FINITE RAMSEY THEORY THROUGH CATEGORY THEORY

SLAWOMIR SOLECKI

ABSTRACT. We present a new, category theoretic point of view on finite Ram-
sey theory. Our aims are as follows:
— to define the category theoretic notions needed for the development of
finite Ramsey Theory,
— to state, in terms of these notions, the general fundamental Ramsey
results (of which various concrete Ramsey results are special cases), and
— to give self-contained proofs within the category theoretic framework of
these general results.
We also provide some concrete illustrations of the general method.

“unexplained beauty arouses an
irritation in me”

William Empson, Seven Types of

Ambiguity
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1. INTRODUCTION

Ramsey Theory is a subfield of Combinatorics whose roots lie in Logic; see [17];
but see also [23] for another early source of Ramsey theoretic ideas. It is an area
that aims to find implementations of the slogan “total disorder is unavoidable”—
its theorems search, in a space of elements under discussion, for subspaces whose
elements are not distinguishable from each other. Such theorems have a common
form but they differ deeply in the type of elements and spaces they concern and in
the methods employed in their proofs. At this point of its development, Ramsey

2010 Mathematics Subject Classification. 05D10, 05C55, 18A22.
Key words and phrases. Ramsey theory, category theory, frank functors.
Research supported by NSF grant DMS-1954069.

1



2 SLAWOMIR SOLECKI

Theory strongly connects not only with Logic but also with Topological Dynam-
ics [12], [24] and Banach Space Theory [1], and, of course, it continues to be an
important branch of Combinatorics [16].

The present paper treats Finite Ramsey Theory, the part of Ramsey Theory in
which the elements are finite, the spaces of elements are finite, while the proofs rely
on iterative inductive arguments. The paper can be seen as a contribution to the
efforts aimed at unifying Ramsey theoretic results, as in [10] for finite structural
Ramsey theory, in [2] and [22] for infinite dimensional Ramsey theory, and in [20]
for the ultrafilter methods in Ramsey theory.

We give now examples of some classical Ramsey statements, namely Ramsey’s
original theorem [17], van der Waerden’s theorem [23], and the dual Ramsey theo-
rem of Graham—Rothschild [6]. Our goal in reminding the reader about these results
is partly to clarify what type of theorems form the starting point of the category
theory approach presented in this paper. For a positive integer r, by an r-coloring
of a set A we understand a function on A with at most r values. Ramsey’s original
theorem proved in [17] is the following statement.

For positive integers r and k,l, there exists a positive integer m such that, for each
r-coloring of all k-element subsets of an m-element set X, there exists an l-element
set Y € X such that all k-element subsets of Y get the same color.

We cover this theorem as part of our framework in Section 4.4. The following
statement is van der Waerden’s theorem [23].

For positive integers r, k, there is a positive integer | such that, for each r-coloring
of the set {1,2,...,1}, there exists an arithmetic progression of length k, whose
elements get the same color.

A purely combinatorial phrasing of the arithmetic statement above was found by
Hales and Jewett in [9]. We treat this combinatorial statement as part of our
approach in Section 3.5. Finally, we state the dual Ramsey theorem of Graham-—
Rothschild [6]. By a k-partition of a set X we understand a family of k& non-empty
sets whose union is X.

For positive integers r and k,l, there exists a positive integer m such that, for each
r-coloring of all k-partitions of an m-element set X, there exists an l-partition P
of X such that all k-partitions of X that are coarser than P get the same color.

Again, the above statement can be seen as a particular case of the general theorems
of this paper. We do not present this derivation in detail but we invite the reader
to do it on their own, perhaps following the lead of [18, Section 8.2].

We move to discussing the category theoretic set-up. If C' is a category, by ob(C)
we denote the class of all objects of C; for a,b € ob(C), hom(a,b) stands for the
class of all morphisms in C' from a to b. It has been known for some time, at least
since the early 1970s, that Ramsey theoretic statements are naturally expressed in
the language of category theory. Given a category C, an object a € ob(C') is said to
have the Ramsey property if for each object b € ob(C) and a positive integer r,
there is ¢ € ob(C') such that for each r-coloring of hom(a, ¢), there is g € hom(b, c)
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that makes the set
g -hom(a,b) = {g- f | f € hom(a,b)}

monochromatic. One then calls C a Ramsey category if each of its objects
has the Ramsey property. It is also known that the following notion is a useful
refinement of the Ramsey property. For a,b € ob(C), the Ramsey degree of the
pair a, b is the smallest positive integer k, if such a number exists, such that for each
positive integer r, there exists ¢ € ob(C') with the property that, for each r-coloring
x of hom(a,c), there exists g € hom(b,c) with x attaining at most k values on
g - hom(a,b). If such a number k does not exist, we say that the Ramsey degree of
the pair a, b is c0. We write

(1) rd(a, b)

for the Ramsey degree of a,b. More studied, and often more useful, notion is that
of Ramsey degree of a single object. Ramsey degree of a is defined by
(2) rd(a) = sup rd(a,b).

beob(C)
Having the Ramsey property is expressible in terms of the Ramsey degree—a has the
Ramsey property precisely when rd(a) = 1. This observation leads to an important
easing of the condition of the category C being Ramsey to the condition of C' having
finite Ramsey degrees, which asserts that, for each a € ob(C), rd(a) < 0. The
importance of finiteness of Ramsey degree stems partly from it being a refinement
of the Ramsey property and partly, and more significantly, from its relevance to
topological dynamics as indicated in [12] and, especially, in [24].

Going beyond just formulating Ramsey theoretic notions, several papers used the
language of category theory to carry out proofs of finite Ramsey theoretic state-
ments; see, for example, [5], [11], [13], [14], and [15]. This was usually done by
identifying a category A that was known to be Ramsey or to have a related prop-
erty, and then transferring Ramseyness or the related property from A to another
category B by finding an, often subtle, connection between A and B. Another
distinct approach was presented by Leeb in [13]. In a number of specific categories,
he verified certain identities, called by him Pascal identities, and then working sep-
arately in each of these categories, but using similarly structured arguments, he
showed that the categories are Ramsey, from which various classical Ramsey theo-
rems followed. In [11], certain Ramsey theoretic constructions were revealed to be
canonical category theory constructions. In his paper [8], Gromov advocated for a
broad use of category theory in Ramsey theory.

In the current paper, expanding and simplifying the author’s approach of [18]
and following the spirit of [8], we present a way of seeing finite Ramsey theory in
the category theoretic terms that is global, in the sense that the whole theory is
developed from scratch in the category theoretic framework as opposed to trans-
ferring specific Ramsey results between categories or running separate proofs in
different categories. We change the usual perspective and consider functors, rather
than categories, as fundamental to the development. More precisely, we formulate a
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general pigeonhole principle (P) for functors between categories. On our view, this
is the main notion of finite Ramsey theory, and the theory is concerned with prov-
ing (P) for various functors. To this end, we show that (P) persists under several
natural operations applied to functors. Further, we formulate a localized version
(FP) of (P) and show that, for essentially all relevant functors, (FP) implies (P).
The advantage of having this implication resides in a relative ease of proving the lo-
calized pigeonhole principle (FP) for many functors in comparison with proving (P)
itself. These general theorems allow us to establish results giving an upper bound
on Ramsey degrees. As explained above, such upper estimates are generalizations
of the statement that the category is Ramsey thereby making it possible to deduce
various concrete Ramsey theorems.

It may be worth emphasizing that the point we are making is not so much that
the concrete Ramsey theorems can be derived using our methods, it is more that
they are particular cases (for concrete functors) of our results. We give several
examples of theorems that can be seen as such—Ramsey’s theorem [17] and the
product Ramsey theorem, both in Section 4.4; the Hales-Jewett theorem [9] in
Section 3.5; Fouché’s Ramsey theorem for trees [4] in Section 4.5. These examples
should be viewed merely as illustrations since many other theorems, for example,
the Ramsey theorems for trees due to various mathematicians that are surveyed in
[19] and treated there with the methods of [18], the Ramsey theorems considered
in [18], for example, the dual Ramsey theorem of Graham—Rothschild [6], and the
dual Ramsey theorem for trees from [21], can all be seen as, in essence, particular
cases of the general theorems of this paper.

As already mentioned, our approach here builds on [18]. The main advances
with respect to that paper consist of the use of categories and functors instead
of various types of ad hoc structures (in particular, eliminating partial or linear
orders from the general structures), weakening of the localized pigeonhole principle
(from (LP) in [18] to (FP) here), obtaining upper estimates on the Ramsey degree
rather than just Ramsey statements, and an overall substantial simplification of
the presentation.

The following conventions will be used throughout. By N we understand the set
of all natural numbers including 0. For m,n € Z, we write

[m,n]={ieZ]|m<i<n},
For n € N and m = 1, we shorten the above piece of notation to
[n] = [1,n].
In particular, [0] = @&. The cardinality of a set = will be denoted by |z|. So, if z is

finite, then |z| € N. For a functor 7 defined on a category C' and for an object a of
C and a morphism f of C, we often write

va and ~f

for v(a) and ~(f).

I would like to thank Sebastian Junge, whose remarks improved the presentation
of the material in this paper.
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2. CONDITION (P) AND FRANK FUNCTORS

2.1. Formulation of condition (P). We regard the following statement as the
fundamental pigeonhole principle for a functor §: C' — D between the categories
C and D. In a nutshell, it says that, in a suitable sense, § controls colorings.

Definition 2.1. Let ¢ be a functor defined on a category C, and let a,b € ob(C).
We declare § to fulfill (P) at a,b if for each r € N, there exists ¢ € ob(C) such
that, for each r-coloring x of hom(a, c), there exists g € hom(b, ¢) with

6fi =0f2 = x(g- f1) =x(g- f2),
for all f1, fo € hom(a,b).

For ease of phrasing, we adopt the following conventions. We say that § fulfills
(P) at a € ob(C) if it fulfills (P) at a,b for all b € ob(C). We say simply that ¢
fulfills (P) if it fulfills (P) at all a,b € ob(C). Note that the condition of fulfilling
(P) at a is stronger than fulfilling (P) at a,b. We will be mostly interested in this
stronger condition, but using the weaker condition is somewhat easier and permits
us to make more precise statements in some situations.

The fundamental connection of property (P) with Ramsey theoretic notions of
Ramsey degrees (recall (1) and (2) here) goes through the following proposition,
which improves the trivial bound rd(a, b) < |hom(a, b)|.

Proposition 2.2. Let A be a family of functors whose domains are all equal to C.
(i) If each § € A fulfills (P) at a,b € ob(C), then

rd(a,b) < mln’é(hom(a b))|.

(ii) If each § € A fulfills (P) at a € ob(C), then

(
sup min |0 (hom(a,b
rd(a) < beob(C) 9€A | ( ( ))|
Proof. By the definition of rd(a) in (2), it suffices to show (i). This amounts to
proving that given r € N, there exists ¢ such that for each r-coloring of hom(a, c),
there exists g € hom(b, ¢) with the number of colors attained on g-hom(a, b) bounded
by |6(hom(a,b))|. This statement is an immediate consequence of § fulfilling (P)
at a. ]

2.2. Definition of frank functors. When dealing with property (P) for a functor
0, sometimes we will need to make an additional surjectivity assumption on §. This
surjectivity assumption is critical and seems interesting enough to isolate it here.

Definition 2.3. A functor §: C — D between two categories C and D is called
frank if, for all a € ob(C) and b’ € ob(D), there exists b € ob(C) with

§(b) =V and 6(hom(a,b)) = hom(da, ob).
In the second equality in the definition above, the inclusion ¢ (hom(a,b)) c

hom(da, 0b) follows just from § being a functor. Therefore, the point of the equality
is that ¢ is surjective as a function from hom(a,b) to hom(da, db).
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Lemma 2.4. (i) The identity functor is frank.
(ii) The composition of frank functors is a frank functor.
(iii) If 6: C — D is a frank functor, then, for all di,dy € ob(D), there are
1, o € ob(C) such that

0(c1) =dy, 6(ca) = da, and 5(hom(cl,02)) = hom(dy, ds).

Proof. Points (i) and (ii) are almost immediate, and we leave checking them to
the reader. To see (iii), given dj, use frankness of § to find ¢; with §(c1) = d;.
Now use frankness of § again to find ¢y with §(c2) = dp and 6(hom(cl,02)) =
hom(dl, dg) |

2.3. Unifying assumptions. Without harming applicability in finite Ramsey the-
ory of the general theorems presented below, one may always make the following
unifying assumptions:

— functors are frank

— categories are such that hom(a,b) is finite for all objects a,b.
All the general theorems proved below hold under these assumptions. Of course,
when stating the theorems, we make assumptions that are appropriate (minimal)
for each theorem.

2.4. Examples—frank functors fulfilling (P). We describe here some examples
of frank functors for with property (P).

1. Let C be a category. The identity functor C — C' is frank and fulfills (P) at
each pair of objects of C'.

2. We define here a category P and a frank functor dp: P — P that will
play an important auxiliary role in proving the Hales—Jewett theorem. Fulfilling of
condition (P) by 0p is the usual pigeonhole principle.

Objects of P are
— pairs (k,i), where ke N, k > 1if i€ {0,2}, and k > 2 if i = 1.
Morphisms of P from an object (k,7) to an object (k’,4") will be certain functions
from [k'] to [k], whose nature will depend on the second coordinates i and i'. We
define the morphisms as follows:
— pehom((,2),(m,2)), if p: [m] — [I] is a surjection with p(i) < p(i + 1) <
p(i) + 1 for i € [m — 1];
— z € hom((k1,1),(1,2)), if z: [I]] - [k1] and there are 1 <a<a+1<b<l
such that z is constant on the intervals [1,a], [a + 1,b — 1], and [b,!] and

(1) =k and z(l) =k —1;
— w € hom((ko,0), (1,2)), if z: [I] — [ko] and there are 1 <a<a+1<b<l
such that z is constant on the intervals [1,a], [a + 1,b — 1], and [b,!] and
2(1) = 2(l) = ko;
— there are no other morphisms except for identities.

Composition of morphisms in P will be the composition of functions taken with
reverse order:
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— for p e hom(({,2), (m,2)) and = € hom((k, 1), (1,2)), with i € {0,1}, let
p-x=x0Dp.
— for morphisms p € hom((l,2), (m,2)) and g € hom((m, 2), (n,2)), let
g p=poq
The functor dp: P — P acts non-trivially only on objects of the form (k,1) and
on morphisms in hom((k:7 1), (1, 2)), on which it lowers the top value by 1. So the
functor 0p is defined by:
— 0p(k,1) = (k,i), for i £ 1, and 0p(k,1) = (k — 1,0);
— dpp = p, for p € hom((1,2), (m, 2));
— Opx =z, forx € hom((kmO), (1, 2));
— Opx = min(z,ky — 1), for z € hom((k1,1), (1,2)).

Lemma 2.5. (i) dp: P — P is a functor and it is frank.
(ii) dp fulfills (P).
Proof. Point (i) is straightforward, and we leave checking it to the reader.

To see (ii), we check (P) at (k,1), ({,2), which is the only not entirely trivial
case. After fixing r € N, we need to find an object (m,2) for which the conclusion
of (P) holds. It is good to keep in mind that all we are doing is proving a version
of the standard pigeonhole principle.

Put m = (I — 1)r 4+ 2. Let x be an r-coloring of hom((kl, 1), (m, 2)), that is, an
r-coloring of the set of all x: [m] — [k1], for which there exist 1 < a; < a, +1 <
b, < m such that z is constant on the intervals [1,a,], [a; + 1,b; — 1], and [b,, m],
and z(1) = k1 — 1 and 2(m) = k;. Consider the r-coloring x’ of [m — 1] given by

X' (7) = x(z;),
where z;: [m] — [k1], with j € [m — 1], is such that
zj 1 [j]=k1—1 and z; | [j +1,m] = ki.

Note that z; € hom((k:l7 1), (m, 2)), so x(z;) is defined. By our choice of m, x’ is
constant on a subset of [m — 1] of size l. So there exists p: [m] — [I], a surjection
with p(j) <p(j+1) < p(j) + 1 for je[m—1], that is, p € hom((l,?), (m,2)), and
such that ¥’ is constant on the set

J={jelm—=1]1p() <p(+1)}
The above condition on x’ means that x(x;) is constant as j varies over J.

We claim that this p works. Indeed, let x,2’ € hom((kl, 1), (I, 2)) be such that

Opx = Opx’. Then either x = 2’ or there are 4,7’ € [l — 1] such that

xl[i)=k —1,2|[i+1,m] =k,

M) =k —1,2" [ [{ +1,m] = k.
In the first case, clearly x(zop) = x(2'op). In the second case, for j, j' € J specified
by
i=p(j) <p(j+1) and @' = p(j') <p(j’ + 1),
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we have x op = z; and 2’ o p = xj. Thus, we get

x(zop) = x(x;) = x(xj) = x(z’ o p),

as required. (I

3. The following example does fulfill condition (P), but we postpone its verifi-
cation till we have a general result from which it will follow readily. The example
will serve to prove the standard Ramsey theorem.

We define a category R and a functor dg: R — R. The objects of the underlying
category will be natural numbers n and morphisms will be, essentially, subsets x of
[n]. For technical reasons, for such a set x, we will need to remember which [n] it
is designated to be a subset of; so the morphisms will actually be pairs (z,n). For
n € N, we write

(3) n+ 1= max(n —1,0).
Objects of R are:
— n, for ne N.
Morphisms of R are described as follows:
— (z,n) € hom(m,n), for z € [n] and |z| = m.
Composition in R is defined by the following rule:

— for morphisms (z,m) € hom(l,m) and (y,n) € hom(m,n), let

(y,n) - (z,m) = (fy(x),n),
where f,: [m] — y is the unique increasing bijection.
The functor 0r: R — R is defined using the notation set up by (3):
— Opn=n-=1;
— Ogr(z,n) = (z\{maxz},n = 1), for (x,n) € hom(m,n) with = + ;
— Or(d,n) = (F,n = 1), for (J,n) € hom(0, n).

3. PROPAGATING CONDITION (P)

In this section, we prove three theorems that let us transfer property (P) from
one functor to another.

3.1. Composition. The following theorem asserts that, under appropriate as-
sumptions, property (P) is preserved under composition of functors.

Theorem 3.1. Let v: C' — D and §: D — E be functors with v being frank. Let
a,b € ob(C). If v fulfills (P) at a and 6 fulfills (P) at v(a),v(b), then & o fulfills
(P) at a,b.

Proof. We write 6 for 6 o~.

Fix a,b € ob(C) with the aim to show that dvy has (P) at a,b. In order to do
this, let 7 € N. The objects a,b and the natural number r will remain fixed for the
rest of this proof.
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Claim. There is ¢ € ob(C) such that for every r-coloring x of hom(vya,yc), there is
g € hom(b, ¢) such that for fi, fo € hom(a,b)

(4) 6vf1=0vfo = x(1lg- 1) =x(2(g - f2))-

Proof of Claim. Since § fulfills (P) at ya and b, we can find d € ob(D) such
that for every r-coloring x of hom(vya,d), there is ¢’ € hom(yb,d) such that, for
hi, he € hom(va,vb), we have

(5) Shy = b6hy = x(¢' - h1) = x(¢' - ha).

By frankness of the functor ~, there is ¢ € ob(C) such that d = ¢ and, for every
g’ € hom(vb,d), there is g € hom(b, ¢) with ¢ = vg. We claim that this ¢ makes
the conclusion of the claim true.

Let x be a r-coloring of hom(va,~y¢) = hom(va,d). By our choice of d, there
is ¢’ € hom(vb,d) such that, for hy, ha € hom(vya,~b), condition (5) holds. Let
g € hom(b,c) be such that ¢’ = ~vg. In order to check condition (4), fix f1, fa €
hom(a, b) with

(6) v fi = dvfe.
Note that v f1, v f2 € hom(vya,vb), and therefore by (5) and (6), we have

x(g (7)) = x(g" - (vf2)-

Since

g - (vfr) = (vg) - (vfi) =v(g- f1) and g"- (vf2) = (vg) - (vf2) = (g - f2)
it follows that x(v(g - f1)) = x(7(g - f2)), which gives (4) and the claim.

Now, we prove the conclusion of the theorem from the claim. We are seeking
¢ € ob(C) with the following property: for each r-coloring x of hom(a,c) there
exists g € hom(b, ¢) such that, for fi, fo € hom(a,b),

(7) vfi=06vfo= x(9- f1) = x(g - f2)

We apply the claim to obtaining ¢’ € ob(C'). Next, recall that we assume that v
fulfills (P) at a, so it fulfills (P) at a, ¢, which, for the given r, yields ¢ € ob(C).
We claim that this ¢ works.

Let x be a r-coloring of hom(a, ¢). By the choice of ¢ there exists g’ € hom(c’, ¢)
such that for f1, fo € hom(a,b) and hq, ha € hom(b, '),

(8) Y(hy - f1) = (ke - f2) = x(¢" - (h1 - f1)) = x(¢" - (h2 - f2)).

We define a r-coloring ¥ on hom(va,yc’). First we specify i of the subset
{v(h- f) | f € hom(a,b), h € hom(b,c)}

of hom(ya,~c'). So, for f € hom(a,b) and h € hom(b, ¢'), let

(9) x(v(h-f)) =x(g" - f).
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The function Y is well-defined by (8). Now we extend X to an r-coloring of the whole
set hom(vya,y¢’) in an arbitrary way. We denote this extension again by . By our
choice of ¢’ from Claim, there exists g” € hom(b, ¢') such that, for f1, fo € hom(a, b),

(10) 8vfr =0vf2 = xX(1(g" - 1)) = X(W(g" - f2))-
Combining (10) with (9), we see that, for fi, fa € hom(a,b),
v fr=0vf2=x((¢"-¢") - f1) =x((g' - 9") - f2).
Thus, g = ¢’ - ¢” € hom(b, ¢) is as required by (7). O
The following corollary improves the estimate from Proposition 2.2. For a family

A of endofunctors of a category C, by (A) we denote the semigroup generated by
A using composition, that is,

(AYy={6]|6=0810---00,, for §1,...,0, € A}.
Corollary 3.2. Let A be a family of endofunctors of C with each endofunctor in
A being frank and fulfilling (P).
(i) For each a,b e ob(C), we have
rd(a,b) < min{|d (hom(a, b))| | 6 € (A)}.
(ii) For each a € ob(C),

rd(a) < sup min{|é(hom(a,b))| | e (A)}.
beob(C)

Proof. Tt is enough to check (i) as (ii) follows from (i) immediately. By Lemma 2.4 (ii),
every endofunctor in {(A) is frank. By Theorem 3.1, each endofunctor in (A) fulfills
(P) at a,b. The conclusion follows from Proposition 2.2(i). O

3.2. Products. We define the finitely supported product of categories in a natural
way. Let C;, i € I, be a family of categories. Define

®c
T
as follows. Objects of this category are of the form
(Ci)ieKa
where K < I is finite and ¢; € ob(C;). Morphisms are of the form

(fi)ielﬁ

where K € I is finite and f; € hom(c¢;,d;), for ¢;,d; € ob(C;), and we declare the
above morphism to be a morphism from (¢;);ex and (d;);cx. To relax the notation,
we will write

(ci)x and (fi)x
for the object (¢;)iex and the morphism (f;)iex, respectively.

Assume now we have two families of categories C; and D; with ¢ € I. Let
d;: C; — D; be a functor. Define ®;9;: &; C; — &); D; by letting

(®16:)((ci) k) = (8i(ci))x and (®168:) ((fi)x) = (6:(fi)) k-
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It is immediate that ®;c0; is a functor. If C; = C and §; = § for all ¢ € I, we write
®); C and ®;4 for ); C; and ®;d;, respectively.
The following lemma is easy to check and we leave doing it to the reader.

Lemma 3.3. If each functor 6;: C; — Dy, i € I is frank, then ®;6;: &Q;C; —
&, D; is frank.

The following theorem gives the transfer of property (P) from the factors to the
product of categories.

Theorem 3.4. Let §;: C; — D;, i € I be frank functors. Let K < I be finite, and
assume that hom(a,b) is finite for all a,b € ob(C;) with i € K. If §; fulfills (P) at
a; € ob(C;), for each i € K, then ®1d; fulfills (P) at (a;)k.

Proof. Fix an enumeration of K, that is,
K={i|j=1,...,k}
We define the following families of categories
EY =Cy, foralliel,
and, forp=1,....k+1,
D;, iel\K;
E =< D;, i=ij, for some j < p;
Ci, 1=1;, for some j = p.
In particular, E} = D; for all i € I\K, and E}! = C; for all i € K, and EFt! = D,
for all ¢ € I. Similarly, define §: E¥ — Ef“, foriel and p=0,...,k, by letting
’ ide,, ieK;
and, for p > 1,
61'7 i = Zp7
67 = <idp,, i€ I\K ori=1; for some j < p;
idg;, @ =1i; for some j > p
For p =0,...,k, consider the functor

@167 R E? - QB
I I

Set 6P = ®r07, and note that, by Lemma 3.3, each 6P is frank and that
®10; = 6k 0+ 040,

Fix a; € ob(C;), for i € K. By Theorem 3.1, it suffices to show that, for each
p < k, oP fulfills (P) at

— ~

(11) (0r=to - 0d%) ((ai)x) and (bf)x,
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where (b}) k- is an arbitrary object of ob(Q); E¥). This is clear for p = 0 and, for
arbitrary p, when K’ # K as in this case there are no morphisms between the two
objects in (11). Now consider the case p > 1 and K = K'. Set

(@) = (671008 ((ai)r),

and note that

, a;, if i =i; for j = p;
= {51'((11), if i =i; for j < p;
Let
R=rM,
where

M = 1_[ lhom (a, b})|.
i€K iti,
By our assumption of finiteness of hom(a, b) for a,b € ob(C;) and frankness of §; in
conjunction with Lemma 2.4 (iii), for all i € K, we see that M, and so also R, is
finite. Find c € C;, that witnesses property (P) for the functor d;, at a;,, b;, with
R colors.
We claim that the object (¢;)x of ), C; with

/ e .,

b, if i,
G = e

c, ifi=ip;

witnesses property (P) for the functor 57 at (a})k and (V) x with r colors. Indeed,
let x be an r-coloring of hom((a;)k, (¢;) k). Define an R-coloring x’ of hom(a;,, c)
by letting x’(h) be the sequence

(12) (X(f) ) | fi, = h, fi € hom(a}, b)) for i + i,).

By our choice of ¢, there is g € hom(b;,,c) such that for f, f' € hom(a,,,b;,) we
have

(13) 0i,(f) =05, (f) = X'(g- ) =X(g- f).

Let (gi)x € hom((b;) K, (ci) k) be such that g;, = g and, for i € K, i % i, g; is the
identity in hom(d}, ¢;) = hom(b},b;). It is now easy to check, from (12) and (13),

that for (fi)k, (f!)x € hom (( Z)7Kla (bg)K)7

(f
o ((f)x) = 0P (D) = x((g)x - (F)x) = x (9 - (FDxc),
)

as required. (iii) It follows from Theorem 3.1 that O

3.3. Example—a frank functor for the Hales—Jewett Theorem. We give
now one concrete application of Theorem 3.4 that will be relevant for the proof of
the Hales—Jewett Theorem in Section 3.5. Recall the category P and the functor
Op from Section 2.4. From Lemma 2.5 and Theorem 3.4, we immediately get.

Corollary 3.5. The functor @uip: QyP — QP is frank and fulfills (P).
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3.4. Modeling. We present a notion that allows property (P) to be transferred
from one functor to another. We aim to give this notion its natural generality. Two
related notions have already been proposed in the literature. One was the notion
of interpretability that was defined by the author in [18, Section 6.2], the other
one was the notion of pre-adjunction defined by Masulovié¢ in [15]. Our notion of
modeling generalizes both these definitions.

Let C and D be categories. We define now the notion of cross-relatedness that
will play an auxiliary, but important, role in the definition of modeling.

Definition 3.6. Let ¢q, ca,c3 € ob(C) and dy,ds,d3 € ob(D). We say that ¢, ca,c3
and dy,ds,ds are cross-related if there are functions

¢: hom(cy, ca) x hom(ds, d3) — hom(dy, ds),
1 hom(
¢: hom(
such that, for (f,g) € hom(cy,ca) x hom(ds, ds),
Clg-o(f,9) =v(9)- [

Intuitively, one can see the notion of cross-relatedness as a way to define com-
position “g - f” of morphisms f € hom(cy, ca) by morphisms g € hom(ds,ds). Of

d2, dg) — hOHl(CQ7 Cg),

d1, dg) —> hOHl(Cl7 03)

course, literally, such composition does not exist as hom(cy, ¢2) is computed in C
while hom(ds, d3) in D. But it can be defined in a generalized sense, in fact, in two
ways. In order to do it, one stipulates that there exist functions

¢: hom(cy, co) — hom(dy,ds) and v: hom(ds,ds) — hom(ca, c3).

that allow one to compute the composition “g - f”, for f € hom(ci,cz) and g €
hom(ds, d3), in two ways

g o(f) € hom(dy,ds) and ¥(g) - f € hom(eq, c3).
To relate these two results one stipulates further that there is a function
¢: hom(dy,ds) — hom(cq, c3)

such that
C(g-0(f) =vl9)- [
Being cross-related asserts that the above procedure can be implemented addition-
ally allowing ¢ to depend on g.
Observe that one can formulate the definition of cross-relatedness without invok-

ing ¢, as, to ensure that such a function ¢ exists, it suffices to assume that g-&(g, f)
determines ¢(g, f)- f, that is, that for all (f,g), (f’,¢’) € hom(cy, ¢2) x hom(ds, d3),

(14) 9 0(f,9) =9 o(f.9)=v(g) f=v() [

When it is important to remember how cross-relatedness of the triples ci, ¢z, c3
and dy,ds,ds is witnessed, we say that cq,ca,c3 and dy,ds,ds are cross-related
by (¢,1) omitting ¢ from the notation for the reasons explained above.

The notion of cross-relatedness defined here is new; but in [18], a version of it
with ¢(f, g) depending only on f is present implicitly; in [15] another version of it
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is implicit, where ¢ and 1) are defined globally as functions from C to D and from
D to C, respectively, and ( is assumed to be equal to .

Let v: C — E and 6: D — F be functors, and let dy,ds € ob(D) and c¢1,¢q €
ob(C).

Definition 3.7. We say that v at c¢1,co is modeled by & at di,ds if, for each
ds € ob(D), there is cs5 € ob(C) so that ¢1,ca,c3 and dy,da,ds are cross-related by
some (¢, ) such that

(15) () =) = d(o(f.9)) = 6(a(f'.9)).
for all f, f’ € hom(cy, ca) and g € hom(ds, ds).

Now, we have the main result of this section on transferring property (P) through
modeling.

Theorem 3.8. Let v be a functor with domain C. Let a,b € ob(C). If v at a,b is
modeled by 6 at dy,ds with 0 fulfilling (P) at dy,ds, then v fulfills (P) at a,b.

Proof. Fix the number of colors » € N. Let § be a functor with domain D such
that v at a,b is modeled by § at dy,ds € ob(D) with ¢ fulfilling (P) at dy,ds. Let
ds € ob(D) witness property (P) for § at dyi,ds with r colors. Find c € ob(C) given
for ds by the definition of modeling. So a,b,c and d;, ds, ds are cross-related by a
pair of functions (¢, ) as in the definition of modeling.

We claim that ¢ witnesses property (P) for v at a,b with r colors. Let x be an
r-coloring of hom(a, c¢). For f € hom(a,b) and g € hom(ds, ds), define

(16) X'(g-o(f,9) = x(¥(9) - f)

Note that x’ is well defined since a,b, ¢ and dy,ds,d3 are cross-related by (¢,1)).
The function x’ is defined on a subset of hom(dy, ds). We extend it to hom(dy, ds)
in an arbitrary way to get an r-coloring x’ of hom(d;, ds). Now, by our choice of
ds, there exists g € hom(ds, d3) such that, for each h, h’ € hom(dy, ds),

oh =6h" = X'(g-h) = X'(g-h');
in particular, for so chosen g, for all f, f' € hom(a, b), we have

5(o(f.9)) = 3(e(f',9) = x'(g-6(f,9)) =X'(9-¢(f',9))-
By our choice of 4, whose relationship with « is given by (15), and the definition
(16) of x/, the implication above yields, for all f, f € hom(a, b),
vf =2 = x(¥(9) - f) = x(¥(9) - f)
Thus, condition (P) for v at a, b is proved. O

To transfer bounds on Ramsey degree, only the following version of modeling is
needed.

Definition 3.9. Let ¢1, ¢ € ob(C) and let dy,ds € ob(D). We say that ¢1,co is R-
modeled by dy,ds if for each d3 € ob(D) there exits cs € ob(C') such that ¢q, ¢, c3
and dy,ds,ds are cross-related.
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With the above definition, one proves the following proposition, which strength-
ens [15].

Proposition 3.10. Let C, D be categories, and let a,b € ob(C) and dy,dy € ob(D).
If a,b is R-modeled by dy,ds, then

rd(a,b) < rd(dy,ds).

Proof. This proof is parallel to the proof of Theorem 3.8. Let k = rd(d;,ds). We
can assume that k < co. We show that rd(a,b) < k. Fix r € N. Let now d3 € ob(D)
witness rd(dy, d2) < k for r-colorings. Let ¢ € ob(C) be provided from the definition
of R-modeling so that a, b, c and dy, da, d3 are cross-related by (¢, ).

We claim that ¢ chosen above witnesses rd(a, b) < k for r-colorings. To check this
claim, let now x be an r-coloring of hom(a, ¢). Define a coloring x’ of hom(dy,ds)
exactly as is done around formula (16) in the proof of Theorem 3.8. Now by our
choice of k, there is g € hom(dy, d3) such that x’ attains at most k colors on the set

{9 f|fe€hom(di,ds)}.

By the definition of x’, we see that for so chosen g, x attains at most k colors on
the set

{¢(g)- f | f € hom(a, b)},

as required. 0

3.5. Example—the Hales—Jewett theorem. We fix ky € N. Below, for a func-
tion f, im(f) will stand for the set of all values of f.

We define a category HJy, and its endofunctor 0y,, which will be used to prove
the Hales—Jewett theorem.

Objects of HJy, are as follows:

— natural numbers [ € N;

— surjections v: [—kg, 0] — [k], for some k € N.
In the remainder of this section, I, possibly with subscripts, will stand for objects of
HJy, of the first kind above and v, possibly with subscripts, will stand for objects
of the second kind.

Morphisms of HJy, will be appropriate functions. We describe them as follows:

— f e hom(v,l) is a function f: [I] — im(v);
— g € hom(ly,ls) is a function g: [l2] — [—ko, (1] such that im(g) 2 [I1];
— there are no other morphisms except for the identities.

In order to define composition of morphisms in HJy,, we need to introduce a
new piece of notation. For two functions h and A’ domains are disjoint intervals I
and I’ of Z, respectively, let

WK
stand for the function whose domain is I U I’ and whose restrictions to I and I’
are h ad h/, respectively. Now composition in HJ, is defined as follows:

— for f € hom(v,{;) and g € hom(ly,l2), let
g-f=@"f)og.
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— for g1 € hom(ly,l5) and g2 € hom(ly,[3), let

92 g1 = ((d[—gg,0) " 91) © g2

Note that v~ f and (id[_y,,01) 91, whose domains are [—ko, 1] and [—ko,l2], re-
spectively.
Before, we define the functor 0y, : HJx, — HJy,, we need to modify (3). For
neN,n>1,let
n—1=max(n—1,1),

The functor 0k, : HJx, — HJy, is now defined on objects by:

— () =1

— Ok (v) = min (v, max(im(v)) + 1);
and on morphisms by:

— 0Ok (9) = g, for g € hom(ly,l2);
— Oko(f) = min (f, max(im(v)) — 1), for f € hom(v, ).

Lemma 3.11. (i) Ok, is a functor and it is frank.
(ii) The functor O, : Hlx, — HJy, fulfills (P).

Proof. (i) is done by an easy check that we leave to the reader.

We now prove (ii). Note that it is clear that di, fulfills (P) at pairs of objects
of the form (I1,l2), (v1,v2), and (I,v). Indeed, the morphism sets between objects
in each of these pairs are empty with the exception of 1,y with I; < I3, in which
case, O, is equal to the identity map on hom(ly,ls).

It remains to check that 0y, fulfills (P) at pairs of the form v,! € ob(HJy,). This
goal will be achieved by showing that 0, at v,l is modeled by ®n0 at a pair of
object of ) P that we will choose below, and using Theorem 3.8 and Corollary 3.5.
Let k1 € N be such that im(v) = [k1]. So, at this point, we have fixed v, 1, k1, and,
of course, k.

We define the two objects of )y P that will be used to model di, at v,l. Let
a=(a;)!_, and b= (b;)!_,, where a;,b; € ob(P), for 1 <i <[, be defined by

=1

a; = (k‘1, 1) and bl = (3,2).

So a,b are objects in )y P. To see that i, at v,[ is modeled by &)y dp at a,b, we
fix an arbitrary object ¢ € ob( @y P). We can assume that ¢ = (¢;)}_; for some
¢; € ob(P) with ¢; = (my,2) for some m; € N, 1 <i <. We need to find an object
" in HJy, and functions

¢: hom(v,1) — hom(a,b) and ¢: hom(b,c) — hom(l,1")
such that
a7 p-o(f) =1 o(f) =) f=v@) f,
for all p,p’ € hom(b,¢), f, f’ € hom(v,1).

Translating (FP) to the situation dealt with here, the function ¢ should be defined
on hom(v, ) x hom(b, ¢); but our ¢ will not depend on the second coordinate.
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We can define ¢ right away. For f € hom(v,1), set
o(f) = (D1(f),-- -, u(f)),
where, for each 1 < i <, ¢;(f) : [3] — [k1] is defined by letting
k1, if j =1
(#:(£)) () = { £(0), ifj =2
max(1,k — 1), ifj=3.
Note that ¢;(f) € hom(a;,b;), and, therefore, ¢(f) € hom(a,b).

With the definition of ¢ in hand, we state (17) in more basic terms. Note that
each p € hom(b, ¢) is of the form

(18) p:(p17"'apl)7
where p; is in hom(a;,b;), that is, it is an non-decreasing surjections such that
im(p;) = [3] and dom(p;) = [my], for each 1 < ¢ < [. Similarly, we represent

p’ € hom(b, c) as (p},...,p)). Now, (17) becomes
6i(f) o pi = 6i(f) o), for 1 <i<1) = foup) = f ov(p))

for all p,p’ € hom(b,¢), f, f’ € hom(v,1).
It remains to define I’ and 1 for which (19) holds. Set

o

U=mqi+- -+ my.

For p as in (18), define g = 9 (p) € hom(l,1") as follows. If j € [mq + - +my], let ¢
be the unique natural number such that

my+ -+ mi—p <j<mg+---+my.
Then if p;(j — (M1 + - - +my_1)) = 2, let
9(4) = i,
otherwise, let g(j) be a number in [—kg, 0] such that
v(g(4)) = k1, i pi(j — (ma+ -+ +mi1)) =1,
and
v(9(j)) = max(1, k1 — 1), if pi(j — (m1 + -+ +m;—1)) = 3.

With the definitions above, it is easy to check that, for p € hom(b, ¢) represented
as in (18) and for f € hom(v,!), we have

v (d1(f) opr)” T (il f) op) = fov(p),

from which (19) follows immediately.
To finish the proof of (FP), it remains to show that for f, f’ € hom(v, 1),

Okof = 0o f' = (%)ﬁp)(qﬁ(f)) = (%)%)(qﬁ(f')),

which amount to proving

ko f = 0o f' = p(0i(f)) = p(i(f')), fori=1,...,L



18 SLAWOMIR SOLECKI

The following is the Hales—Jewett theorem, see [9] and [16].

Corollary 3.12. For each k,l € N and r € N, there exists m € N such that for
each r-coloring of all functions from [m] to [—k,0], there is g: [m] — [—k,], with
im(g) 2 [I], such that the set

{fog | VE [_k’l] - [—k),O], I [—k,O] = id[—k,O]}

is monochromatic.

Proof. Fix k,l € N. Consider the category HJ; and the objects idg and [ in it.
Note that the conclusion of the corollary follows from rd(idg,!) = 1. To prove this
equality, observe that the set

(8k 0--+0 8k)(hom(idk7 l)),

where 0y is composed k — 1 times, has one element. By Lemma 3.11 combined with
Corollary 3.2(i) for A = {0y}, the equality rd(idg,!) = 1 follows immediately. O

With some additional routine work, the methods used to prove Corollary 3.12
can be adapted to proving more general versions of the Hales—Jewett theorem as in
[18, Section 8.1] or [21, Lemma 3.3]. In these generalizations, one obtains concrete
Ramsey statements, in which rd(a,b) may be strictly bigger than 1.

4. PROVING CONDITION (P)

The goal of this section is to formulate a local version of condition (P) and prove
that, in most circumstances, it implies (P).

4.1. Condition (FP). We state the local version, we call (FP), of the pigeonhole
principle (P). In applications, it is often easier to check directly (FP) than (P).
Let 6: C — D be a functor. Recall the statement of (P) for a functor ¢ from
Definition 2.1. Note that the property of g € hom(b,c) in condition (P) can be
rephrased as follows:
for each f’ € §(hom(a,b)), x(g - f) is constant for f € hom(a,b) with §f = f’.

Above, g is chosen first and independently of f’. This feature is relaxed when
passing to (FP) from (P), namely, in (FP) it suffices to find g that depends on f’.
The price of this relaxation is included in the second point of condition (FP). It
has to do with controlling the behavior of dg in a suitable way.

It will be convenient to introduce the following piece of notation. Let C be a
category C' and & a functor defined on C. For a,b € ob(C) and h € §(hom(a,b)),
let

hom(a,b)y, = {f € hom(a,b) | 6f = h}.

Definition 4.1. We say that ¢ fulfills (FP) at a,b € ob(C), if for r € N and a
finite non-empty set s < 5(h0m(a, b)) the following condition holds:
there exist c € ob(C), f' € s, and g’ € §(hom(b,c)) such that for each r-coloring x
of hom(a, ¢), there exists g € hom(b, ¢) with

— g -hom(a,b) s x-monochromatic and

— (8g) -e=¢' - e, for each e € s.
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As with condition (P), we say that § fulfills (FP) at a € ob(C), if it fulfills
(FP) at a,b for all b € ob(C); and we simply say that § fulfills (FP), if it fulfills
(FP) at a,b for all a,b € ob(C).

4.2. Example—a frank functor with (FP) for Ramsey’s Theorem. Recall
Example 3 from Section 2.4. We check condition (FP) for dr from this example.

Lemma 4.2. dr: R — R fulfills (FP).

Proof. This proof amounts to an application of the standard pigeonhole principle.
Fix r € N. Let k,l be two objects in R, and let J + s < 8R(hom(k,l)). To
avoid trivial cases, we can assume that hom(k,l) has at least two elements and
that & > 1, therefore, 1 < k < [.

For the two objects k and | and the number of colors r, we need to find, in the
notation of (FP), and object ¢ and two morphisms f’ and ¢'. First, we define the
object by letting

m = (r + 1)l € ob(R).

Next, we define the two objects. Pick (2/,1 — 1) € dr(hom(k,1)) so that

(20) (2,1 —1) e s and maxz’ = max{maxz” | (", —1) € s},
and let
(21) (y',m—1) = ([l = 1],m — 1) € O (hom(l,m)).

By convention, if £k = 1, we interpret the above definition to give 2’ = ¢&. We
claim that this choice of the object m and the morphisms (2’,1— 1) and (y',m — 1)
ensures that (FP) are satisfied.

To prove this claim, let x be an r-coloring of hom(k, m). For i € [I, m], set

x; = (2’ U {i},m) € hom(k, m),
and consider the r-coloring of [I,m] given by
(22) [l,m] 3 — x(xi)-

Set
p=maxz <I—1,

with p = 0, if 2’ = ¢, by convention. Note that, by the choice of m, there is a
subset I of [I,m] of size [ — p on which the r-coloring (22) is constant, which means
that x is constant on x; as ¢ varies over I. Define

y = ([p] v I, m) € hom(l,m).

This is the morphism ¢ in the notation from (FP). We need to check that y satisfies
the two points displayed in (FP).
For (x,1) € hom(k,1) with 0g(z,1) = (2/,1 — 1), we have

v (z,1) = x;, for some i € I.
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Therefore, x(y - (x,1)) is constant for (x,l) € hom(k,1) with dr(z,l) = (2/,1 — 1),
and the first point in (FP) is checked for y. To see the second point, note that, for
each (2”,1—1) € s, we have

ory (2"l —1)= (2", m—-1)=(y,m—1)-(2",1 - 1),

using (20) the get the first equality and (20) and (21) to get the second one. Thus,
(FP) follows. O

4.3. Condition (FP) implies (P). The following theorem is the main result of
Section 4. It shows that under mild assumptions the local condition (FP) implies
(P). In concrete situations, (FP) is usually much easier to check than (P).

Theorem 4.3. Let 6: C — D be a functor, and let a € ob(C). If § fulfills (FP) at
a, then & fulfills (P) at a, b for each b € ob(C) with §( hom(a, b)) finite.

Proof. Fix a functor ¢ and an object a. In order to prove that § fulfills (P) at a, b,
we fix r > 0 and b € ob(C) with finite §(hom(a,b)). Set n = |6(hom(a,b))|. By
recursion, we construct
— cpeob(C), for 0 < k < m;
— g € é(hom(ck,l,ck)), for 1
— fr. € 6(hom(a,b)), for 1 <k
Note that we enumerate the ci-s starting with £ = 0 and the g} -s and f}-s starting
with £ = 1. These objects will have the following properties for 0 < k£ < n, where
we note that the first point in (c) makes sense as, by the conditions above, we have
that gj,_, -~ g} - f;, € 6(hom(a, cx_1)).
(a) co=b;
(b) fi + fi forall i <k;
(c) for each r-coloring x of hom(a, cx), there exists g € hom(cg_1, ¢x) such that
— x is constant on g - (hom(a,ck_l)g;cil...gg.f,;);
— (69) g1 9L f =} Gh_y - g1+ f for all f" € §(hom(a,b)) with
fre{fili<k}
To start the construction, we set ¢g = b. The conditions above for k& = 0 hold with
(b) and (c) being vacuously true. Assume that 0 < k < n and the construction has
been carried out up to stage k — 1. Consider the finite set

s =A{gk—1 91 f' | f' € d(hom(a,0))\{f] | i < k}}.
By our choice of g} for 1 < i < k and the assumption that k& < n, we have that
& + s < 6(hom(a, cx—_1)).

Now condition (FP) applied to a, cx—1, and the set s above allows us to pick
cr € ob(C), f}, € 6(hom(a,b)), and g}, € §( hom(cy—1,cx)) so that conditions (b)
and (c) hold. The construction has been carried out.

Observe that by the choice of n and condition (b), we have

k<n;

<
<n.

(23) §(hom(a,b)) = {f, |1 <k <n}.
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We claim that ¢ = ¢,, witnesses that § fulfills (P) at a, b with r colors; that is,
for each r-coloring x of hom(a,c), there is g € hom(b, c) such that, for hy, hy €
hom(a, b), we have

(24) 6h1 = 6hy = x(g - h1) = x(g - h2).

In order to prove the statement above, fix an r-coloring y of hom(a,c). We
recursively produce

gn € hom(cp—1,¢p), ..., g1 € hom(cg, 1)

starting with ¢, and ending with ¢, as follows. Having produced g,, ..., grt1, We
consider the r-coloring of hom(a, ;) given by

hom(a,cx) 3 f — x(9n - - - Gr+1 - [)-

By (c), we get gr € hom(cg—1, ¢x) such that

(25) X(gn - gr+1 - gk - f) is constant for f € hom(a,cp—1)g ... f1
and
(26) (O9k) “Gr—1 - 91 - f; = Gk - Gh—r -+ - 91 - f}, for j > k.
Now we show that
9= Ggn- g1 €hom(b,c)

witnesses that the implication in (24) holds. Let hq, ho € hom(a,b) be such that
0hy = dhy. This common value can be taken to be f; for some 1 < k < n by (23).
For i = 1,2, an iterative application of condition (26) gives

Ghm1 " Gh2 " G4 Jie = 0gk—1-Ogk—2 -+ - dg1 - 6l
= 0(gk—1"gr—2" 91" hi),
and so
Gk—1"gk—2 "+~ g1 - h; € (hom(a, cr—1)) g, ..gt.f15
which in light of (25) implies that
X(gn g (gr-1-91-01)) = X(9n - g (gr-1 - g1~ h2)).
Thus, (24) is proved. O

The following corollary follows immediately from Corollary 3.2(i) and Theo-
rem 4.3.

Corollary 4.4. Let A be a family of frank endofunctors of C. Let a € ob(C).
Assume that each § € A fulfills (FP) at a and hom(a,b) is finite for all b € ob(C).
Then, for all b e ob(C),

rd(a,b) < min{|d (hom(a, b))| | 6 € (A)}.
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4.4. Example—Ramsey’s Theorem and its product. As an illustration, we
derive now the classical Ramsey theorem and the product Ramsey theorem from
the general results established earlier.

Corollary 4.5. Given k,l € N, for each r € N, there exists m € N such that, for
each r-coloring of all k-element subsets of [m], there exists b < [m] of size I such
that all k-element subsets of b get the same color.

Proof. Since, by Lemma 4.2, 0 fulfills (FP), and hom(k,!) is finite, for all k,l €
ob(R), it follows from that A = {0r} satisfies all the assumptions of Corollary 4.4.
Thus, we get the conclusion after noticing that the set

(O o0 dg)(hom(k,1))

has only one element (its only element is the empty set), where 0 is composed k
times. 0

Corollary 4.6. Let r € N and let ky,...,k; and py1,...,p; be natural numbers.
There exist natural numbers qq,...,q; such that for each r-coloring of the set

{([11, .. '70’1) | a; & [QZ]v |az| = kia fO’I‘i < l}

there exist by S [q1],...,b1 S [qi] with |b;| = pi, for each i <1, and such that the
set
{(a1,...,a;) | a; S by, |a;| = ki, fori<l}

is monochromatic.

Proof. By Lemma 4.2, 0 fulfills (FR). Since hom(k, 1) is finite, for all k, ! € ob(R),
Theorem 4.3 implies that dg fulfills (P). Thus, by Theorem 3.4, @ndr: QyR —
&)y R fulfills (P). Now, the conclusion follows from Corollary 3.2(i). O

4.5. Example—Fouché’s Ramsey theorem for trees. We present here one
more elaborate example of using the general theory. We derive from it Fouché’s
Ramsey theorem for trees as proved in [4].

First, we collect basic definitions concerning trees and a type of morphism be-
tween them. By a tree we understand a finite, non-empty partial order such that
each two elements have a common predecessor and the set of predecessors of each
element is linearly ordered. A leaf is a maximal element of a tree. By convention,
we regard every node of a tree as one of its own predecessors and as one of its own
SUCCESSOrs.

FEach tree T carries a binary function Ap that assigns to each v, w € T the largest
element v A7 w of T that is a predecessor of both v and w. For a tree T'and v e T,
let

imT(v)
be the set of all immediate successors of v, and we do not regard v as one of
them. Let

htT(U)
be the cardinality of the set of all predecessors of v (including v), and let

ht(T) = max{htp(v): ve T}.
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For a tree T, let
br(7T)
be the maximum of cardinalities of imp(v) for v e T.

A tree T is called ordered if for each v € T there is a fixed linear order of
imr(v). Such an assignment allows us to define the lexicographic linear order <r
on all the nodes of T by specifying that v <7 w precisely when

— v is a predecessor of w, or

— v is not a predecessor of w, and w is not a predecessor of v, and the
predecessor of v in imp (v A w) is less than or equal to the predecessor of w
in imp(v A w) in the given order on imp(v A w).

A height preserving embedding f from an ordered tree S to an ordered tree
T is an injective function f: S — T such that

— f is order preserving between <g and <r,

— fv Agw) = f(v) Ar f(w), for v,w e S, and

— htg(v) = htr(f(v)), forve S.
Note that preservation of order by f is equivalent to saying that for every v € S
and all wy,ws € img(v) with w <g we, we have f(w1) <7 f(w2) in imz(f(v)).

Theorem 4.7 (Fouché [4]). Let r € N and let S and T be ordered trees. There
is an ordered tree V such that ht(V) = ht(T) and for each r-coloring of all height
preserving embeddings from S to V there is a height preserving embedding g: T — V
such that the set

{go f: [ a height preserving embedding of S to T'}
is monochromatic.

We define a category and an endofuctor on it that are appropriate for the theorem
above. Consider the category 7 whose objects are ordered trees. Given S,T €
ob(T), with ht(S) = ht(T'), hom(S,T) consists of all height preserving embeddings
from S to T. There are no other morphisms in 7; in particular, if ht(S) + ht(T),
then hom(S,T) = &.

We now define a functor 0*: 7 — T. Given T € ob(T), put

T — {veT: ht(v) <ht(T)}, ifht(T)>1;
T, if ht(T) = 1.
We will write T* for 0*T. Now, define the functor 0* on morphisms of 7 by letting,
for f: S — T,
o*f=f185*

Lemma 4.8. 0* is a frank functor.

Proof. Tt is clear that 0* is a functor as for morphisms f: S — T and g: T — V
we have f(S*) € T* and hence

0*(gof) =(gof) 1 8F =go(f18%)=(g 1 T*)o(f I %) =(0%g) o (0f).
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Now, to check that 0* is frank, we fix two objects of T, that is, two ordered trees

S and T". We need to find T € ob(T) such that T* = T” and 0* (hom(S,T)) =
hom(S*,T*). If ht(S) % ht(T")+ 1, then any T € T with T* = T" works, since then
hom(S*,T*) = & and hom(S,T) = &J. So we assume that ht(S) = ht(T") + 1. We
need to find T € ob(7) such that

— T* =T and

— for each height preserving embedding f': S* — T*, there is a height pre-

serving embedding f: S — T such that f' = f | S*.

One defines T so that ht(T") = ht(S), T* = T, and, for each leaf w of T”,

[imp(w)| = br(S).

One then linearly orders T by extending the linear order on 7" in an arbitrary
way as long as the resulting order makes T into an ordered tree. It is then clear
that each height preserving embedding f’': S* — T’ extends to a height preserving
embedding f: S — T by mapping elements of img(v), for each leaf v of S*, to
imz(f'(v)) in an injective and order preserving fashion. O

Proof of Theorem 4.7. To obtain the conclusion of the theorem, one needs to check
that rd(S,T) < 1 for all S,T € ob(T). Note that the set

(0* 0---00%)(hom(S,T))

has at most one element, where 0* is composed ht(S) — 1 many times. Indeed, if
ht(S) # ht(T), then hom(S,T) = &; if ht(S) = ht(T), then this set contains only
the unique function from a one-node tree to a one-node tree. Thus, by Lemma 4.8
and Corollary 4.4, it will suffice to check that 0* fulfills (FP) at each pair of objects
of T. So fixr e N, S,T € ob(T), and & + s < hom(S*,T*). Non-emptiness of
s implies that ht(S) = ht(T); we call this common height h. We need to produce
V € ob(T) with ht(V) = h and f’ € s and ¢’ € hom(T*,V*) so that the conclusion
of (FP) holds for these choices.

We let f’ € s be arbitrary and ¢’ be equal to the identity map on T*. The tree
V will be chosen so that V* = T*. It suffices to specify, for each leaf w of T* with
htrs (w) = h — 1, the number of elements in imy (w). If w is not of he form f’(v)
for a leaf v of S*, let imy (w) be empty. Now, let vy, ..., v; list all the leaves of S*
of height h — 1; since ht(S) = h such leaves exist. Put

K; =img(v;) and k; = |K;|, for 1 <i <,

and also
P, = imT(f'(vi)) and p; = |P|, for 1 <i <.
Let the natural numbers ¢;, for 1 < i < [, be gotten from Corollary 4.6 for the
sequences (k;) and (p;), and the number of colors r. Let Q; = imy (f’(vi)) have
size q;. This procedure defines V.
Now, it is enough to do the following: for an r-coloring x of hom(S, V), find a
height preserving embedding ¢g: 7' — V such that

(i) x(go f) is constant on the set of height preserving embeddings f: S — T
with f | S* = f;



FINITE RAMSEY THEORY THROUGH CATEGORY THEORY 25

(i) g | T* = idgps.
We fix x as above. For a tuple (a;) such that a; € Q; and |a;| = k;, for each
1 <i <, define f(g,): S — V by letting

fasy 1 S* = f';
fa) | Ki: Ki — a; the unique order preserving function.

Note that f(,,) is a height preserving embedding. Further note that

(fe hom(S,T), f | §* = f' and g € hom(T, V), g | T* = idT*> —

(99 F = fa, where ai = g(f(K0) ).
Color tuples (a;) such that a; € Q; and |a;| = k; by letting
X' ((a1) = x(fian))-
By our choice of of (¢;), there are sets b; < @; with |b;| = p; and such that all tuples

(a;) with a; € b; get the same color with respect to x’. Let g: T'— V be defined
by letting

(27)

g 1 T% =idps;
g | Q;: @Q; — b; the unique order preserving function.

By (27), for each f: S — T with f | S* = f’, we have that

gof = fa
for some (a;) with a; € b; and |a;| = k;. Thus, x(g o f) is constant, as required by
(i). Obviously, g fulfills (ii). O
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