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ABSTRACT. A hyperbolic group G acts by homeomorphisms on its Gromov
boundary. We show that if OG is a topological n—sphere the action is topo-
logically stable in the dynamical sense: any nearby action is semi-conjugate to
the standard boundary action.

1. INTRODUCTION

Calabi-Weil local rigidity [Cal61l, [Wei62] (an important precursor to Mostow
rigidity) states that, for n > 3, the action of the fundamental group of a hyperbolic
n-manifold by conformal maps on the boundary sphere S™~! is locally rigid: any
nearby conformal action is conjugate in SOT(n, 1) to the original action. Inspired
by this, we investigate rigidity for the actions on boundary spheres of the broader
class of all Gromov hyperbolic groups with sphere boundary. These boundaries do
not typically admit a natural conformal or even a C! structure, so the relevant
notion of local stability is that from topological dynamics.

Recall that an action pg: G — Homeo(X) of a group G on a topological space
X is a topological factor of an action p: G — Homeo(Y) if there is a surjective,
continuous map h: Y — X such that hop = pgoh. Such a map h is called a semi-
conjugacy. An action of a group G on a topological space X is topologically stable
or C° stable if it is a factor of any sufficiently close action in the compact-open
topology on Hom(G, Homeo(X)). We prove the following.

Theorem 1.1 (Topological stability). Let G be a hyperbolic group with sphere
boundary. Then the action of G on OG is topologically stable. More precisely, given
any neighborhood V' of the identity in the space of continuous self-maps of S™, there
exists a neighborhood U of the standard boundary action in Hom(G,Homeo(S™))
such that any representation in U has py as a factor, with semi-conjugacy contained
V.

In parallel with Calabi—Weil rigidity, this says that these boundary actions ex-
hibit the strongest possible form of local rigidity. While there is overlap in the
groups considered (fundamental groups of closed hyperbolic manifolds are Gromov
hyperbolic), our result is neither a special case nor a generalization of the classical
case. We consider a much broader space of deformations — actions by homeomor-
phisms rather than conformal maps — but semi-conjugacy is of course weaker than
conformal conjugacy.

History and related results. “Stability from hyperbolicity” is an important

and recurring theme in dynamical systems. However, in much of the existing liter-

ature, hyperbolicity is described using some smooth or at least C! structure, while

the actions we consider are typically only C°. One related example is Sullivan’s
1
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1985 Structural stability implies hyperbolicity for Kleinian groups [Sul85], which
characterizes convex-cocompact subgroups of PSL(2,C) as those subgroups whose
action on their limit set is stable under C'' perturbations. Sullivan uses the fact
that group elements expand neighborhoods of points to produce a coding of or-
bits that is insensitive to perturbation. This technique was recently generalized by
Kapovich-Kim-Lee [KKL] to a much broader setting, including Lipschitz pertur-
bations of many group actions on metric spaces which satisfy a generalized version
of Sullivan’s expansivity condition.

Matsumoto [Mat87] gives a more robust form of rigidity for the actions of fun-
damental groups of compact surfaces on their boundary at infinity. In this case the
boundary is a topological circle, and Matsumoto’s work implies that any deforma-
tion of such a boundary action is semi-conjugate to the original action. Motivated
by this, Bowden and the first author studied the actions of the fundamental groups
of compact Riemannian manifolds on their boundaries at infinity, showing these
satisfy a form of local rigidity. Again hyperbolicity played a role, this time in the
form of the Anosov property of geodesic flow on such negatively curved manifolds.

Theorem [I.1] generalizes aspects of both Sullivan’s and Matsumoto’s program.
While hyperbolic groups acting on their boundaries are among the examples studied
by Kapovich—-Kim—Lee, their methods only apply to pertubations which continue to
have Sullivan’s expansivity, for instance Lipschitz-close actions. General C° pertur-
bations need not be Lipschitz close, so Sullivan’s coding no longer applies, and we
need an entirely new method of proof. Our strategy is more in the spirit of [BM19],
but uses large-scale geometry in place of the Riemannian manifold structure and
Anosov geodesic flow.

Scope. Bartels, Liick and Weinberger [BLW10, Ex.5.2] give, for all k > 2, examples
of torsion-free hyperbolic groups G with G = S*~1 that are not the fundamental
group of any smooth, closed, aspherical manifold (note that such an example with
0G = S? would give a counterexample to the Cannon Conjecture). These examples
show that, even in the torsion free case, Theorem [L.1]is a strict generalization of the
work of [BM19] on Riemannian manifold fundamental groups. Of course, groups
with torsion provide numerous other examples, and the tools introduced within the
large scale geometric framework of the proof should be of independent interest.

Outline. The broad strategy of the proof is to translate the data of a G—action on
S™ into a G—action on a sphere bundle over a particular space quasi-isometric to G,
then show that nearby actions can be related by a G-equivariant map between their
respective bundles that is close to the identity on large compact sets. This lets us
promote metrically stable notions in coarse negative curvature (such as the property
of a subset being bounded Hausdorff distance from a geodesic) into stability for the
group action.

In Section 2] we collect general results and preliminary lemmas on hyperbolic
metric spaces. In Section [3] we construct the bundles and equivariant map adver-
tised above, in the broader context of (not necessarily hyperbolic) groups acting on
manifolds, which is the natural setting for this technique.

To apply this technique to the proof of Theorem we need to find a suitably
nice space X with a proper, free, cocompact action of G by isometries. If G is
torsion free, the space of distinct triples in OG is a natural choice, but if G has
torsion the action of G on triples may not be free. We remedy this in sections
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and [B] first reducing to the case where G acts faithfully on 0G, and then showing
that one may remove a small neighborhood of the space of fixed boundary triples
without losing too much geometry, giving a suitable space to use in the rest of the
proof. We also prove several technical lemmas on the triple space for reference in
later sections.

Section [0] sets up the main proof and specifies a neighborhood of the boundary
action where Theorem [[I] holds. The bundles from Section Bl come with natural
topological foliations, and Section [6.2] shows that the image of one of these foliations
in the source space (whose leaves are parameterized by points of OG) intersects
leaves in the target along coarsely geodesic sets. Section[7]shows that the endpoints
of these coarse geodesics depend only on the original leaf, thus giving a map h from
the leaf space of one foliation to the Gromov boundary of X. Both the leaf space
and the Gromov boundary of X are canonically homeomorphic to G, and the map
h is our semi-conjugacy.

Acknowledgements. K.M. was partially supported by NSF grant DMS 1844516
and a Sloan fellowship. J.M. was partially supported by Simons Collaboration
Grant #524176.

2. BACKGROUND

We set notation, collect some general results on hyperbolic metric spaces and
prove some preliminary lemmas needed for the main theorem.

2.1. Setup. We fix the following notation. G denotes a non-elementary hyperbolic
group; in this section we do not require dG to be a sphere. We fix a generating
set S, which gives us a Cayley graph I" and metric dr on I'. Vertices of I' are
identified with group elements. In particular the identity e is a vertex of I". The
metric dr is v—hyperbolic (in the sense that geodesic triangles are v—thin) for some
v > 0. We will fix a constant § > v with some other convenient properties later.
The Gromov boundary of the group is denoted OG, this is of course equal to the
Gromov boundary of T'.

We write (z]y), for the Gromov product of z and y at z. The point z must
lie in I', but z,y may be in I' U 0G, using the standard definition of the Gromov
product at infinity (see eg [BH99, ITI.H.3.15]), as follows:

imaz; =2z, limy, =y ,.
i—00 1—00

(x|y)p = sup { lim inf(z; | y;)p
i,j—>00
We also fix a visual metric dy;s on OG. This means a metric so that there are
constants A > 1 and ko > k1 > 0 satisfying, for all a,b € 0G,

(1) ko~ (@l®e < dyis(a,b) < koA~ (@1b)e,

(See [BH99, III.H.3] or [GAIH90l 7.3] for more details, including the existence of
such a metric.) Unless otherwise specified, all metric notions in G (such as balls
B, (p)) will be defined using this visual metric. Occasionally, when specializing to
0G = S™ we also make use of the standard round metric on S™.

We will need to use the following lemma for estimating the Gromov product of
points at infinity in a v-hyperbolic space.
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Lemma 2.1. Let M be v—hyperbolic, and let p € M. Let o, 8 € OM be represented
by geodesic rays va,vs starting at p. For any points a € v, b € g,

(@]B)p = (a]b)p —2v.
Proof. From the definition of Gromov product at infinity, it follows that
(@] B)p > liminf(va(s) | 75(1))p.

To simplify notation, consider p as a basepoint and write | - | for dys(p, ). Suppose
that ¢ is a point on 7, and d a point on vz so that |c¢| > |a| and |d| > |b]. We want
to show that (¢|d), > (a|b), — 2v.

Consider the triple of Gromov products (c|d),, (b|d), = |b], and (c|b), < |b].
As is well known it follows from r—hyperbolicity that any one of such a triple is
bounded below by v less than the minimum of the other two, so we have

@) (cld)y = (c]b)y—v.

Considering next the triple (c|b),, (¢|a), = |al, and (a|b), < |a|, we conclude

3) (elb)y > (alb)y — v

Together (2) and (3)) give (¢|d), > (a|b), — 2v, as desired. O

2.2. The space of triples. Write = for the space of ordered distinct triples of
points in the Gromov boundary 0I' = 0G. We use the following well known prop-
erty.

Proposition 2.2 (Convergence group property (see [Bow98| [Tuk98] and [Gro87]
8.2.M)). G acts properly discontinuously and cocompactly on E, and each point a €
OG is a conical limit point, meaning that there exists {g;}ieny C G and p # q € OG
such that g;(a) = p and g;(z) — ¢ for all z € G — {a}.

The following definition can be thought of as giving a coarse projection map
from E to I'. (Compare |Gro87, 8.2.K].) When S is a subset of a metric space, we
use the notation N,.(S) to indicate the open r—neighborhood of S.

Definition 2.3 (Coarse projection). For each r > 0 we define a projection map
7, from = to subgraphs of I as follows. For (a,b,¢) € E let G(a,b,c) be the set of
geodesics in I" with endpoints in {a,b,c}. For each r > 0 define 7,.(a,b,¢) C T to
be the smallest subgraph of I' containing ﬂ»yeg(a,b,c) Ny—1(7).

If Z is a subset of Z, we define 7,.(Z) = J,c, mr(2). For s € T', we define
w1 (s) = {(a,b,¢) | s € w(a,b,c)}; for S C T, define 7,71 (S) = U, cq 7 (5).-

T

Remark 2.4. If r is sufficiently large (depending on the hyperbolicity constant of
I'), then 7,.(a,b, c) is always nonempty. Moreover, for any x € m,.(a,b,c) and any
geodesic v with endpoints in {a, b, c}, we have dr(z,v) < r. We will make frequent
use of this estimate.

Lemma 2.5. For every r > 0, there is a Q(r) > 0 so diam(m,(a,b,c)) < Q(r) for
all (a,b,c) € E.

Proof. Recall T is v—hyperbolic, meaning that triangles are v—thin. Let (a,b,c) € X
be given. Fix bi-infinite geodesics [a, ], [b, ] and [a, ¢] in T". Approximate this ideal
triangle by a triangle in T" by choosing points a’ b’ and ¢’ € T on the geodesics
[a,b], [b,c] and [a,c], respectively, satisfying dr(d’,[a,c]) < v and dr(a’,[b, c]) >
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r+ 2v, and such that the same two inequalities also hold when the letters a, b, ¢ are
cyclically permuted. Then 7.(a,b, ¢) is a subset of

Sy = T+V([a/7 b/]) N Nr+l/([b/a C/]) n NTJFV([C/’ a/])

so it suffices to show this set has diameter bounded by Q(r), for some suitable
function Q.

Let p denote the map from the triangle with sides [a’, V'], [V, '] and [d/, /] to
a tripod witnessing that the triangle is v—thin, and let Z be the preimage of the
center, this is a set of three points with diameter at most v. We now claim that
S, lies in the 3r + 5v neighborhood of Z, which is enough to prove the lemma. To
prove the claim, suppose s € S, so there exist points x1, x5 and x5 on [a/, V], [V, ¢']
and [a/, '] respectively with dp(z;,s) < r+v. Then for any i = 1,2, 3, there exists
some j so that p(x;) and p(z;) lie on different prongs of the tripod, so there is a
path between them passing through the midpoint m of the tripod. Thus, we have

dr(xi, Z) = dr(p(z;),m) < dr(p(zi), p(x;)) < dr(wi,@;) + 20 < 2r + 4v

where the last inequality follows from the fact that dr(x;, s) < r + v. This proves
the claim. 0

Lemma 2.6. Let r > 0. For any compact K C E, the set m.(K) is bounded.

Proof. Let K C = be compact. Increasing r makes ,.(K) larger. Using Remark
we can therefore assume that for every (a, b, ¢) there is some z € 7,.(a, b, c).

For each (a,b,c¢) € K, there is an open neighborhood U of (a,b,¢) in = such
that, for each point (u,v,w) € U, any geodesics joining points in {u,v,w} come
within 2v + r of the point . In particular € 7, y9,(u,v,w). If y € 7.(u, v, w)
then dr(z,y) < Q(r + 2v), so m(U) has diameter at most 2Q(r + 2v).

By compactness we can cover K with finitely many neighborhoods U as in the
last paragraph, so m,.(K) is bounded. |

It will be convenient to choose a hyperbolicity constant for I' that simultaneously
satisfies several properties. The properties we use are collected in the following
lemma.

Lemma 2.7. There exists 6 > 0 so that all of the following hold:

(01) Every geodesic triangle in T is d—thin.
(62) Every geodesic bigon or triangle with vertices in T' U OG is §—slim.
(63) For any point p € T, and any a,b,c € T UG,

(a]b)p > min{(alc)p, (b]c)p} — .

(64) For allp €T, 75 ' (p) is non-empty.
(05) The set ws({a} x {b} x (0G —{a,b})) contains every geodesic joining a to
b.

Proof. Since T' is v—hyperbolic, items and hold for any 6 > 2v. For
item see [BH99 IIT.H.3.17.(4)]. Item follows from G-equivariance and
the fact that ms(a,b,c¢) is nonempty when § is large enough. For [(65)] suppose
we are given a point z on a geodesic v joining a and b, take ¢ € OG minimizing
max{(a|c);,(b]c),}. Co-compactness of the action of G allows one to bound this
minimum from above, independently of a,b and ¢, and this can be used to give an
upper bound on the distance from z to any geodesic joining a or b with c. ([
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Notation 2.8. For the rest of the paper we fix some 6 > 0 so the conclusions of
Lemma[2.7 hold, and denote the coarse projection w5 by .

Definition 2.9 (Minimum separation). For x = (a,b,c) € E, we define
minsep(z) = min{dyis(a, b), dyis(a, ¢), dvis(b, ¢) }.

Notice that 1/minsep is a proper function on X, so minsep is bounded away
from zero on any compact set. For a subset D C Z, we define minsep(D) =
inf{minsep(z) | x € D}.

2.3. A criterion for a set to be close to a geodesic. The following lemma
gives a criterion for a piecewise geodesic curve to be close to a geodesic. There
are various similar statements in the literature (e.g. [Min05, Lemma 4.2], [BH99,
II1.H.1.13]), but this form will be convenient for us. We use it to prove Lemma
which is the main technical ingredient of this section.

Lemma 2.10. Let X be a 6—hyperbolic geodesic metric space, and let | > 0. Sup-
pose that ¢ is a piecewise geodesic in X made of segments of length greater than
2l + 84, with Gromov products in the corners at most l. Let vy be a geodesic with
the same endpoints as c. The Hausdorff distance between v and c is at most [ +49.

We remark that this lemma only uses d—hyperbolicity, and not the other prop-
erties from Lemma

Proof. A standard argument, using only the fact that v is a geodesic in a 0-
hyperbolic space, shows that it is enough to prove ¢ is contained in the closed
(I + 30)—neighborhood of v. We will not give the details as this is classical. We
write ¢ as a concatenation c; - - - ¢, of geodesics so each ¢; joins some p;_1 to some
p;. The endpoints of v are pg and pg. If k < 2, we are done by slimness of triangles,
so we assume k > 3.

Let x be the farthest point from 7 on ¢, and let M = d(z,v). Without loss of
generality, we suppose that M > 2§. It is then straightforward to show that z is
within 2§ of some breakpoint p;. (Consider the triangle made up of the segment ¢;
containing x, together with geodesics joining the endpoints of ¢; to a point z’ €
closest to x.)

Since M > 26, the breakpoint p; cannot be either endpoint of the geodesic
~v; in particular ¢ ¢ {0,k}. There are two cases, depending on whether or not
ie{l,k—1}.

We suppose @ ¢ {1,k — 1}; the case i € {1,k — 1} is similar but easier. By the
assumption that segments are long, d(z, {p;x1}) > 2l + 6. Choose a geodesic o
joining p;_1 to p;y1. By the assumption on Gromov products in the corners, we
have (pi—1|pi+1)p; < l. It follows that d(z,0) <1+ . Let y be a closest point to
pi—1 in v, and let z be a closest point to p;11 in 7. Choose geodesics [y, z] C 7,
[pi—1,y], and [p;+1, 2]. The point x lies within [ + 36 of some point w on the union
of these three geodesics. We claim that w € [y, 2|, so we have M <1+ 3.
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Indeed, suppose that w € [p;_1,y] (the case w € [p;+1, 2] being identical). Now
we have

0 <d(z,y) — d(pi-1,y) < d(z,w) + d(w,y) — (d(pi-1, w) + d(w,y))
(z,w) — d(pi—1,w)
(z,w

) = (d(z, pi1) — d(z, w))

a contradiction. We have thus established that M < [ + 3§, and so c lies in the
[ + 30—neighborhood of . O

Definition 2.11. Let » > 0, and let M be a metric space. A subset S of M is
r—connected if any two points p, g of S can be connected by a chain of points in .S,

P ="Po, P1,---»Pk = ¢,

so that dps(pi, piv1) < r for all i. An r—connected component of S is a maximal
subset of S which is r—connected.

Lemma 2.12. Let H > 0, and let R > 24H +166. Let S C T be a %—connected
set so that for every s € S, there is a bi-infinite geodesic s satisfying:

SN Br(s) C Nuy(vs), and vs N Br(s) C Ny (S).

Then there is an oriented bi-infinite geodesic vy so that

(1) duans(y, S) < 3H + 65; and
(2) for every s € S, we may orient s so the Gromov products (v |vF>),
and (Y~ |7 °°)s are bounded below by R — (4H + 100).

Proof. Choose any sp in S, and let 79 = 7,, be a bi-infinite geodesic as in the
hypothesis, parameterized so that 7 (0) is within H of sg. Since the points 'yO(:Izg)
lie in Bg(s), there are points si1 € S whose distances from vo(+%) are at most H.
Since dr(sp, s+1) < §+2H and dr(s_1,s1) > R—2H, we deduce (s_1|$1)s, < 3H.
In particular we have the following estimates:

R
(4) dr(so, s+1) > 5 2H and (s_1|s1)s, < 3H,

Now we inductively find s; and ~; for all integers 1.

For clarity we focus on ¢ > 1. The construction for i < 0 is entirely analogous.
Suppose we have chosen points s_1,S8g,...s;_1 in S, and that for each positive
J <i—1 we have chosen a bi-infinite geodesic ; = 7s,, and some t; within 4H of
—% so that

dl“(')/i—l(o)asi—l) S H, and
dr(vi—1(ti—1), si—2) < H.

Since R > 8H, the number t;_; is negative. The point v;_1(%) lies in the R-ball
around s;_1, so we may choose a point s; € S so that dp(si,'yi,l(g)) < H. Let ~;
be the geodesic v, provided by the hypothesis of the lemma. We can assume that
vi(0) is within H of s;. The distance dr(s;—1,s;) differs from % by at most 2H.
Thus for some ¢; of absolute value in [£ —4H, £ +4H), we have dr(v;(t;), si—1) < H.
We parameterize ; so that ¢; < 0. This completes the inductive construction.
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From the construction, we have

(5) dr (Si, 37;4_1) S —+ 2H

v | Xy

and
R
dF(Si—1a5i+1) > 5 + |t¢‘ —2H > R—6H.

(The lower bound when ¢ = 0 is slightly better.) This implies a bound on Gromov
products

(6) (si-1]8iv1)s, < 5H.
Let ¢ be a piecewise geodesic formed by concatenating geodesics

[S—ksS—kg1] - [Sk—1,5k)-

We verify the hypotheses of Lemma with [ = 5H. The inequality @ gives
the bound on Gromov products in in the corners. The inequality gives that the
segments [s;, s;+1] have length at least % —2H > 10H + 86 = 2] + 8J as required.
Thus if B, is the geodesic joining the endpoints of ¢, we have dyaus(ck, Br) < H+46.

Since T' is proper, and the geodesics fj all pass through the (H + 4§)-ball
about sg, they subconverge to a bi-infinite geodesic . Notice that all the seg-
ments [s;, $;+1] lie in the (H + 46)—neighborhood of 7. We will show this v satisfies
the conclusions of the lemma.

If s € S, then there is a %fcoarse path joining sg to s, that is to say there exist
points sg = pg, p1, --., Px = s in S satisfying.

R .
dr(pi, pit1) < T Vi,

We first claim that for each p;, there is some s;(;) with dr(s;q,pi) < % + 2H.
Clearly this is true for pg. Arguing by induction, we see that dr(piy1,s;(;)) is at
most % +2H. In particular there is a point g on 75, ,, within H of p;11. Recalling
that 75, ,, (0) lies within H of s;(;), we see that g =, (t) for some ¢ with

R 3
t| < —+3H < -R.
Thus for some ¢’ € {—£,0, %}, we have |t — | < £. Since the points ’Ysjm(:l:%)
are within H of s;¢;)+1, there is some sji11) € {Sj(i)—1,55(i)s Sj(i)+1} SO that
dr(piv1,8jG+1)) < 2H + % as desired.

Now let s; = s;(x), so we have dr(s,s;) < % + 2H, and let ¢ be a closest point
to s on 7;. Without loss of generality we suppose that ¢ = ~;(¢) for ¢ > 0. Any
quadrilateral with corners s;, s;41,7;(0), fyj(g) is 20—thin, so there is a point 7 on
[$j,8j4+1] within H 4 26 of ¢. This point r is within H + 46 of some point z on ~.
Adding up the constants we have

dr(s,z) < dr(s,q) +dr(q,r) + dr(r, 2)
<H+H+25+H+46 =3H + 66.

This shows
(7) S C Namres5(7)-
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Conversely, let © € v. Then x € By for some k, and so for some %, there is a
point y € [s;, $;41] with dr(z,y) < H + 46. This point is within H + 26 of a point
on ;, which is within H of a point of S, so we have

(8) v C N3H+65(S).

Together, and imply the first statement of the Lemma, that is to say
the bound on Hausdorff distance. It remains to show the statement about Gromov
products. Breaking symmetry, we consider just the ray «,/[0,00). Let ¥’ be a point
on 7|0, 00) at distance R from s. Let s’ € S be a point within H of ¢/, and let 2’
be a point on v within 3H + 60 of s’. Let a be a ray starting at s with limit point
v+ee, and let B be a ray starting at s with limit point 4+°°. There are points y on
a and z on 8 which are within ¢ of y/, 2/, respectively. We have dr(s,y) > R — 4,
dr(s,z) > R— (4H + 76) and dr(y, z) < 3H + 84, so

1
(y]2)s > 5 (R~ 3+ R~ (4H +76) — (AH + 85)) = R — (4H + 89).
Lemma [2.1] allows us to conclude (v |y7%°), > R — (4H + 105) as desired. [

3. AN EQUIVARIANT MAP FROM X X 0G TO ITSELF.

The first step in the proof of Theorem [I.1]is the following construction, which
can be thought of as a generalization of that in [BM19, Lemma 3.1]. If X is a space
with a proper, free and cocompact action of G, and p: G — Homeo(Y) an action
of G on a topological space, one can capture the information of this action as the
holonomy of a foliated Y-bundle over X/G; this is simply the quotient of X x Y
by the diagonal action of GG. Here the case of interest to us is when Y = 0G = S™.
The following proposition gives a construction of a “nice” map between the foliated
bundles associated to the boundary action py and a small perturbation p.

The same proof works with any manifold Y in place of S™, and any two nearby
actions of an arbitrary group G on the space, so we state it in this general context,
as follows.

Let Y be a metric space such that Homeo(Y') is metrizable and locally con-
tractible. For instance, one may take Y to be any compact manifold, in which case
local contractibility of Homeo(Y) follows from Edwards—Kirby [EKTI]. Metrizabil-
ity of Homeo(Y") has the following easy consequence.

Observation 3.1. Let W be a neighborhood of the identity in Homeo(Y), and let
F C Homeo(Y') be finite. Then there is a neighborhood V. C W of the identity so
that the union

U vrtv

feF
lies in W.

Using this, we prove the following.

Proposition 3.2. Let G be a group, Y a metric space as above, and fiz an action
po: G — Homeo(Y). Let X be a metric space on which G acts properly, freely and
cocompactly by isometries.

For any compact K C X and € > 0, there is a neighborhood U of py so that for
each p € U there is a homeomorphism fP: X xY — X x Y with the following
properties:
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(1) (Coversidx ) If mx is the projection from X XY to X, then mx o fP = mwx.
In other words, fP covers the identity on X.
(2) (Equivariance) For every g € G we have

f(g -z, p(9) - 0) = (9, p0(9)) - f(x,6).
(8) (Near flatness.) For any 0 € Y we have
fP(K x{6}) C X x B(0).

Proof of Proposition[3.3 Since the action is proper, free, and cocompact, there is
some 7 > 0 so that every nontrivial element of G moves every point of X a distance
at least r. Choose a G—equivariant locally finite cover U = {U; | i € I} of X by
open balls of radius r/3, and let N be the nerve of Y. Since U was G—equivariant
and locally finite, the group G acts cocompactly on the simplicial complex N. Since
any g € G — {1} moves every set U; off of itself, G acts freely on N.

We choose a G—equivariant partition of unity {¢;: X — [0,1] | ¢ € I} sub-
ordinate to the cover Y. This partition determines a proper G—equivariant map
v: X — N.

To define f7, we first define a map ¢”: N — Homeo(Y), and then define

(9) fP(x,0) = (2, (9" 0 (2))(0)) -

The map ¢” will be G—equivariant with respect to the “mixed” left action of G by
homeomorphisms of Homeo(Y') given by

(10) g-h=po(9)hp(g™).

Definition of ¢”. The definition of ¢ is designed to keep track of the compact
set K and constant € > 0 for the near flatness condition in the Proposition. Let
D be a connected union of open simplices in /N which meets every G—orbit exactly
once. Let K be a compact subcomplex of N, which we assume contains the closed
star of any cell of D. (Note that any compact C' C X has ¢/(C) C K for some such
complex.) Let € > 0. Let S be the (finite) set of group elements s so that sD meets
the closed star of some vertex in D. Let F be the (still finite) set of group elements
g so that gD N K is non-empty.

Letting W = N,(id), we choose a neighborhood V as in Observation SO
that po(g)Vpo(g)~1V lies in W for all ¢ € F. Now let m = dim(N). Apply
Observation and local contractibility of Homeo(Y') to choose a nested sequence
of contractible neighborhoods of 1 inside V:

VwcWhc---CcV,,CV
so that for each 7 and all s € S, we have
(11) po(s)Vipo(s) ™V C Vi

By taking p sufficiently close to pg, we may assume that pg(g)p(g~?) lies in V; for
all g € F. We define ¢” inductively over the k-skeleta of N in such a way that
©P (o) C Vi for every k—cell in the closed star of a vertex of D.

0-skeleton. Define ¢ on N(©) as follows. If v = gug for some vy € D, then

©*(v) = po(g)p(g ™).
If v lies in the closed star of some cell of D, then g € S, so p?(v) € V} as desired.
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Inductive step. Suppose that ¢? has been defined on all (k — 1)—cells, and let o be
a k—cell. We may write o = gog, where o is an open k—cell in D. The map ¢” has
already been defined on the boundary of oy, and sends this boundary into Vj,_; by
induction. Using the contractibility of Vi_1 we extend ¢” over oy in such a way
that ©”(00) C Vi—1. We define ¢*|, ) = po(g)¢” (g7 (x))p(g~"). Since the action
on N is free, there is no ambiguity in this definition.

Now suppose that ¢ lies in the closed star of some vertex of D, so ¢ = so for
some s € S. The set ¢”(0) lies in

po(8)Vi—1p(s™") = po(s)Vi—1p0(s) "' po(s)p(s) ™" C po(s)Vie—1po(s) ™ Vo,

which lies in Vj by (11). Having verified the inductive hypothesis, we see that we
can continue until we have defined ¢” equivariantly on all of N. Moreover, we have
defined it so that ¢”(og) lies in the neighborhood V for any oo meeting D.

Properties of f. Having defined ¢”, we define f* as in @

fP(x,0) = (2, (9" o 9(2))(0)) -

By definition, this covers the identity map on X. To simplify notation, let ®*
denote ¢ o 1. Note that ®” satisfies equivariance as ¢” does. This also gives
equivariance of f?, as follows:

fP(g-z,p(g)-0)=(g-z,(2°(g-x)p(g)) - 0)

g:p0(g)) - (x, @ (x) - 0)
= (9,p0(9)) - f(z,0).

It remains to check near flatness. For any cell o of the larger compact complex
K there is some g € F' and some o9 C D so that ¢ = gog. Equivariance tells us
that

©” (o) = polg)¢”(o0)p(g™")
= po(9)¢”(00)po(9) " - po(g)p(g™")
C po(9)Vpolg)~' -V CcW.

Since every homeomorphism in W moves every point of Y a distance of at most e,
we have fP(o x {0}) C B.(0) as desired. O

4. REDUCTION TO THE MAIN CASE

In this section we reduce to the case 0G = S™ for n > 2, and also to the case
where G acts faithfully on its boundary. The first reduction (to n > 2) comes from
combining work of Matsumoto with the Convergence Group Theorem.

Proposition 4.1. Let G be a hyperbolic group with circle boundary. Then the
action of G on OG is topologically stable.

This can quite likely be derived from Matsumoto’s original proof, as the main
techniques are Euler characteristic and lifting to covers. For completeness, we give
a short argument using standard tools from circle dynamics.
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Proof. Let G be a hyperbolic group with circle boundary. By the Convergence
Group Theorem [Gab92] [CJ94], there exists a normal, finite index torsion-free sub-
group G’ of G that is isomorphic to the fundamental group of a closed surface. Let
p be a perturbation of the standard boundary action py of G. By [Mat87], there ex-
ists a continuous, surjective, degree one map h : St — S! such that hp(g) = po(g)h
for each g € G'. if the action of G’ is minimal, then & is a conjugacy. If the action of
G’ is not minimal, then there exists a unique invariant ezceptional minimal set X,
homeomorphic to a Cantor set, and h collapses the closure of each complementary
interval to a point and is otherwise injective (See e.g. [GhyO1l Proposition 5.6].) It
is also easy to see that h varies continuously with p, so can be taken as close to the
identity as desired by taking p close to pg.

Since G’ is normal in G, the set X is p(G)-invariant. It follows that G permutes
the point-preimages of h. From this we will now deduce that h in fact defines a
semiconjugachy intertwining the actions of po(G) and p(G). To see this, we use the
fact that attracting fixed points of elements of po(G’) are dense in S'. If z is the
attracting fixed point of pg(7y) for some v € G’, then pgy(g)z is the attracting fixed
point of po(gyg~!), an element which also lies in G’. Thus, for any y € h=*(x),
we have p(g)(y) € h™'po(g)(x); equivalently, hp(g)(y) = po(g)h(y). Since h is
continuous, and the union of preimages of attracting fixed points is dense in S?,
this shows that hp(g) = po(g)h holds globally. O

Proposition 4.2. Suppose G is a hyperbolic group with sphere boundary, and let
F < G be the subgroup of elements which act trivially on OG. Then G is topologi-
cally stable if and only if G/F is topologically stable.

Proof. Since F' is a finite normal subgroup, the canonical action of G on its bound-
ary factors through the canonical action of G/F on its boundary, and these bound-
aries are the same. Let IV be the maximum order of an element of F'. By a theorem
of Newman [New31]), there is a neighborhood U of the identity in Homeo(S™) so
that any torsion element in U has order greater than N. Thus for any sufficiently
small perturbation of the canonical action, the elements of F' will still act trivially,
and so small perturbations of the canonical action of G on its boundary are in
one-to-one correspondence with small perturbations of G/F on its boundary. O

We therefore make the following assumptions for the remainder of the paper.
Assumption 4.3. The hyperbolic group G acts faithfully on its boundary 0G.

Assumption 4.4. The boundary of G is a topological sphere of dimension at least
two.

5. A SPACE WITH A PROPER, COCOMPACT AND FREE ACTION OF G

Recall that = is the space of distinct triples in 0G. Since JG is assumed to be
a sphere of dimension n > 2 (Assumption , the triple space = is a connected
3n—manifold. The following is an easy consequence of [AMN11] Theorem 1.1].

Proposition 5.1. There is a proper G-invariant metric on =.

We fix such a metric dz now. If additionally no nontrivial element of G fixes
more than two points of G, then the action of G on = is free and = can play the
role of the metric space X in Proposition [3:2} In general G may not act freely on
=, so a different space is needed. In this section, we show how to build such a space
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with a free action by deleting a small, G-equivariant neighborhood of the set of
points in = with nontrivial stabilizer.

Notation 5.2. For g € G, we denote by fix(g) C G the set of points fized by the
natural action of g. We set

F ={(a,b,c) € E|{a,b,c} C fix(g) for some nontrivial g € G} .

Recall a subset S of a metric space M is e—dense if every point of M is distance
at most € of a point of S. Also recall that N, (S) denotes the open x—neighborhood
of a set S. If S is a subset of =, this neighborhood is to be taken with respect to
dz. Our first goal is to establish the following.

Proposition 5.3 (F is sparse). For any € > 0, there exists £ > 0 such 2 — N, (F)
s e~dense in =.

Since we will frequently refer to = — N, (F), we fix the following notation.
Notation 5.4. For k >0 we let X, == — N, (F).
Proposition [5.3] has the following useful corollary.

Corollary 5.5. For sufficiently small k, property of Lemma still holds
with s replaced by the restriction of ws to X,.

Proof. By equivariance and the fact that 7(z) is non-empty for every triple in =,
Property holds as soon as X, is non-empty. a

The proof of Proposition [5.3| requires several preliminary results, starting with
the following.

Lemma 5.6. For any torsion element g € G, such that fix(g) has at least three
points, there exists a quasi-convex subgroup Q4 C G such that A(Qg) = fix(g)

Here we use the standard notation A(Q) for the limit set of Q4 in 0G.

Proof. This proof is adapted from an argument of Misha Kapovich [Kap]. Fix a
torsion element g. Let H be a maximal torsion subgroup pointwise fixing fix(g), and
let @ be the normalizer of H in G. We claim @ is the stabilizer of fix(H) = fix(g).
That @) preserves this set is immediate. For the reverse inclusion, if f € G preserves
fix(H) then fH f~! pointwise fixes fix(H) as well. Since fix(H) has at least 3 points
in it, the subgroup generated by H and fH f~!' cannot contain a loxodromic, and
is therefore finite [GAIH90, Ch. 8, §3]. By maximality of H, we have that f € Q.
This shows @ is the stabilizer of fix(g).

To conclude the proof we wish to show that @ is quasi-convex and A(Q) = fix(g).
We can then take @4 = @ in the conclusion. Let C denote the quasi-convex hull of
fix(g), meaning the set of all bi-infinite geodesics with both endpoints in G. Note
that there is a uniform bound, say 7/, on distance that any h € H can translate
any point in C.

We now show @ acts cocompactly on C, which is enough to show @ has the
desired properties. To see this, assume for contradiction that C' contains infinitely
many distinct cosets {Qgr}. Since every h € H translates each g, a distance at
most r’, the conjugates g,;ngk all lie in the 7’ ball about the identity in I". It
follows that for infinitely many pairs ¢, the subgroups g; 'Hg;, = g;lH g; agree,
and thus gig;1 € Q. We conclude the cosets {Qgx} were not distinct, giving the
desired contradiction. (]
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Recall that a null sequence in a metric space is a collection of subsets D so that
for every € > 0, the set {D € D | diam(D) > e} is finite.

Corollary 5.7. The collection of fixed point sets of nontrivial torsion elements is
a null sequence in 0G.

Proof. Since G is hyperbolic, it contains only finitely many conjugacy classes of
torsion elements (see [Gro87, 2.2 BJ]). It therefore suffices to show the fixed point
sets of elements in a single conjugacy class form a null sequence. These fixed
point sets are exactly the G—translates of fix(g) for some torsion element g. By
Lemma fix(g) is equal to A(Qg) for a quasi-convex subgroup @, of G. By
Assumption @, g does not fix all of OG, so this subgroup (), must be infinite
index in G. By [GMRS98, Corollary 2.5], the G-translates of A(Q,) form a null
sequence. O

Proposition 5.8. F is a closed set with empty interior.

Proof. Let K C Z be an arbitrary compact set. By Corollary there are only
finitely many elements g so that diam(fix(g)) > minsep(K). There are therefore
only finitely many nontrivial g so that K contains a triple of points in fix(g). For
each such g, the set fix(g) x fix(g) x fix(g) intersects K in a closed subset with
empty interior in =. It follows that F'N K is closed with empty interior. Since =
can be exhausted by compact sets, the conclusion follows. (Il

We also need the following general result about closed sets with empty interior
in compact metric spaces.

Lemma 5.9. Let A be a compact metric space and C C A a closed subset with
empty interior. Given any € > 0, there ezists k > 0 so that A — N (C) is e-dense
in A.

Proof. Let d4 denote the metric on A. Since C' has empty interior, for all x € A
there exists a point p, ¢ C with d4(p.,x) < €. Since A is compact, there is a finite
collection 1, ...,z so that the open e-balls B.(p,,) cover A. The set C is closed,
so the distance da(ps,, C) is positive for each i. We let k£ be half the minimum of
the distances da(pz,,C). Each x € A is contained in one of the balls Be(p,,), so
the set {puy,. .0z} C A— N, (C) is e-dense. O

Proof of Proposition|5.5 By Proposition F' is closed with empty interior. Re-
call from Proposition that G acts properly discontinuously and cocompactly
on Z. Thus F/G C Z/G is closed with empty interior and the proposition follows
immediately from Lemma taking A =EZ/G and C = F/G. O

5.1. Additional properties of X,. We establish some properties of the sets
X, := E — N, (F). First we make the following observation, relevant to the appli-
cation of Propositon [3.2]

Lemma 5.10. For any k > 0, the group G acts properly, freely, and cocompactly
by isometries on X,.

Proof. The group G already acts properly and cocompactly on X, and N, (F) is
open and G-invariant, so G still acts properly and cocompactly on X,. The only
points of = with nontrivial stabilizer are in F', which has been removed. (I
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Next we give a technical refinement of Proposition [5.3] which is what we actually
use in the next section.

Lemma 5.11. Suppose we are given a compact set D C Z, and €' < ¢ <
minsep(D)/2. There exists k > 0 such that, for any (a,0,c) € D, there exists
¢ so that dyis(c, ') < € and {a} x Be(0) x {c'} lies in the interior of X,.

We recall that minsep is defined in terms of the visual metric dy;s.

Proof. Let D' be a compact subset of = containing B/ (z) x B (y) x Be (z) for all
(x,y,2) € D. Let F be the set of elements g € G —{e} so that g fixes some triple in
D’. By Corollary the fixed point sets of torsion elements form a null sequence
in OG. For each g € F, we have diam(fix(g)) > minsep(D’) > 0, so F is finite. Let
C = J{fix(g) | g € F} be the union of these fixed sets in G. Since C is a finite
union of closed sets with empty interior, C' is closed with empty interior.

By Lemmal5.9| we can choose a positive A < €” such that 9G—N,(C) is €’~dense
in 0G. Choose & small enough so that No.(F)ND’ is a subset of the neighborhood
of F of radius A in the product visual metric on (9G)3.

To verify this x works, choose (a,6,c) € D. Since G — N»(C) is ¢’—dense, we
can find ¢ € G — N»(C) with dyis(c,¢’) < €’. We claim that {a} x B (0) x {¢}
is contained in = — Ny, (F), and hence in the interior of X,. Indeed, for any
b € B (6), we have (a,b,c¢’) € D'. Suppose (z,y,z) € F is a closest point of F
to (a,b,c’) in the product metric. If the visual distance between each coordinate
of (z,y,2) and (a, b, c) were less than A, which is less than €/, then we would have
(x,y,2) € D' N F. By our definition of C, this means that z, y, and z all belong
to C. But the minimum distance from ¢ to a point of C is greater than A by
construction, so we conclude (a, b, ¢’) lies outside the A-—neighborhood of F in the
product metric, and hence outside No (F). O

Finally, we need a technical result which will come into play at the very end of
the proof, when we show our semi-conjugacy is well-defined. To state it we need a
definition.

Definition 5.12 (x path property). We say a compact D C Z, the x path property
if the following holds:

For each b € dG, and pair of points (a,b,c) and (a’,b,c’) in D, there is a path
a; from a to @’ and ¢ € 9G such that (a;,b,¢”) € D — N, (F) for all ¢.

Lemma 5.13. For any compact set K C =, there exists kK > 0 and a compact set
D D K so that D has the k path property.

Proof. Fix a round metric dyn,q on G = S™. The collection

Cn = {(a, b,c) € E | dpala,b) > L, dpnala,c) > L, dma(b,c) > %

- m? - m?

forms an exhaustion of = by compact sets, so we may choose m sufficiently large
so that K C (), and the diameter of S™ in the round metric is larger than 172.

Since D is compact, only finitely many elements of G fix a triple of points that
meets D. Let C' C S™ denote the union of these finitely many fixed sets; it is a
closed subset of 0G with empty interior.

By Lemma there exists A < L such that S™ — N,(C) is -dense in S"
(again, using the round metric). Consider a shortest length geodesic path with
respect to the round metric on S™ between a and a’. If this path does not meet
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the closed %—ball about b, then call this path a;. Otherwise, modify this path by
removing the segment that intersects the closed %—balL replacing it with a path
that lies on the boundary of this ball, and call the resulting path a;. (We are here
using our Assumption that n > 2.) In either case, a; lies in the union of a radius
% ball and a geodesic segment.

Since the diameter of S™ in the chosen round metric is larger than }n—o, we may
find a point ¢ € S™ that avoids both the %—neighborhood of this path a; and the
% neighborhood of b. Since S™ — N, (C) is %7dense, we may move this point a
distance of at most - to find a point ¢’ ¢ Nx(C). Thus we have, (a¢,b,c”) € D
for all ¢.

Finally, choose k small enough so that any element of a triple in N, (F) N D lies
within the A-neighborhood (in the round metric) of some point of C. Note that this
choice of k only depends on D and A, which both depended only on the set K. The
point ¢’ was chosen so that ¢’/ ¢ N, (C). Thus, we conclude that (at, b, ") ¢ N, (F)
holds for all t, as desired.

O

Note that even though d;s and the round metric give the same topology on S™,
the metric dyis may be rather strange-looking. In particular dy;s is not Riemannian,
so even very small balls with respect to d;s may not be connected. This is the reason
for the use of the round metric in the proof above.

6. NEARBY REPRESENTATIONS GIVE QUASI-GEODESIC PARTITIONS

In this section we fix a constant x to define a space X, C = as in Section [5, and
fix a neighborhood of py. Our goal is to show that every representation p in this
neighborhood has py as a factor. In Section [6.2] we show that representations in
this neighborhood induce quasi-geodesic partitions of a section of X,, x 0G — X.
The endgame of the proof, carried out in Section [7] consists of using the endpoints
of these quasi-geodesics to build a semi-conjugacy.

6.1. Fixing a neighborhood of py. We first fix a neighborhood V' of the identity
in the set of continuous self-maps 0G — 0G. By shrinking V if necessary, we may
assume that V consists of degree one maps. There is some Cy > 0 so that any map
h satisfying the lower bound on Gromov products

(t) Vo € 0G, (h(z)|x)e > Cy

lies in V.

In Definition[6.4] we will specify a neighborhood U (V') of py in Hom(G, Homeo(9G)),
ultimately showing that any p € U(V) is semiconjugate to py by a map h satisfy-
ing . This is sufficient to prove Theorem

To specify U(V) and set up the proof, we need to fix several intermediate con-
stants and compact sets. Recall S denotes our chosen generating set for G.

Notation 6.1. Let H = max{26, Q(30)} + 1, where Q(-) is from Lemma/[2.5

Lemma 6.2. There exist compact sets Doy C D% C Dy C Dy in = and positive
constants €2 < €1 and Ko satisfying the following.

(1) Dy contains m~'(e). (Hence GDy = =.

(2) Dy =UfgDo | g € SUS™ U fe}.

(3) e1 < %minsep(D%).
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(4) D1 contains Be, (z) x Be,(y) X Be, (2) for every (z,y,z) € Dy.
(5) D1 contains m—1(Br(e)) where

(%) R > max{24H + 52§ + diam(w(Dy)),Cy +4H + 116}.

(6) For all k < Ko, the k path property of Lemma holds for D1,
(7) €2 < 4 minsep(Dy).
(8) Dy contains Be,(x) X Be,(y) X Be,(z) for every (z,y,z) € Dy.

The sets Dy, D1, and Dy play a major role in the rest of the proof. The set D%
will only appear in the last step.

Proof. We let Dy be a compact subset of = containing 7—1(Bj(e)) and define Dy
as in item . We fix any positive €; satisfying item . Let K C = be a compact
set large enough to contain the union of 7=1(Bg(e)), where R is in equation ,
as well as the union of the sets Be, () x Be, (y) X B, (z) for every (z,y,2) € Dy.
Applying Lemma to K gives us a constant kg and set D; containing K so
that the kg path property holds for Dy; note that by definition the x path property
remains true for any k < Ko, since N, (F) C N, (F). Then take any e; and Dy as
described.

O

Lemma 6.3. There exists positive € < %62 such that the following hold:

(e1) Any geodesic between points a,b with dyis(a,b) < 2¢ has distance at least
106 from w(Ds) (and hence from Brg(e)).
(€2) For every p € 0G, there is a closed contractible set B, so that

B(p) C B, C Be,(p).

Proof. That the first condition can be met is a consequence of compactness. Indeed,
by Lemma the 106-neighborhood of the set 7(Ds) is bounded in T', hence
contained in some compact ball centered at e. Thus, there is a positive lower bound
on the visual distance between the endpoints of any geodesic passing through that
ball.

We now address the second condition. Since S™ is compact, the visual and round
metrics are uniformly equivalent. Thus there is a p > 0 so that the round ball of
radius 2p about p is contained in B, (p) for every p € S™, so we can take B, to be
the closed round p—ball. There is then some € > 0 so that B.(p) C B, for every
P. O

Definition 6.4 (The neighborhood U(V)). Recall we fixed Cyy > 0 at the beginning
of the subsection, see Equation . Using this Cy, fix the compact sets Dy C D% -
D, C Dy C = and positive constants € < €3 < €1 and kg satisfying the conclusions
of Lemmas [6.2] and [6.3] above.
Fix some k > 0 satisfying
(1) K < Ko and
(2) For any (a,c,8) € Dy, there exists ¢’ € Be(c) so that {a} x Be,(8) x {¢}
lies in the interior of X,.

That such a k exists follows by applying Lemma with D = Dy, € = €3, and
€/ = e. Note that € < €3 < minsep(D;)/2, so the hypotheses of that lemma are
satisfied.
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Define U (V) to be a neighborhood of py in Hom(G, Homeo(9G)) consisting of
representations satisfying both of the following:

(3) dyis(p(9), po(g)) < € for every g € SUS™; and
(4) the map f? defined in Section [3] taking X = X, has the property that
fP((D2 N X) x {0}) C Bc(0) for every 0.

‘We now fix notation.

Convention 6.5. Fiz some p € U(V). Since p is fived, we henceforth drop it from
the notation, writing f = fP. Since k is also fized, we also drop it from our notation
when convenient, writing X for X,.

We keep this convention for the remainder of the work. Our eventual goal is to
show that pg is a factor of p via a semiconjugacy satisfying . The reader will note
that when F' = ), then X = Z. (For example, this holds when G is torsion-free.)
It may be helpful on a first reading to keep this special case in mind, thinking of
X as the space of distinct triples.

6.2. A section partitioned into coarsely geodesic sets. We begin by describ-
ing a natural foliation on a section of = x G — E. Let 0: £ — (E x 9G) be
the section given by o((a,b,¢)) = ((a,b,c),b). The image of o has a topological
foliation by leaves

L, :={((a,b,¢),b) | b,c € 0G — {a},b # c}.

The leaves of this foliation are coarsely geodesic in the following sense. For any
a # 0, the set L, N (2 x {0}) is the image in o(Z) of a set whose projection to I is
Hausdorff distance § from any geodesic joining a and 6. The set L, N (2 x {a}) is
empty.

We will show that the sets

Lo N fP(X % {0}) € o(X)

behave much like the sets L, N (£ x {#}), in the sense that for each a and 6 in G,
this set is either empty or looks “coarsely geodesic,” meaning the projection of each
nonempty set L, N fP(X x {0}) to the Cayley graph I lies at a uniformly bounded
Hausdorff distance from a bi-infinite geodesic in I'.

To formalize this, define 7 on o(X) by # = roo L. It follows from the definition
of m on sets that for Z C o(X), the set 7(Z) is equal to the union | J,., 7(z). Our
goal for the section can now be restated:

Proposition 6.6. For any (a,0) € 0G?, either L, N fP(X x {0}) is empty, or
T(Lg N fP(X x {0})) is uniformly bounded Hausdorff distance from a bi-infinite
geodesic in I' with one endpoint equal to a.

In fact, we eventually prove something slightly stronger (Proposition [6.11]), but
the statement and proof requires some some set-up.

Notation 6.7. For 6 € G, we let Yy = f(X x{0}) C X x0G. Fora,c,0 € 0G, we
let fa,co denote the map x — fg(a,x,c). This map is defined on all points x € 0G
such that (a,z,c) € X and it is continuous on its domain of definition.

Recall L, N (ZE x {#}) is nonempty provided a # 6. Our first lemma ensures that
L, NYy is nonempty provided a and 6 are far apart, as follows:
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Lemma 6.8. For any (a,0,¢) € Dy, the set L, NYy is nonempty, and contains a
point of the form ((a,bg,c’),by) where by € B.(0), and ¢ € B.(c); in particular we
have (a,bg,c’) € DanN X.

Proof. By Item of Definition there exists a point ¢ € Bc(c) such that
{a} X B, (0) x {¢} € X. Thus f, . is defined on B, (#) and Definition
item (4)) implies that f,  0(Be,(0)) C Bc(0). Lemma [6.3| states that there exists a
closed, contractible set By such that

B.(0) C By C B, ().

Thus,
fa,c’,@(BG) - fa,c’,Q(Bsg (9)) - Be(e) C BQ-
By the Lefschetz fixed point theorem, f, ¢ has a fixed point by € B.(6), which

means exactly that ((a,bg,c’),byg) € Lo NYy. Recall that € < g, so by our choice of
sets and constants as in Lemma we have also (a, by, ') € Ds. O

Notation 6.9. Going forward, we define S(a,0) := 7(L,NYy) CT

Our goal is to show that, whenever S(a, ) is nonempty, it is bounded Hausdorff
distance from a bi-infinite geodesic with one endpoint equal to a. The following
lemma gives a local estimate. Recall we have fixed H = max{2, Q(39)} + 1, where
Q(-) is the function from Lemma

Lemma 6.10. Suppose there is a point ((a,bo,co),bo) in o(D1) N L, NYy. Let ~
be a geodesic from a to by in I'. Then

S(a,0) N Br(e) C Nu(vy), and yN Bgr(e) C Ny(S(a,0)).

Proof. For the first inclusion, suppose that p lies in S(a,8) N Br(e). Then, since
Dy contains 7~1(Bg(e)), we have p € 7(f((D1 N X) x {6}) N L,). In particular,
there exist b, ¢ € G, such that all the following hold simultaneously:
(1) p e w(a,b,c),
(2) (a,b,c) e D1NX,
(3) fola,b,c) =0.
Both (a,b,c¢) and (a, by, ¢o) lie in (D1 N X) C (D2 N X). By item in Definition
we conclude that b = fg(a,b,c) and by = fg(a,bo,co) both lie in B.(f). In
particular dy;is(b, bp) < 2e, so any geodesic from b to by misses Br(e) by at least 105
(Lemma [6.3i(e1)). By d—slimness of ideal triangles this implies that if [a, b] is any
geodesic joining a to b, then [a,b] N Bryss(e) lies in the d—neighborhood of v (the
geodesic joining a to bg). By definition of m, the point p lies within § of a point
on [a,b] which is at most R + ¢ from e, so lies within 2§ of . This shows the first
inclusion.
For the second inclusion suppose that p € v N Bg(e). By assumption on
J, there is some c so that p € 7(a, bo, c). Since D; contains 7—1(Bg(e)), we have
(a, bo, C) € Dl.
By Item of Definition there exists ¢’ € B¢(c) such that

{a} x Be,(bo) x {¢'} € (X N Dy).

Let B = By be the contractible set from Lemma This set contains B, (),
so in particular by € B. We have {a} x B x {¢'} C X N Dy, so as in the proof
of Lemma fo induces a map f, o 9: B — Be(0) C B, and f, ¢ fixes some
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b € B.(0) C Bac(by). The point ((a,b’,c’),b") is therefore in L, NYy, so w(a,b’, )
is a subset of S(a,#). Let ¢ € w(a,b’, ). See Figure

FIGURE 1. p € 7(a,b,c) is close to any point ¢ of 7(a,b’, )

We claim ¢ is close to p. To see this, we first show p is within 26 of any geodesic
from a to V. Fix such a geodesic [a,b], and geodesics [bg,b'] and [by, a]. Since
p € Bg(e), it lies distance at least 104 from any point on [bg,b]. Also we have that
p lies within § of some point on [bg, a], so by d-thinness, p is distance at most 2§
from a point on [a, V'].

Repeating this argument with ¢ in place of o' shows that p is within 2§ of
any geodesic from a to ¢’. A slight modification shows that p is within 36 of any
geodesic [V, '], as follows: Considering a quadrilateral with sides [bg, |, [¢, '], [V, ¢']
and [bg, '], we know that p is within ¢ of some point on [bg, ] and this must lie
within 2§ of a point on [V, ¢] since the other two sides are each distance at least
104 from p. Thus, p € m35(a,b’, '), and of course ¢ lies in this set as well.

By Lemma m3s(a, b, ¢) has diameter at most Q(36). In particular dr(p, q) <
Q(30). Since g € S(a, ), this shows the second inclusion. O

We will now combine this work with Lemma to prove Proposition We
will actually prove the following slightly stronger statement.

Proposition 6.11. If S(a,8) # 0, then S(a,0) is Hausdorff distance less than
3H + 66 + 1 from a geodesic v with one endpoint at a.

If in addition Lo NYyNo(Dy) is non-empty, then v joins a to a point et so that
(eT]6)e > R — (4H + 110).
Proof. We first verify the hypotheses of Lemma for the set S = S(a,0) NG.
(Recall that G is canonically identified with the vertices of I'.) By Corollary
7 is surjective, so for each s € § we can choose some by, c; so that o(a,bs,cs) €
L, NYy and s € 7(a,bs,cs). Since n~1(e) C Dy, the point o(a,bs,c,) lies in
a(s- Do) N Ly NYy. Left translating by s=1, we have

(s ra, s by, 57 es) € 0(Dg) N Ly-1,N Y,(s-1)9-

Let 4, be any bi-infinite geodesic from s~ 'a to s 'b,. Lemma implies

518N Bgr(e) C Ny (%), and 45 N Br(e) C Ng(9).
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s

FIGURE 2. v and ~s should both be close to Sy on the shaded
region Bg(s), giving a contradiction if a is not an endpoint of .

Setting v equal to s -4, we find that
SN BR(S) - NH('VS)7 and Ys N BR(S) C NH(S)

Now fix any %ﬂzonnected component Sy of S so that we may apply Lemma
(We will see later that S is gfconnected7 so in fact Sg = S.) The paragraph above
shows that all the hypotheses of Lemma [2.12] hold for Sy so we conclude that there
is a bi-infinite geodesic v with dgaus(7y, So) < 3H + 66.

We next claim that one of the endpoints of v is a. We argue by contradiction.
Using d—slimness of ideal triangles, there is a point p € v so that p is within 24
of any geodesic joining a to any endpoint of . Since Sy is Hausdorff distance at
most 3H + 6§ from ~, there is some s € Sy so that dr(s,p) < 3H + 65. Now
vs has an endpoint at a, and we have v, N Br(s) C Ng(S). From the inclusions
SN Bgr(s) C Nu(ys), and v5 N Br(s) C Ny(S) and the inequality 6H < £,
conclude that Np(ys) NS C Sp. Choosing = € ~, at distance % from s, in the
direction of a, we find some point s’ € Sy with dr(z,s’) < H. See Figure [2| for a
schematic. By repeated applications of the triangle inequality, one can easily show
that this s’ is further than 3H + 65 from ~, a contradiction.

We now argue that S = Sy. To see this, suppose that S; were some other com-
ponent. We may apply the same argument to S; to produce a bi-infinite geodesic
~1. The geodesics v and ~; share an endpoint a, and so contain points within § of
one another. This implies that Sy and Sy contain points within 6 H + 13§ < % of
one another, so they cannot be different gfconnected components.

We have established the first conclusion, since dyaus(S, S(a,d)) < 1.

Now we suppose that s € S is in 7T(o(Do) N Ly NYp). By Lemma we may
take s to be in 7((a, b, c),b) for some b € B.(0). We can therefore take 7, in the
first part of this argument to be a geodesic joining a to b. The second conclusion
of Lemma implies that (e |b)s > R — (4H + 104), where e™ is the endpoint

we
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of v which is not equal to a. We thus have
(€™ [b)e > (e [b)s — dr(e, s)
> (et |b)s — diam(w(Dy))
> R — (4H + 106)
The first condition on € in Lemma [6.3] implies that (b|6)e > R. We have
(€ [0)e = min{(e™ [b)e, (b]0)e} — 0
> R — (4H + 115),
establishing the last claim of the Proposition. (|

7. THE ENDPOINT MAP

To summarize the results of the previous section, for each pair a,0 € 0G x 0G
so that L, NYs # B, there is a geodesic in T' at (uniformly) bounded Hausdorff
distance from S(a, 6) = 7(L, NY}), with one endpoint equal to a. Say this geodesic
is shadowed by S(a, ), and orient it so that the negative endpoint is a. Any two
bi-infinite geodesics shadowed by S(a, #) are bounded Hausdorff distance from each
other, so they have the same endpoints in G. This gives us positive and negative
“endpoint maps” e and e~ assigning to each pair (a,6) where L, NYy # () the
positive and negative endpoints of the shadowed geodesic. For any such (a,8), we
have e (a,0) = a and e (a,0) # a. Furthermore, the equivariance property in
Proposition [3.2] implies that for any g € G, we have

gS(a,0) = S(ga, p(9)0) = T(Lga N Yp(g)0)-

This implies the following equivariance of the positive endpoint map.

(12) g-e"(a,0) = e"(ga, p(g)h).

Here and in what follows, we will frequently omit py from the notation when it is
clear that we are referring to the natural action of G on its boundary. Thus, we
will write ga rather than pg(g)a when a is a boundary point. For z € X, we also
write gz for its image under the standard action of g € G on X C =.

We will first establish continuity of the positive endpoint map on a large set,
then use it to define a semi-conjugacy.

7.1. Continuity.

Proposition 7.1 (Continuity in a,d over D1). Suppose ag, 8y € OG x G is such
that there exists ¢ with (ag,6o,c) € D1. Then the map (a,8) — et (a,0) is continu-
ous at (ag, bp).

Proposition will be a quick consequence of the following technical lemma.

Lemma 7.2. Suppose L,,NYy, is nonempty. For anyr > 0, there is a neighborhood
N = N(r) of (ao,00) € OG x IG so that if (a,0) € N, then B,.(e) N S(ao,b) lies
in the diam(w(D1))-neighborhood of S(a,9).

The main idea behind the proof of Lemmal7.2|comes from the proof of Lemmal[6.8]
and the fact that the fixed point property used there is stable under small pertur-
bations of the map f, c0-
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Proof of Lemma[7.3 If B,(e) N S(ao,0p) is empty there is nothing to show, so we
suppose B,.(e) N S(ag,bp) is non-empty. Let K C X be the closure of 7~ !(B,(e)).
Recall from Notation that fs 0 denotes the map x — fyp(a,z,c), and recall
thatl Dy C D has the following properties
(1) X Cc GDy
(2) For any (a,b,c) € Dy, the set B, (a) X Be, (b) x B, (c) is contained in D;.
(See Lemma [6.2} (4)).)
Recall also that €1 > €5 > 2e.
We cover o(K)N(L4,NYp,) with translates of Dy, as follows. Since K is compact,
there are finitely many elements g1, g2, ... gr € G so that
k
o(K) N (Lay NY,) C U o(9:Do).
i=1
By deleting elements from the list if necessary we may assume
U(giDO) n (Lao n Y90) 7é 0

for each 1.

Our next goal is to show that, for each 4, the projection of the larger translate
giD1 to the Cayley graph contains a point of S(a, 8), provided that (a,6) is chosen
close enough to (ag,8y). Here “close enough” depends on the set K and hence on
the constant r.

Translating back to Dy, for each i we have o(Dg) N (Lg;la0 N Yp(gi)flgo) £ 0.

Let b;, ¢; € OG be such that
((gi_lao, bi, Ci), bl) c U(Do) N (Lgflao n Yp(gi)*leo) .
»_10,0, b,’,Ci) € Dy C Do, Deﬁnition implies that

bi = fo(g)-160(9; "a0,bi, ¢;) € Be(p(g:)™'6o).

hence, dyis(bi, p(g:) ™" 00) < €, and so (g; ag, p(g:) 60, ¢i) € D;.

Let p; = p(g:) " 6y. By Item [2| of Definition there is some s ¢, € Be(c;) so
that {a;} x Be, (p;) x {c}} lies in the interior of X. Furthermore by Lemma[6.3} ((e2))
there is a closed contractible set B,, C dG with B.(p;) C By, C Be,(pi), and

fg;lag,c;,pi (BEZ (pl)) c Bé(pi)a

SO fg;1a070/,”pi has a fixed point in B(p;). The property of taking the compact set

Because (g

B,, into the open ball B.(p;) is open (in the compact-open topology on continuous
maps), so also holds for any map sufficiently close to fgflao,c;,pi’ provided the
map is defined on B),. Recall that the domain of definition of fz,y,- is the set
{w | (z,w,z) € X}. Thus, if a function f, , . is defined on a set {z} x Be, (p;) x {z}
contained in the interior of X, and Be,(p;) D B,,, then for all sufficiently close
«',y’, 7 the function fy/ ./ ., will be defined on B,, as well. Additionally, the
functions f;, . vary continuously in the arguments (z,y, z). Thus, we may take a
neighborhood N; of (ag, 6p) such that for each (a,0) € N,

(1) the map f -1, v .
(2) the map fg;la,cg,p(gi)
(3) dvis(gi_la’gi_lao) < €1

_1¢ is defined on By,
14 has a fixed point contained in B.(p;); and
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Set N = ﬂle N;. Thus, for any (a,0) € N, each of the sets Lg’i—l(a) NY,5)-10

contains a point o(g; Ya, 2, c}) where z; € Be(p;). In particular, we have

dvis(giilaag;lao) < €1 and
dvis(zi;bi) < 2e < €.

Since (g; *ag, bi, ;) € Dy, this means that (g; 'a, z;,¢,) € Dy. Multiplying on the
left by g;, we obtain (a,g;2i,9:¢;) € ¢:D1 and o(a, g,z gic;) € L, NYy, so the

intersection
a(g:D1) N (Lo NYp)

is non-empty for each of the elements g;. Projecting to the Cayley graph, we have
B.(e) N S(ag,bp) contained in the diam(w(D;))-neighborhood of S(a,#), which
proves the lemma. ([l

Proof of Proposition from Lemma[7.3 Suppose (ag,0y) € IG x OG is such that
there exists ¢ with (ag,6p,¢) € Di. Then by Lemma L,, N'Yp, contains a
point of (Ds), so is nonempty. Lemma states that, given r > 0, there is a
neighborhood N of (ag,0y) so that if (a,0) € N, then B,.(e) N S(ag, ) lies in
the diam(7(D;))-neighborhood of S(a,#). By Proposition both S(ag, 0y) and
S(a,0) are Hausdorff distance at most 3H + 65 + 1 from some bi-infinite geodesic,
so these geodesics will 2(3H + 66 + 1) + diam(7(D;)) fellow-travel each other over
a compact set, which can be taken as large as we wish by taking r large. This gives
continuity. ([

We now establish continuity of a similar positive endpoint map defined every-
where on X. Since f is a homeomorphism and the sets X x {6} partition X x 9G,
so do their images Yy. Likewise, the sets L, give a partition of o(X) C X x G, so
for each 2 € X, there exists a unique a(x) and 6(z) such that o(z) € Lq) N Yp(a)-
Note if = (a, b, ¢) then a(xz) = a. We have a sequence of maps:

(13) T = (a7b> C) — ((avba C)vb) — (a,H(:r)) = e+(a,9(m)).

Proposition 7.3 (Continuity on X). Let £ET(z) = eT(a(z),0(x)) be the map given
by the composition in . Then £T is continuous on all of X.

Proof. Equivariance of each map in the composition implies that we have the equiv-
ariance property

Et(gx) = ET(ga(x), p(g9)0(x)).

It therefore suffices to check continuity of the composition above on the set Dy N X
containing a fundamental domain for the action of G on X.

By definition, the section ¢ is continuous. For the second map in , note that
0(x) is simply projection onto the second coordinate of f~1(o(z)) € X x dG. Since
f~1 is a homeomorphism of X x dG, its projection #(z) is continuous. Finally,
Proposition says that (a,6(a,b,c)) — e*(a,0) is continuous for (a,b,c) € D;.

O

Going forward we will abuse notation and often think of £% as a map defined
on o(X), via the identification of X with o(X).
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FIGURE 3. Paths of endpoints (in red) on 0G = JI' and associated
near-geodesic sets in I' (blue) with endpoints in the e-balls about
p and q.

7.2. Proof of Theorem Using the work above, we may now conclude the
proof of our main theorem. First recall the statement.

Theorem 1.1 (Topological stability). Let G be a hyperbolic group with sphere
boundary. Then the action of G on OG is topologically stable. More precisely, given
any neighborhood V' of the identity in the space of continuous self-maps of S™, there
exists a neighborhood U of the standard boundary action in Hom(G,Homeo(S™))
such that any representation in U has py as a factor, with semi-conjugacy contained
n V.

Our neighborhood U = U(V) was determined by our desired lower bound Cy on
Gromov products when we set our conventions in Section In this section, we
show that e™(a, ) is (locally) a function only of 6, hence can be thought of a map
from OG to OG. We will then show that this map has the properties of the desired
semi-conjugacy between pg and p.

Lemma 7.4 (e* is locally a function of 0). Let 6 € OG and let {a; | t € [0,1]} be a
path in OG so that et (az, 0) is defined and continuous at all points. Then eT (ay,0)
18 constant.

Proof. We argue by contradiction. Suppose we have such a path where e* is non-
constant. Truncating and reparameterizing, we may suppose that

(1) e™(at,0) is not locally constant at ¢t = 0,

(2) for all t € [0,1], a; # e (ap,0), and

(3) et(a1,0) # et (ag, ).
The second item can be ensured by taking any sufficiently short path that is non-
constant at 0, since e™ (a, #) # a holds for all a, 6.

Since G acts on 9G as a uniform convergence action (see Proposition , the

point eT (ag, #) is a conical limit point so there exists a sequence {g; } C G and points
p # q € G such that g;e™(ag,0) — p and g;z — ¢ for all z € G — {e*(ag,0)}.
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Modifying the sequence {g;} if needed by postcomposing with some fixed g € G, we
may also assume there exists ¢ with (p,q,c) € Dg. In particular this implies that
B.(p)NB.(q) = 0. Since OG is compact we may assume by passing to a subsequence
that p(g;)0 converges to some point 6, € IG.

For i large enough, g; - et (a1,0) € B./2(q) and g; - €T (ag, ) € Be/2(p). Thus, for
each sufficiently large 4, there exists ¢; such that p; := g;-e™ (ay,,0) is visual distance
exactly € from p. Since the arc a; does not meet et (ag, ) we have g;a; € B.(q) for
all ¢ and sufficiently large ¢. See Figure [3|for a schematic illustration. Consider the
sets g;5(ay;,0) = S(gi(ay,), p(g:)(9)). Recall by Equation we have

e (giar, p(9:)0) = gi - € (ar, 0).
This implies that the geodesics shadowed by the sets S(gi(at,), p(g:)(0)) all pass
through some compact subset of the Cayley graph I', and so the sets themselves all
meet some compact K C X.

For each i, fix a point y; € Lg,a,, N Y)(g)0) N K. After passing to a further
subsequence, the points y; converge to some yo. € K. Now g;a:, — g and p(g;)(0) —
Oscy 850 Yoo € LqgNYy N K. Using the notation from Proposition continuity of
positive endpoints implies that £¥(yeo) = limy, 00 ET (y;) which is by construction
some point at distance e from p.

Now consider instead the constant sequence t = 0 instead of ¢;. By the same
reasoning, for i sufficiently large, Lg,q, MY, (4,)(9) Will contain a point z; in K. After
passing to a subsequence, these converge to a point z., € LMYy _NK. By continu-
ity of £ we have £ (200) = limy, 00 £7(2;) = p. Thus, we have found two points,
Yoo and zeo, both in Yp_ N L, with different positive endpoints £ (200) # E1 (Yoo )-
This directly contradicts Proposition [6.11} and this contradiction concludes the
proof. O

Recall that item @ from Lemma says that, if (a,6,c¢) and (a/,0,c) lie in
D1, then there exists a path a; with ag = a and a; = @’ and a point ¢’ such that
(at,0,c") € Dy for all t. Proposition says that the map e (ay,0) is therefore
continuous at each point, and thus by Lemma [7.4] we conclude it is constant. In
summary, we have the following.

Corollary 7.5. If (a,0,c) and (a’,0,c) lie in Dy, then e*(a,0) = e*(d’,0).

Definition 7.6. Define h: S~ — S"~1 by h(f) = e*(a, ) where a is any point
such that there exists ¢ with (a, 0, ¢) € Dy.

Note that h is defined everywhere, and is continuous by the continuity of e*(a, §)
given by Proposition It remains to check that h satisfies the other properties
of the semi-conjugacy required to prove Theorem The second point in Propo-
sition states that (h(6)|6#)e > R — (4H + 118). Our choice of R in Lemma [6.2]
implies that (h(0)|6)e > Cy, satisfying equation as desired, and showing
that A lies in our chosen neighborhood V. This neighborhood contains only degree
one maps, so h is surjective.

We now check equivariance. Let g be an element of the generating set S US™!
used in the definition of T' and let 6 be given. Choose a so that (a,8,c¢) € Dy. We
have

po(9)h(8) = ge™ (a,0) = e (ga, p(g)0)

By definition of D, and our conditions on p, we have (g9a, g8, gc) € D,. By

definition of Dy, and item of Definition which defines the neighborhood
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U(V), we then have (ga, p(g)0, gc) € Dy. Thus, by Corollary et (ga, p(g)d, gc) =
et(a’,p(g)d, ) for any choice of @’ and ¢ such that (a’, p(g)0,c’) € Dy, thus giving

(14) po(9)h(0) = h(p(9)0)

for all 6 € OG. Since (14)) holds for generators of G, it holds, inductively, for all
elements g € G. This shows that h is a semiconjugacy in the specified neighborhood
of the identity map of S™, completing the proof of the theorem. ([
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