k-BOREL SETS, x-BAIRE SPACES, AND
FILTRATIONS BETWEEN TOPOLOGIES

SLAWOMIR SOLECKI

ABSTRACT. Filtrations are certain transfinite sequences of topologies increas-
ing in strength and interpolating between two given topologies o and 7, with
T being stronger than o. We prove general results on stabilization at 7 of
filtrations interpolating between o and 7. These topological results involve an
interplay between x-Borel sets with respect to the topology o and k-Baireness
of the topology .
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1. INTRODUCTION

All topologies are defined on a fixed set X.

We continue our analysis, initiated in [14], of increasing transfinite sequences
of topologies interpolating between two given topologies ¢ C 7. Such sequences
of topologies are relevant to some descriptive set theoretic considerations; see [11,
Section 1], [3, Sections 5.1-5.2], [2, Section 2], [12, Section 2], [8, Chapter 6], [7,
Section 3], [13, Sections 2-4], [9], [5], and [4, Sections 3-5].
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To make the discussion precise, recall from [14] the notion of filtration. Let o C 7
be topologies, and let p be an ordinal. A transfinite sequence (7¢)¢<, of topologies
is called a filtration from o to 7 if

(]‘) O-ZTOngg"'ngg"'CT

and, for each a < p, if F' is 7¢-closed for some ¢ < o, then
(2) int,_ (F) = int, (F).

Condition (2) asserts that 7, computes correctly, that is, in agreement with 7, the
interiors of sets that are simple from the point of view of «, that is, sets that are
Te-closed with ¢ < a. A filtration from o to 7 can be thought of as a walk from o
to 7 through intermediate topologies.

There is always a trivial filtration from o to 7—define 7¢, for an ordinal £, by
letting 790 = o and 7z = 7 for £ > 0. Then, for each ordinal p > 0, the sequence
(Te)e<p is a filtration from o to 7. This is the fastest filtration from o to 7, in
the sense that, for each filtration (Té)§<p from o to 7, we have Té C 7¢. More
interestingly, another canonical filtration from o to 7 was defined in [14]. Namely, a
transfinite sequence of topologies, denoted by (o, 7)¢, for an ordinal £, was described
in [14, Section 2] with the property that, for each ordinal p > 0, ((0,7)¢)e<, is a
filtration from o to 7, and, for an arbitrary filtration (75’)§< , from o to 7, one has
(0,7)e € 7¢. So, ((0,7)¢)e<p is the slowest filtration from o to 7. See Section 3.2
below for the definition of (o, 7).

The following question about filtrations immediately presents itself. Given a
filtration (7¢)¢<, from o to 7, does the filtration actually reach its goal 7 and, if so,
at what stage? That is, does 7¢ = 7 for some £ < p and is there an upper estimate
on such £? For example, does the slowest filtration ((o,7)¢)e<, reach 77 The issue
of this filtration reaching 7 was left unresolved in [14].

One expects a positive answer to the question above under an appropriate
assumption—7 should be at a visible distance from o. We phrase this as follows.
Let x be an infinite cardinal such that 7 is k-Baire; see Section 2.2 for the definition
of k-Baire and for the existence of such « for each topology 7. The assumption on
the pair of topologies ¢ C 7, which we will call the appropriate assumption in the
discussion below, is then for 7 to have a neighborhood basis that consists of sets
that are k-Borel with respect to o; see Section 2.3 for the definition of xk-Borel sets.
In this situation, the distance from o to 7 is quantified by the complexity of sets in
the neighborhood basis of 7 as measured by the classical descriptive set theoretic
hierarchy of k-Borel sets; see Section 2.3 for the definition of this hierarchy.

Paper [14] gave some results that contained a positive answer to the question.
The results supposed that the appropriate assumption holds with x = w1, supposed
additionally that the topology 7 is regular, and placed quite stringent assumptions
of metrizability on all the topologies in the filtration and of Bairness on some
of them. In particular, these results were not applicable to the slowest filtration
(0.76))e<-

In the present paper, we prove theorems that strengthen the results in [14].
Theorem 3.1 asserts that, under a mild structural assumption of semiregularity on
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7, if the pair of topologies o C 7 satisfies the appropriate assumption with some
infinite cardinal x, then each filtration from o to 7 reaches T at a step commensurate
with the descriptive complexity of sets in a neighborhood basis of 7. In this theorem,
the descriptive complexity is measured with the IT side of the classical hierarchy
of k-Borel sets. This result is a direct strengthening of the main results of [14].
First, no assumptions are made on the topologies in the filtration and only the
semiregularity condition is put on 7. The second improvement consists of freeing
Kk to be an arbitrary infinite cardinal (from k = wj) in the assumptions of k-
Baireness of 7 and k-Borelness with respect to o of sets in a basis of 7. Because
of its generality, Theorem 3.1 can be applied to the slowest filtration ((o,7)¢)e<,
showing that it terminates at 7 under the appropriate assumption. This is done
in Corollary 3.5. Additionally, we prove a second theorem, Theorem 3.3, that
has a similar to Theorem 3.1, but weaker, conclusion under weaker assumptions
on the complexity of a basis of 7. In this theorem, the descriptive complexity is
measured with the 3 side of the hierarchy of k-Borel sets. This theorem implies a
corresponding result on the slowest filtration; see Corollary 3.6.

The two improvements over [14]—the lack of restrictions on the topologies in
the filtration and the lack of restrictions on the infinite cardinal k— put the re-
sults on termination at 7 in what appears to be their optimal form. They make
new applications possible, for example, to the slowest filtration ((o, 7)¢)e<, and to
topologies 7 that do not satisfy any Baireness assumptions (as each topology is w-
Baire). Further, the generalization to an arbitrary infinite cardinal x adds interest
to the interaction between the degree of Bairness of 7 with the degree of Borelness
of a basis of 7.

2. BACKGROUND INFORMATION

We recall here some topological notions and establish notation and our con-
ventions related to x-Baireness and k-Borelness. We also provide proofs of some
relevant basic observations.

We fix a topology 7.

We fix an infinite cardinal k.

2.1. Basic notions and notation. We write
cl, and int,

for the operations of closure and interior with respect to 7.

If x € X, by a neighborhood of x we understand a subset of X that contains
2 in its 7-interior. A neighborhood basis of 7 is a family A of subsets of X such
that for each x € X and each open set B containing z, there exists A € A such
that x is in the 7-interior of A and A C B. A neighborhood 7w-basis of 7 is a
family A of subsets of X such that for each nonempty 7-open set B there exists
A € A such that A has nonempty interior and A C B. So a neighborhood basis or
a neighborhood 7-basis need not consist of open sets.
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Given a family of topologies S, we write

\/ s

for the topology whose basis consist of sets of the form Uy N ---NU,, where each
U;, i < n, is open with respect to o for some o € S. This is the smallest topology
containing each topology in S.

2.2. k-Baireness. A set is called k-meager if it is the union of < k many 7-
nowhere dense sets. Observe that w-meager sets are 7-nowhere dense sets. The
topology 7 is called k-Baire if the complement of each k-meager set is dense.

Observation 2.1. FEither T is k-Baire for each infinite cardinal k, or there is a
largest infinite cardinal Kk with the property that T is k-Baire.

Proof. Assume there is an infinite cardinal A\ such that 7 is not A-Baire. Note that
each topology is w-Baire. Consider the set

{k | kis a cardinal and 7 is x-Baire}.

It is non-empty, as w is in it, and bounded by A. Its supremum is a cardinal k.
Directly from the definition we see that 7 is kg-Baire. (Il

2.3. k-Borel sets, IT and X classes of the Borel hierarchy. We define x-Borel
sets and their stratification into I and 3 classes. Some care in formulating these
definitions is needed as we want to incorporate the case of singular cardinals k in
the right way. In the case of regular k, the definitions we give coincide with the
naive definitions—see Observations 2.2, 2.3, and 2.5 below. For another take on
these matters see [1, Section 4].
First, for a cardinal v > 1, let
bor(v)

be the smallest family of sets containing all closed sets and closed under taking
complements and unions, and therefore also intersections, of families of cardinality
< v. Define x-Borel sets as

U{bor(l/) | v a cardinal number, 1 < v < k}.

Observe that w-Borel sets form the algebra of sets generated by closed or open sets.
The case k = w; is the case studied in classical descriptive set theory; see [10].

Observation 2.2. Assume k is reqular. The family of k-Borel sets is equal to the
smallest family containing all closed sets and closed under taking complements and
unions, and therefore also intersections, of families of cardinality < k.

Proof. The inclusion C is immediate and does not use regularity of k. If x is regular,

then clearly
U{bor(u) | v a cardinal number, 1 < v < k}.

is closed under taking complements and unions of < k sets, which shows the inclu-
sion D. O
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To clarify further our definition of xk-Borel sets, note that if x is singular, then
the family of sets defined by the condition in Observation 2.2 is equal to x*-Borel
sets and not k-Borel sets.

We describe now a well known stratification of the family of x-Borel sets. We
define classes 1‘[1’+£ and 21+§7
same type of care is needed here as in the definition of k-Borel sets. When « = wy,
the classes above form the well-studied hierarchy of Borel sets; see [10, Section 11].
We conform to the tradition of enumerating these classes starting with 1 rather
than 0.

For a cardinal v > 1 and an ordinal ¢ < v, we define families

for £ < k. To incorporate singular cardinals k, the

Py.

Let P§ be the family of all closed sets and, for 0 < & < vt let Py consist of
intersections of subfamilies of cardinality < v of complements of sets in [ J
For an ordinal £ < k, define

7<€

HK,,O

Tie :U{PZ | vacardinal, 1 <v <k, £ <v'}

Observation 2.3. (i) TI{° is the class of all closed sets.
(ii) If K is regular, then, for 0 < £ < k, H'f_’i_og consists of all intersections of

HN,O

< Kk many complements of sets in U7<§ Trny

Proof. (i) is obvious as ITIf"° and each family PY, for cardinals 1 < v < k, consist
of exactly the closed sets.

The inclusion C in (ii) is easy to see and does not use the assumption that « is
regular. Take A in H1+£ Then A is in P¢ for some 1 <v < x and § < vt. So A

is the intersection of < v complements of sets in and therefore it is the

V
v<€ ’Y’

~,0

intersections of < x many complements of sets in (J, . 7.
To prove the inclusion D in (ii), fix A, for which there are a cardinal p < x and

sets B, for n < p such that
A= (V(X\By)
n<u

with B, in H'ffv for some v, < &, for all n < p. By definition of H'ff%, there
exist cardinals p, < &, for n < p, such that v, < u,] and B, is in P“ 7. Since k is
regular and u < s, there exists a cardinal 1 < v < k such that u, <v for all n < p.
It follows from this inequality that +,, < v and B, is in Py for all n < p. We can

increase v so that £ < vT. It follows that A is in P¢, soin H 5 as required. [
Similarly, we define, for a cardinal v > 1 and an ordinal £ < v,
S¢.

Let S§ be the family of all open sets and, for 0 < £ < v, let S¢ consist of unions
of subfamilies of cardinality < v of complements of sets in U’v <€ S5.
We make the following observation that is easy to prove by induction on &.

Observation 2.4. Let 1 < v < k be a cardinal and let £ < v™ be an ordinal.
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(1) S¢ consists of complements of sets in PY.
(ii) SY CPY,, and PY C SY,,.

For an ordinal £ < k, define
E'ffg = U{SE | v acardinal, 1 <v <k, £ <v'}

The proof of the following observation is analogous to the proof of Observation 2.3
and we omit it.
Observation 2.5. (i) =50 is the class of all open sets.

(ii) If k is regular, then, for 0 < £ < k, E'ffg consists of all unions of < K

2/{,0

many complements of sets in |J Ty

v<§
Below, we have the expected result on the relationship between x-Borel sets and
the IT and X classes. It is an immediate consequence of Observation 2.4.

Observation 2.6. We have
k,0 __ k,0
U=te= U,
(<K E<k

and the family above is the family of all k-Borel sets.

Finally, we connect x-Borelness with x-meagerness. A set A is said to have the
k-Baire property if A = (U \ M;)U My, where U is open and M; and My are
K-meager.

Observation 2.7. Fach k-Borel set has the k-Baire property with respect to each
topology 7' with 7 C 7'

Proof. If A is r-Borel, then, by Observation 2.6, A is in S{ for some cardinal
1 < v < k and some ordinal £ < v*. Fix these v and £. Consider the family
of sets of the form (U \ M;) U M, where U is 7/-open and My, My are unions of
< v 7'-nowhere dense sets. Of course, each such set has the x-Baire property with
respect to 7/. So, it will suffice to show that A is of this form. If £ = 0, this is clear
since all 7-open sets are 7-open. To prove it for 0 < £ < vT, it suffices to show
that sets of the above form are closed under complements and unions of families
of cardinality < v. This is done by the standard argument using the facts that for
each 7/-open set U, cl.(U) \ U is 7/-nowhere dense and that a union of < v sets
that are unions of < v nowhere dense sets is a union of < v nowhere dense sets.
Observe only that proving this last assertion splits into two cases— 1 < v < w and
w < . ([l

2.4. Semiregularity and m-semiregularity. We recall the following notion due
to Stone [15, Chapter III, Definition 19]. A topology is called semiregular if it
is generated by its regular open sets, that is, by sets that are interiors of their
closures. See [6] for more information on this notion. To compare semiregularity
with regularity of a topology, note that a topology is regular if and only if, for each
open set U, there exists a family F of closed sets such that

U=|J{FIFery=J{int(F)| FeF}



BOREL SETS, BAIRE SPACES, AND FILTRATIONS 7

If we recall that a set is regular open precisely when it is equal to the interior of a
closed set, it becomes clear that a topology is semiregular if and only if, for each
open set U, there exists a family F of closed sets such that

U= J{int(F) | F € F}.

In particular, it follows that each regular topological space is semiregular.
A topology is called m-semiregular if each nonempty open set contains a non-
empty regular open set.

3. STABILIZATION OF FILTRATIONS AND DESCRIPTIVE COMPLEXITY

3.1. Theorems on stabilization of filtrations. Here is our first main result.
We write (Tg)ggp fOI‘ (T§)£<p+1.

Theorem 3.1. Let 0 C 7 be topologies with T semiregular. Let k be an infinite
cardinal such that T is k-Baire, and let 1 < o < k be an ordinal. Assume that T
has a neighborhood basis consisting of sets in U§<a H'ffg with respect to o.

(1) If a is a successor and (Te)e<a 1S a filtration from o to T, then T = 4.
(i) If v is limit and (7¢)e<a is a filtration from o to 7, then 7=\, _, T¢.

By Observation 2.1, there always exists an infinite cardinal x such that 7 is k-
Baire. In fact, by this observation, either each infinite cardinal works, or there is a
largest infinite cardinal that works.

Theorem 3.1 gives a common generalization and strengthening of the main results
in [14], namely [14, Theorem 4.1 and Corollary 4.9]. Aside from replacing w; with
an arbitrary infinite cardinal k, it removes the assumptions of metrizability of the
topologies 7¢, £ < «, and of Baireness of the topology 7, in the filtration (7¢)¢<a,
and it weakens the assumption of regularity of 7 to semiregularity.

We register one immediate corollary that is obtained by specializing Theorem 3.1
above to Kk = @ = w and Kk = a = w;. We emphasize these cases as they are the
most interesting ones from the point of view of descriptive set theory.

Corollary 3.2. Let 0 C 7 be topologies with T semiregular.

(i) Assume that T has a neighborhood basis included in the algebra of sets gen-
erated by 0. If (T¢)e<w is a filtration from o to T, then 7= \/,_, Te.

(ii) Assume that T is wyi-Baire and has a neighborhood basis included in the
o-algebra of sets generated by o. If (T¢)e<w, s a filtration from o to T,

then T = \/£<w1 Te.
We also have a theorem for the E'fff classes.

Theorem 3.3. Let 0 C 7 be topologies, with T w-semiregular. Let k be an infinite
cardinal such that T is k-Baire, and let 1 < o < k be an ordinal. Assume that T
has a neighborhood w-basis consisting of sets in U§<a E'fff with respect to o.

If (7¢)e<a is a filtration from o to T, then each nonempty T-open set contains a

nonempty ( \/§<a Tg) -open set.
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3.2. The slowest filtration. Let ¢ and 7 be two topologies with ¢ C 7. We
consider here a canonical filtration from o to 7 that was introduced in [14, Section 2].
The transfinite sequence of topologies (o,7)¢ is defined by recursion on § for all
ordinals £. Let

(0,7)o = 0O.
Given an ordinal § > 0, if (o, 7), are defined for all v < £, then (o, 7)¢ is the family
of all unions of sets of the form

U Nint, (F)
where, for some v < &, U is (o, 7)4-open and F' is (o, 7),-closed. Observe that
(3) \/ (0,7)e = (0,T)a, if a is a limit ordinal.
(<a

Proposition 3.4, which is [14, Proposition 2.2], justifies regarding ((o,7)¢)e<, as
the slowest filtration from o to 7.

Proposition 3.4 ([14]). Let o C 7 be topologies.

(i) ((o,7)e)e<p is a filtration from o to T, for each ordinal p.
(ii) If (7¢)e<p is a filtration from o to T, then (o,7)¢ C ¢, for each & < p.

The following corollary is an immediate consequence of Proposition 3.4(i), equa-
tion (3), and Theorem 3.1.

Corollary 3.5. Let 0 C 7 be topologies with T semiregular. Let k be an infinite
cardinal such that T is k-Baire, and let 1 < o < k be an ordinal. Assume that T
has a neighborhood basis consisting of sets in U£<a H'ffg with respect to o. Then
T=(0,7)a-

In a manner analogous to Corollary 3.5, Corollary 3.6 follows from Proposi-
tion 3.4(i), (3), and Theorem 3.3.

Corollary 3.6. Let 0 C 7 be topologies with T w-semiregular. Let k be an infinite
cardinal such that T is k-Baire, and let 1 < o < k be an ordinal. Assume that T
has a neighborhood m-basis consisting of sets in U§<a E'ffg with respect to o. Then
each nonempty T-open set contains a nonempty (o, T)o-o0pen set.

In fact, if a is a successor, then each nonempty T-open set contains a nonempty
(0,T)a—1-0pen set.

Note that by Proposition 3.4(ii) the two corollaries are, in fact, equivalent to the
theorems from which they are derived.

4. PROOFS OF THE MAIN RESULTS

The proofs below build on the past experience from [13] and [14]. In comparison
with [14], the main new contributions are the notions of £_-slight and & -slight sets
and the arguments in Section 4.3. The introduction of £_-slight and £, -slight sets
allows us to state an asymmetric version of Lemma 4.2 (with sets A\ F' and F'\ A
being small in different ways) and to run the arguments in Section 4.2 in much
greater generality than in [14].
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We fix topologies o C 7.

We fix an infinite cardinal x such that 7 is xk-Baire.

The phrases concerning meagerness, non-meagerness, and comeager-
ness refer to the corresponding notions with respect to the topology
T.

4.1. Reformulations of Theorems 3.1 and 3.3. In order to state our arguments
in a uniform manner, it will be convenient to introduce a convention. Observe that
all the filtrations from o to 7 in Theorems 3.1 and 3.3 are of the form (7¢)¢<, for
some p < k. Each filtration of this form can be extended to a filtration (7¢)e<x
from o to 7 by letting 7 = 7 for all £ with p < ¢ < k. Thus, without loss of
generality and by convention, we will assume that all the filtrations are of the form
(Te)e<r- Now, the conclusions (i) and (ii) of Theorem 3.1 can be amalgamated into
one statement so the theorem reads:

Let 1 < a < k. Assume that T is semireqular and has a neighborhood basis
consisting of sets in U§<a H'f’fg with respect to o.

If (T¢)e<r is a filtration from o to T, then T = \/£<a Tet1-
Similarly, Theorem 3.3 can be phrased as follows:

Let 1 < a < k. Assume that T is w-semireqular and has a neighborhood m-basis
consisting of sets in U5<a E'ffg with respect to o.

If (T¢)e<w is a filtration from o to T, then each nonempty T-open set contains a
nonempty (\/£<a 7'5) -open set.

4.2. Lemmas. We fix a sequence (7¢)¢<, of topologies fulfilling condition
(1).

We fix a cardinal 1 < v < k.

As usual, by v, we denote the cardinal successor of v. Obviously, we have
vt < k. Note that v can be finite, in which case closure under unions of < v sets
is equivalent to closure under finite unions.

With v fixed, we define the following notion that will be crucial in the proof.
We define families of subsets of X called £_-slight and £, -slight. This is done by
simultaneous recursion on ¢ < v*. The only 0_-slight set is the empty set. For
0 < & < vt let £_-slight sets be the smallest family of sets closed under taking
subsets and unions of < v sets and containing

— ~4-slight sets for all v < £ and
— T¢-closed sets with empty 7-interiors.

For { < v, let £ -slight sets be the family of sets that are 7¢-locally £_-slight,
that is, A C X is £, -slight if there exists a covering of A by 7¢-open sets U such
that ANU is _-slight.

Lemma 4.1. Let £ < vt.

(i) If v < &, then each set that is y_-slight or 4 slight is both &_-slight and
&4 -slight.
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(ii) All €_-slight and all £, -slight sets are v -meager, in particular, they are
K-meager.

Proof. (i) is obvious.

(ii) The proof is by induction on £. The conclusion is obvious for £ = 0 since
is the only 0_-slight set and it is also the only 0, -slight set. To see the conclusion
for £ > 0, note that vT-meager sets are closed under taking unions of < v sets
and subsets, and under the following operation: if A is covered by a family U
of 7-open sets U such that A N U is vT-meager, then A is vT-meager. This last
assertion is proved by modifying the argument used to prove Banach’s theorem that
an arbitrary union of open meager sets is meager. Let V be a maximal family of
pairwise disjoint 7-open sets V such that V C [JU and ANV is vT-meager. By
the assumption on U and by maximality of VV, we have that | JV is 7-dense in | JU.
Since (JV is T-open, it follows that [JU \ |JV is 7-nowhere dense, and therefore so
is A\ JV. So, it suffices to show that AN JV is vT-meager. For each V € V, let
A,‘{, 1 < v, be T-nowhere dense and such that

Anv =] 4y
n<v
Since V consists of pairwise disjoint 7-open sets, we have that, for each n < v, the
set Jy ¢y AY is T-nowhere dense. Thus,
AanJv=U (U 47)
n<v Vey
is vT-meager, as required.
The above observations, in addition to our inductive assumption that ~-slight

sets are v-meager and the observation that 7e-closed sets with empty 7-interiors
are T-nowhere dense (since 7¢-closed sets are T-closed), we see that &_-slight are
vt-meager and then that £, -slight sets are v -meager. O

To state the next two lemmas in their optimal form, it will be necessary to recall
the notion of weak filtration from [14]. We say that (7¢)e<, is a weak filtration
from o to 7 provided (1) holds and, for each o < p, if F' is 7¢-closed for some
¢ < a, then

(4) int, (F) is 7-dense in int, (F).

It is clear that each filtration is a weak filtration.

From this point on, we assume that the sequence (7¢)¢<, is a weak
filtration.

Recall the definition of Py from Section 2.3. The lemma below constitutes a
refinement of the Baire property for Borel sets.

Lemma 4.2. If A is in PY, for & < v™, then there exists a T¢-closed set F' such
that A\ F is £;-slight and F \ A is {_-slight.

Proof. For A in P¥, with £ < v+, we define

ce(A) =X\ U{U | ANU is {_-slight and U is 7¢-open}.
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Obviously the set cg(A) is Te-closed.
To prove the lemma, it is sufficient to show that if A is in Pg, then
(a) A\ ce(A) is &4-slight;
(b) ce(A)\ A is {_-slight.
Point (a) is clear from the definition of &;-slight sets. We prove (b) by induction
on €.
If £ =0, then A is in P, that is, A is closed with respect to o and ¢g(A4) = A.
So ¢p(A) \ A =0, which is 0_-slight.
Assume that £ > 0 and that (b) holds for all v < {. Fix A in P{. There exists
a sequence B, n < v, with B,, in Pzn, for some 7y, < &, such that

X\A=J B,

n<v
We have

ce(A)\A=ce(A)n [ By € [ (celA) ey, (By)) U (By \ ey, (By))-

Since £_-slight sets are closed under unions of v sets, it suffices to show that, for
each n < v,

(a) By\ ¢y, (By) is {_-slight and
(B) ce(A) Ny, (By) is £_-slight.
Point («) is clear since, by our inductive assumption, B, \ ¢, (By) is (7;)+-slight
and, therefore, by Lemma 4.1(i), {_-slight as ~, < ¢&.
We prove (). Since the set c¢(A)Nc,, (By) is Te-closed, by definition of £_-slight
sets, it suffices to show that
(5) int, (cg(4) Ney, (By)) = 0.
We make two observations. First, let V' be a 7¢-open set such that

VN Cg(A) 75 .

Then, by the definition of ¢¢(A), we see that ANV is not 7¢-locally {_-slight. Thus,
by the definition of {;-sets, we get that, for each 7¢-open set V,

(6) VNee(A) #0= ANV is not £, -slight.

Second, we note that
AN C%,(Bn) - C’yn(Bn) \ By,

so, by our inductive assumption, ANc,, (By,) is (v,)—-slight. Since 7, < &, it follows
by Lemma 4.1(i) that

(7) AnNec,, (By) is & -slight.

Now, to prove (5), assume towards a contradiction that there exists a nonempty
T-open set U such that

U Cce(A) and U C ¢y, (By).
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Since ¢, (By) is 7, -closed and v, < &, by definition of weak filtration, there exists
a T¢-open set V' such that

V Cey, (By) and VNU # 0.

Then, by (7), ANV is 4 -slight. By (6), this implies that VNce(A) = 0 contradicting
UCce(A) and VNU #0. O

Lemma 4.3. Let A be in Py, for some § < vt and let B C A be such that BNU is
not & -slight, for each Te-open set U with BOU # 0. Then cl. (B)\ A is §_-slight.

Proof. Let A and B C A be as in the assumptions. By Lemma 4.2, there exists a
Te-closed set F' such that A\ F'is £, -slight and F'\ A is {_-slight. The assumption on
B gives that B\ I is empty, so B C F'. Since F is 7¢-closed, we have cl,, (B) C F,
which gives

c (B)\AC F\ A
It follows that cl. (B) \ A is §_-slight. O

From this point on, we assume that (7¢):<, is a filtration from o to 7.

Lemma 4.4. Let vy < B <v*t. Let A be in P, and let B be T-open and such that

B\ A is k-meager. Then there exists a Tg-open set V such that
(8) BCV and V\ A is k-meager.
Proof. Let

F=cl; (ANB) and V = int,,(F).

Clearly V is 73-open. We show that (8) holds for it.

By our assumption B\ A is k-meager, so for each 7,-open set U, (BNU)\ A is
k-meager. So, by Lemma 4.1(ii) and by our assumption that 7 is k-Baire, we get
that, for each 7, open set U, if BNU # (), then AN BN U is not y-slight. Thus,
since AN B C A, by Lemma 4.3, F'\ A is y_-slight. Now, by Lemma 4.1(ii), we get

F\ A is k-meager.

Since
VNACF\A,

we see that V '\ A is k-meager and the second part of (8) follows. .
Observe that since 7 is k-Baire and B is 7-open, AN B is 7-dense in B, so B C F
as 7, C 7. Since v < 8 and (7¢)e<s is a filtration, and since B is 7-open, we have

©)) V = int,, (F) = int.(F) 2 B,

and (8) follows. O
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4.3. Proofs of Theorems 3.1 and 3.3. We give proofs of Theorems 3.1 and 3.3
in the form given in Section 4.1.

Proof of Theorem 3.1. Fix 1 < a < K, and set

T = \/ Tetl

(<
We show that each 7-regular open set is 7%-open. Proving this statement suffices
since 7 is assumed to be semiregular.

Claim. If A C X is a T-neighborhood of z, then A is k-comeager in a T®-neighborhood
of z.

Proof of Claim. We can suppose that A is in PZ, for some cardinal 1 < v < k and
some ordinal € with £ < a and £ < v*. Let

B =int,(A).

Note that B C A is 7-open. We use Lemma 4.4 with y =€ and =€+ 1 to get a
T%-open set V with (8). Since x € B, (8) implies

x €V and V\ A is k-meager,
and V is the 7%-neighborhood of = desired by the conclusion of the claim.

Now, we show that

(10) U C intre (¢l (U)), for each T-open set U.
If this is not the case, then there exists € U such that x ¢ int,« (cl;(U)), that is,
(11) xr € CITG (X\CL,—(U))

Since z € U, the claim implies that there exists a 7%-open set V' such that x € V'
and V'\ U is k-meager. Now, by (11), we have

VN (X \c (0)) #0.

But this set is 7-open and is included in V\U, which, by 7 being x-Baire, contradicts
V \ U being k-meager. This contradiction proves (10).
It follows from (10) and from 7% C 7 that for each 7-regular open set U, we have

intro (clT(U)) C int, (clT(U)) =U Cintra (clT(U)).

In particular, we have
U= intTa (CIT(U)) .

So, all 7-regular open sets are 7%-open. ([
We now prove the second main result of the paper.

Proof of Theorem 3.3. Fix 1 < a < k, and set

T = \/ Te.

(<

Claim. If A is Z'ffg, for some £ < a, and is k-nonmeager, then A is k-comeager in
a nonempty 7-open set.
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Proof of Claim. If £ = 0, then A is open with respect to ¢ and so also with respect
to 7% Assume 0 < £ < a. We can find a cardinal v < k such that £ < v and
Ae S¢. Then, by Observation 2.4(i), there are sets B,, for n < v, such that B, is

in P¥ , for some vy, < ¢, and
A= B,

n<v
By Observation 2.7, each B, has the x-Baire property with respect to 7. Therefore,
since T is kK-Baire and since A is k-nonmeager, there exists a 7-open set U and 19 < v
such that
U#0 and U\ By, is k-meager.

By Lemma 4.4 with v = 7,, and 3 = £, we get a 7*-open set V such that
UCV and V\ B,, is k-meager.

Then V is a nonempty 7%-open set, in which A is k-comeager, and the claim follows.

We show that, for each T-open set U,
(12) U\ intra (cl-(U)) is T-nowhere dense.

If, for some 7-open set U, this is not the case, then there exists a nonempty 7-open
set V such that

(13) U \ intre (cl-(U)) is 7-dense in V.
Since int o (CIT(U)) is T-open, as it is 7*-open, we see that (13) implies
(14) V Nintra (cl-(U)) = 0.

On the other hand, we have that V N U # (. By our assumptions on 7, V NU
contains a k-nonmeager subset in Eg’o for some £ < a. So by the claim, there
exists a nonempty 7%-open set W such that U NV is k-comeager in W. It follows
that W\ U and W\ V are k-meager. So, since 7 is k-Baire, we have

W Ccl.(U) and W C ¢l (V).
From the first inclusion above, using 7®-openness of W, we get
W C inte (cl-(U)).
From the second inclusion, using (14) and 7-openness of int,« (CIT(U )), we get
W Nintre (el (U)) = 0.

So W = (). This contradiction proves (12).
It follows from 7% C 7 that for each 7-regular open set U, we have

int-o (cl-(U)) C int, (cl-(U)) = U.
On the other hand, by (12) and by 7 being k-Baire, we have that int a (clT(U)) is
nonempty if U is nonempty. In particular, int (clT(U )) is a nonempty 7%-open
set included in the nonempty 7-regular open set U. The conclusion of the theorem
follows from 7 being m-semiregular. O
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