
simple closed curve.

By contrast, relaxing the condition that curves be simple gives a problem
already solved by a classical (though not widely known) result of Antonov.

Theorem 6.11 (Antonov [2]). Let ρ : xa, by Ñ Homeo`pS1q be a minimal
action. Either ρ has abelian image, and is conjugate to an action by rotations,
or (up to taking a quotient of S1 by a finite order rotation r, in the case that
ρ commutes with r), the probability that the rotation number of the image of
a random word of length N in ta, b, a´1, b´1u is zero tends to 1 as N tends
to 8.

In the case where ρ commutes with a finite order rotation, say of order
n, the rotation numbers of random words equidistribute in t0, 1

n , . . . ,
n´1
n u.

Thus, for any representation, most words have rational rotation number.

6.2.4. Local versus global rigidity. Thus far, we have discussed rigidity and
path-rigidity of representations; rigidity being the natural notion to study
from our interest in character spaces, and path deformations being easier to
work with in practice. However, from a dynamical perspective, it is also in-
teresting to study local rigidity or stability of actions. The following definition
appears in [15], and is also discussed in [1].
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Definition 6.12 (3.1 in [15]). A representation ρ is called locally rigid if
it has a neighborhood in the representation space Hompπ1Σg,Homeo`pS1qq

containing only representations semi-conjugate to ρ.

In many circumstances, this condition is much easier to satisfy than rigid-
ity or path-rigidity. For example, an element g P Homeo`pS1q (thought of
as a representation of Z), with finitely many fixed points, all of which are at-
tracting or repelling, is easily seen to be locally rigid, but it is semi-conjugate
to (and in the same connected component of HompZ,Homeo`pS1qq as the
identity. We do not know if this phenomenon generalizes to representations
of Γg.

Question 6.13. Is there a representation ρ P HompΓg; Homeo`pS1qq that is
locally rigid, but not rigid?

Again, a natural first step to this question could be to study the local
topology of the sets νh defined above.

References

[1] Juan Alonso, Joaquín Brum, and Cristóbal Rivas. Orderings and flexibility of some
subgroups of Homeo`pRq. J. Lond. Math. Soc. (2), 95(3):919–941, 2017.

[2] V. A. Antonov. Modeling of processes of cyclic evolution type. Synchronization by
a random signal. Vestnik Leningrad. Univ. Mat. Mekh. Astronom., (vyp. 2):67–76,
1984.

[3] Marc Burger, Alessandra Iozzi, and Anna Wienhard. Higher Teichmüller spaces: from
SLp2,Rq to other Lie groups. In Handbook of Teichmüller theory. Vol. IV, volume 19
of IRMA Lect. Math. Theor. Phys., pages 539–618. Eur. Math. Soc., Zürich, 2014.

[4] Danny Calegari and Alden Walker. Ziggurats and rotation numbers. J. Mod. Dynam-
ics, 5(4):711–746, 2011.

[5] David Eisenbud, Ulrich Hirsch, and Walter Neumann. Transverse foliations of Seifert
bundles and self-homeomorphisms of the circle. Comment. Math. Helv., 56(4):638–
660, 1981.

[6] Étienne Ghys. Groupes d’homéomorphismes du cercle et cohomologie bornée. In The
Lefschetz centennial conference, Part III (Mexico City, 1984), volume 58 of Contemp.
Math., pages 81–106. Amer. Math. Soc., 1987.

[7] Étienne Ghys. Groups acting on the circle. Enseign. Math. (2), 47(3-4):329–407, 2001.
[8] William M. Goldman. The symplectic nature of fundamental groups of surfaces. Adv.

in Math., 54(2):200–225, 1984.
[9] William M. Goldman. Topological components of spaces of representations. Invent.

Math., 93(3):557–607., 1988.
[10] WilliamM. Goldman and Eugene Z. Xia. Ergodicity of mapping class group actions on

SUp2q-character varieties. In Geometry, rigidity, and group actions, Chicago Lectures
in Math., pages 591–608. Univ. Chicago Press, Chicago, IL, 2011.

[11] Anatole Katok and Boris Hasselblatt. Introduction to the modern theory of dynamical
systems. Cambridge University Press, 1997.

[12] D. Luna. Sur certaines opérations différentiables des groupes de Lie. Amer. J. Math.,
97:172–181, 1975.

[13] Domingo Luna. Fonctions différentiables invariantes sous l’opération d’un groupe ré-
ductif. Ann. Inst. Fourier (Grenoble), 26(1):ix, 33–49, 1976.

[14] Kathryn Mann. Spaces of surface group representations. Invent. Math., 201(2):669–
710, 2015.

[15] Kathryn Mann. Rigidity and flexibility of group actions on S1. In Handbook of group
actions. 2017.

[16] Kathryn Mann and Cristóbal Rivas. Group orderings, dynamics, and rigidity.
arXiv:1607.00054. To appear in Annales de l’institut Fourier.



60 KATHRYN MANN AND MAXIME WOLFF

[17] Kathryn Mann and Maxime Wolff. A characterization of Fuchsian actions by topo-
logical rigidity. In preparation.

[18] Julien Marché and Maxime Wolff. The modular action on PSL(2,R)-characters in
genus 2. Duke Math. J., 165(2):325–359, 2016.

[19] Shigenori Matsumoto. Numerical invariants for semiconjugacy of homeomorphisms
of the circle. Proc. AMS, 98:163–168, 1986.

[20] Shigenori Matsumoto. Some remarks on foliated S1 bundles. Invent. Math., 90:343–
358, 1987.

[21] Shigenori Matsumoto. Basic partitions and combinations of group actions on the
circle: A new approach to a theorem of Kathryn Mann. Enseign. Math., 62(1/2):15–
47, 2016.

[22] J.W. Milnor. On the existence of a connection with curvature zero. Comment. Math.
Helv., 32:215–223, 1958.

[23] Andres Navas. Groups of Circle Diffeomorphisms. Chicago Lectures in Mathematics.
University of Chicago Press, 2011.

[24] J.W. Wood. Bundles with totally disconnected structure group. Comment. Math.
Helv., 51:183–199, 1971.

Department of Mathematics, Brown University, 151 Thayer Street, Prov-
idence, RI 02912, USA

E-mail address: mann@math.brown.edu

Sorbonne Universités, UPMC Univ. Paris 06, Institut de Mathématiques de
Jussieu-Paris Rive Gauche, UMR 7586, CNRS, Univ. Paris Diderot, Sorbonne
Paris Cité, 75005 Paris, France

E-mail address: maxime.wolff@imj-prg.fr


