HOMEOMORPHISMS OF CONTINUA THROUGH
PROJECTIVE FRAISSE LIMITS

MARK POOR AND SELAWOMIR SOLECKI

ABSTRACT. We study homeomorphisms and the homeomorphism groups of
compact metric spaces using the automorphism groups of projective Fraissé
limits. In our applications, we investigate the Polish group Homeo(P) of all
homeomorphisms of the pseudoarc P using the automorphism group Aut(P) of
the pre-pseudoarc P. Strengthening results from the literature, we show that
the diagonal conjugacy action of Homeo(P) on Homeo(P)YN has a dense orbit.
In our second application, we show that there exists a homeomorphism of P
that is not conjugate in Homeo(P) to an element of Aut(P).

§ 1. INTRODUCTION

As an application of our methods based on projective Fraissé theory, we prove
the following theorem that is phrased purely in terms of the homeomorphism group
of the pseudoarc. (We provide some information on the pseudoarc later in the
introduction.)

Theorem 1.1. Let P be the pseudoarc, and let Homeo(P) be the group of all
homeomorphisms of P equipped with the uniform convergence topology.

For each natural number n > 1, the diagonal conjugacy action of Homeo(P) on
Homeo(P)"™ has a dense orbit. In fact, the diagonal conjugacy action of Homeo(P)
on Homeo(P)N has a dense orbit.

The statement above was conjectured for n = 1 by Kwiatkowska [I3] and was
established, again for n = 1, by Bice and Malicki [2]. We prove the general state-
ment for arbitrary n, and also for N, using an argument based on projective Fraissé
theory. Our methods differ from those of [2] and also appear to be simpler. Theo-
rem follows from the more refined Theorem In fact, in light of Theorem [T.3]
Theorem [I.2] yields a stronger conclusion even in the case n = 1, compared with
[2]—see the discussion following Theorem |1.2

Theorem contributes to the study of the existence of dense orbits in the
diagonal conjugacy actions of Polish groups G on their finite G, n € N, n > 1,
and infinite GY products. Such actions are defined by the formula

GxG'> (9, (hi)ier) = (ghigil)iely

where I = n > 1 or I = N. This line of investigation was initiated by Glasner
and Weiss [7]. When G = Homeo(X) is the group of all homeomorphisms of a
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compact metric space X, the existence of dense orbits of the diagonal conjugacy
actions translates into a statement about continuous actions of free groups on X
as follows. Let I" be a countable group. A continuous action of I' on X is identified
with a homomorphism from I' to G, so it is an element of G'. Consequently, the
space of all continuous actions of ' on X is a subset of GI'. The homeomorphism
group G acts naturally by conjugation on this space of continuous action of I on
X. This type of framework was investigated, for example, in [4] and [5]. In this
context, Theorem amounts to asserting that the space of continuous actions of
the free group F; on the pseudoarc has a dense orbit, where I =n € N, n > 0, or
I = N. A general theory behind the existence of dense orbits for diagonal conjugacy
actions for automorphism groups of countable structures was developed by Kechris
and Rosendal in [I0]. A survey of the area can be found in [6]. The reader may
consult the papers [, [2], [5], [6], [7], [T0], [12], [13], [14], [I7] for examples of Polish
groups with dense orbits in diagonal conjugacy actions.

The goal of this paper is broader than merely proving Theorem [I.I}—we investi-
gate the relationship between the automorphism groups of projective Fraissé limits
and the homeomorphism groups of compact spaces that are canonical quotients of
those limits. The mathematical context for this investigation is as follows. (For
detailed information on projective Fraissé theory, see Appendix ) One starts with
a countable (up to isomorphism) family K of finite reflexive graphs and a family
of epimorphisms among graphs in . (A reflexive graph is a binary symmetric
reflexive relation. An epimorphism is a function from the vertices of one reflexive
graph to the vertices of another that preserves the edge relation and is surjective on
edges and so, by reflexivity, also on vertices.) When writing K we have in mind the
family of reflexive graphs together with the family of epimorphisms. The reflexive
graph relation on the structures in K is denoted by R. Assuming that the epi-
morphisms in /C fulfill a projective amalgamation condition, a canonical projective
limit K of IC exists. The object K is a compact totally disconnected metric space
equipped with a set of continuous functions from K to the reflexive graphs in K,
with the reflexive graphs in K carrying the discrete topology. This structure in-
duces a canonical interpretation RX of R on K, which is a compact reflexive graph
relation. If R¥ is transitive, then it is a compact equivalence relation. In that
situation, we form the quotient space K = K/RX, which is a compact metric space.
Even though K as a topological space is totally disconnected, the quotient space K
is often connected, that is, it is a continuum—in fact, this is the most interesting
situation from the topologically point of view.

We consider two groups associated with the objects above, the automorphism
group Aut(K) of K and the homeomorphism group Homeo(K) of the quotient space
K. Both these groups come with natural Polish group topologies on them, namely,
the topologies of uniform convergence. Furthermore, there is a natural continuous
homomorphism

(1.1) pr: Aut(K) — Homeo(K).

We sometimes identify elements of Aut(K) with their images under pr in Homeo(K).
For more information on this identification, see the section Notation and Conven-
tions below in the introduction.
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Elements of Aut(K) are easier to deal with than elements of Homeo(K), as
they are essentially combinatorial objects and their properties are closely related
to combinatorial properties of the family K. Thus, there is a drop in complexity
when passing from Homeo(K) to Aut(K). (Theorem below is an example of
a statement substantiating this claim.) We exploit this reduction in complexity
in order to study Homeo(K) through Aut(K), and ultimately through K. This is
implemented in three steps. First, we transfer the uniform convergence topology
on Homeo(K) to Aut(K) using the continuous homomorphism pr in and we
give a combinatorial description of this transferred topology. Second, dualizing
[10], we develop a combinatorial approach to the existence of dense orbits in the
projective setting of Aut(K) and Homeo(K). A new aspect of this development is
the consideration of two distinct topologies on Aut(K), which leads to three distinct
versions of orbit density. And third, we give applications to the homeomorphism
group of the pseudoarc and to the automorphism group of the pre-pseudoarc.

Thus, our first step is to consider the topology on Aut(K) that is obtained by
pulling back the topology on Homeo(K) using the continuous homomorphism pr
from . Since we will be using both these topologies on the group Aut(K), we
introduce notation for each of them. Let

T, and T;

stand, respectively, for the uniform convergence topology and the topology inherited
from Homeo(K) via the homomorphism pr in on Aut(K). We also refer to the
product topologies on Aut(K)™, with n € N, n > 1, as 7, and 7;. By continuity of
pr, the topology 7; is weaker than 7,,. In Section 2] Theorem [2.3]and Corollaries
and we give combinatorial descriptions of the two topologies 7, and 7; on
Aut(K).

After that, we move to finding combinatorial conditions corresponding to the
existence of dense orbits under diagonal conjugacy actions. We note that the group
Homeo(K) will always be considered with its natural topology (corresponding to
uniform convergence on K) and the products Homeo(K )" and Homeo(K)"N with
the products of the uniform convergence topology. Since we will be assuming that
Aut(K) is dense in Homeo(K'), when considering density of orbits of diagonal con-
jugacy actions, it suffices to consider conjugacy by elements of Aut(K). This leads
to three types of conjugacy actions. Given n € N, n > 1, we consider:

(a) conjugacy by elements of Aut(K) of tuples in Aut(K)" taken with 7,;
(b) conjugacy by elements of Aut(K) of tuples in Aut(K)™ taken with 7;;
(c) conjugacy by elements of Aut(K) of tuples in Homeo(K)™.

Observe that having a dense orbit with respect to an action of type (a) implies the
existence of a dense orbit in the corresponding action of type (b), which, in turn,
implies the existence of a dense orbit with respect to the action of type (c).

We obtain combinatorial conditions equivalent to the following properties of the
actions as in (a)—(c):

n

(a’) there exist 7,-comeagerly many 7 € Aut(K)
dense in Aut(K)™;

with conjugacy orbits 7,-



4 MARK POOR AND SLAWOMIR SOLECKI

(b") there exist 7,,~comeagerly many 7 € Aut(K)" with conjugacy orbits 7;-dense
in Aut(K)™;

(¢) there exist comeagerly many 5 € Homeo(K )™ with conjugacy orbits dense
in Homeo(K)™.

The three combinatorial conditions are related but distinct. They are versions of
the Joint Projection Property for suitable categories and are obtained by dualizing
to the projective setting and adapting to the mix of two topologies (one coming from
Aut(K) and the other one from Homeo(K)) of the Joint Embedding Property in the
paper by Kechris and Rosendal [I0]. Our conditions are stated, and the theorems
establishing the equivalence between the appropriate Joint Projection Property
and the existence of dense orbits in the corresponding conjugacy action are proved
in Section [3] Theorem [3.4] and Corollaries [3.10] and [3:11] We note that the case
(b)/(b") exhibits the most interesting interaction between the two topologies on
Aut(K): comeagerness in (b’) refers to the uniform convergence topology 7, on
Aut(K), while density of orbits concerns the topology 7; inherited from Homeo(K).
This is precisely the case applied to the pseudoarc—see below. Finally, note that
since the property of a point having a dense orbit under a continuous action of a
Polish group is Gy, the properties in (a’) and (c¢’) are equivalent to the existence of
a single dense orbit in Aut(K)™ and Homeo(K )™, respectively.

For our applications, recall that the pseudoarc is a continuum, that is, a
compact connected metric space, constructed by Knaster [11] and characterized by
Bing [3] as the unique chainable hereditarily indecomposable continuum. In the
same paper [3], Bing gave another compelling characterization of the pseudoarc. It
is the unique continuum that is generic in the following sense. Let C be the space of
all continua included in the Hilbert cube [0, 1] endowed with the Vietoris topology,
that is, the topology induced by the Hausdorff metric. The space C is a compact
metric space. As proved in [3], there exists a continuum P such that “topologically
most” elements of C are homeomorphic to P, that is, the subset of C consisting of
copies of P is comeager in C, in fact, it is a dense G§. This continuum P is the
pseudoarc. For more information on the pseudoarc, the reader may consult the
survey [I5] or the book [16].

Consider the family P consisting of all structures isomorphic to reflexive graphs
of the following form:

L=1{0,...,n} with zR*y & |z —y| <1, forz,y € L,

where n € N. Morphisms in P are all epimorphisms among structures in P. As
proved in [9], the family P forms a transitive projective Fraissé class and its limit
P is such that P = P/RF is homeomorphic to the pseudoarc. In Section |4} we use
this representation of the pseudoarc from [9] to apply our results of Section |3 to
the pseudoarc. We prove the appropriate Joint Projection Property for the class P,
which by the results of Section [3] yields the theorem below. A still stronger version
of this result is stated and proved as Theorem

Theorem 1.2. For each natural number n > 1, there exists an element of Aut(P)™
whose orbit with respect to the diagonal conjugacy action of Aut(P) is dense in
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Homeo(P)". Furthermore, there exists an element of Aut(P)N whose orbit with

respect to the diagonal conjugacy action Aut(P) is dense in Homeo(P)N.

Theorem [I.] follows immediately from Theorem [[.2] Moreover, we note that
Theorem[I.2] provides additional information compared to Theorem[I.1] as it asserts
that the element with a dense conjugacy class lies in Aut(P)" or Aut(P)Y, rather
than merely in Homeo(P)™ or Homeo(P)N. For n = 1, this yields an additional
improvement over the theorem proved in [2]. Of course, this is an improvement
only if one can show that not every homeomorphism of P can be conjugated to an
element of Aut(PP). We now turn to this issue.

Since Aut(P) is dense in Homeo(P), each homeomorphism of P can be approx-
imated by an automorphism of P to an arbitrary degree of precision. A natural
problem is whether a homeomorphism of P can in fact be realized as an automor-
phism of P. This problem can be stated precisely in terms of the conjugacy action
of Homeo(P) on itself: is every homeomorphism in Homeo(P) conjugate, within
Homeo(P), to an element of Aut(P)? This question is further motivated by the
remarks following Theorem above. In Section [5] we answer it in the negative
by exhibiting a homeomorphism whose conjugacy class does not intersect Aut(IP).
The following result is restated and proved as Theorem [5.1]

Theorem 1.3. There exists an element of Homeo(P) that is not conjugate in
Homeo(P) to an element of Aut(P).

Theorem [I.3] above is the first example of the phenomenon described in it in
the projective Fraissé context. The construction uses our analysis of topologies in
Section [2 The homeomorphism of P in the conclusion of this theorem is obtained
as the limit of a sequence of automorphisms in Aut(P) that is Cauchy with respect
to the uniformity inducing the topology 7; on Aut(PP) inherited from Homeo(P).
We expect this method to be useful in constructing homeomorphisms of P with
other properties.

Notation and conventions. A short exposition of the projective Fraissé theory is
given in Appendix [A] With this in mind and following Appendix [A] we fix notation
and some conventions for the paper.

— K is a countable projective Fraissé family;

— K with the binary relation R¥ is the projective Fraissé limit of iC;

— if R¥ is transitive, then K = K/R¥ is the canonical quotient topological

space and pr : K — K is the canonical projection.

By Aut(K) we denote the automorphism group induced by K and again by pr we
denote the continuous homomorphism pr: Aut(K) — Homeo(K) induced by the
quotient map pr: K — K.

We often identify elements of Aut(K) with their images under the homomorphism
pr in Homeo(K), that is, we consider f € Aut(K) as the element pr(f) of Homeo(K)
keeping in mind the identification spelled out in in Appendix Such a move is
justified by pr being injective under mild assumptions on K, see Proposition[AZ5] In
particular, this is true in all the topological situations considered in the literature,
for example, in the case of the pseudoarc and the associated with it projective
Fraissé family P.
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§ 2. ToPOLOGIES ON Aut(K)

For notion not defined in this section, the reader should refer to Appendix [A]
We start with a lemma that will be useful in several places.

Lemma 2.1. Assume that K is transitive. Fixk € N, k > 1. For each epimorphism
¢: K — A, there exist epimorphisms ¢: K — B and f: B — A such that

(i) &= for;

(ii) if a,b € B and aR*b, then f(a)Rf(D) .

Proof. We can assume that there exists a generic sequence m; ;41: A;41 — A; with
K = projlim,(A;, m;i+1) and ¢ = mo: K — Ag = A. Assume we have a sequence
(71) of natural numbers with 0 < j; < j;4+1 and points a;,b; € A;, with

(2.1) a R and —(mo ; (a;) Rmo j, (br))-
By going to subsequences, we can assume that for some a,b € Ay and all [,
(22) T d141 (a‘lJrl) = A1y TG4 (bl+1) = by, WO,jz(al) =a, and 0,5 (bl) =b.

We now fix sequences z;,y; € K, [ € N, with 7;,(2;) = a; and 7;,(y;) = b;, and,
by compactness, assume that they converge to x and y, respectively. By and
([2:2), we have that m;, (z)R*m,(y), for all I, so R*y. Since R is transitive on K,
we get xRy. This condition implies, by , that aRb, which contradicts ,
and the lemma follows. ULemmazT

Fix a metric d° on K. The metric induces the supremum metric
d(f,9) = sup{d’(f(2),g(x)) : =€ K} (f,9€C(K, K)).
By the same letter d, we denote the pseudometric on Aut(K) given by
d(f, g) = d(pr(f),pr(g))-

Let

Epig = U Epi(K, A).
AeK
With each epimorphism ¢ € Epig, we associate the set

Us = {(f,9) € Aut(K) x Aut(K) [ ¢o f = do g}
and for k € N, k > 0, the set
UL = {(£.9) € Aut(K) x Aut(K) | ¢ f R* g0 g}
We will write US” for Uy. For k € N, let
u®
consist of all subsets of Aut(K) x Aut(K) containing a set of the form U ék).

Lemma 2.2. Fixke N, k> 1.
(i) Ud()l) - Uék), for each ¢ € Epig.
(i) For each ¢ € Epig, there exists 1) € Epig such that

(k) (1)
U, cU, .



HOMEOMORPHISMS THROUGH PROJECTIVE FRAISSE LIMITS 7

Proof. Point (i) is immediate from the definition of U, ;k). Point (ii) is a consequence
of Lemma 211 O

Recall that a uniformity on a set X is a family U of subsets of X x X such that

— {(z,x) | x € X} CU for each U € U;

— for each V' € U, there exists U € U, such that Uo U C V;

— if U €U, then U™t € U;

— ifUeldand U CV, then V € U.
If p is a pseudometric on a set X, the uniformity induced by p is the family of
all subsets of X x X containing sets of the form

{(z,y) € X x X | p(x,y) <r}, for r> 0.

Theorem 2.3. Assume KC is transitive.

(i) UF) is a uniformity on Aut(K), for each k € N.
(ii) The uniformity U©) is equal to the uniformity induced by the uniform met-
ric on Aut(K).
(iii) For each k > 1, the uniformity U®) is equal to the uniformity induced by
the pseudometric d on Aut(K).

Proof. We only handle the case k > 0, which is somewhat trickier than k£ = 0. To
see point (i) for £ > 0 and point (iii), it suffices to show that

(23)  VYe>03¢6 € Epig U C{(0,7) € Aut(K) x Aut(K) | d(o,7) < €}

and, conversely,

(24) Vo € Epig Je >0 {(0,7) € Aut(K) x Aut(K) | d(o,7) < e} C U

By Lemma it suffices to show the statements above for £ =1 only.
We show ([2.3) for £ = 1 first. Fix € > 0. We prove that there exists ¢ € Epix
such that

(2:5) Va,y € K (¢(2)Ro(y) = d°(pr(z), pr(y)) < ¢/2).
Note that this statement implies that, for all o,7 € Aut(K),
pooRpoT = d(o,7) <e€/2 <k,

and (2.3)) for k =1 is proved.
We proceed to proving ([2.5). Since pr is continuous and K is compact, there

exists & > 0 such that for z,y € K, if d(z,y) < 0, then d°(pr(z),pr(y)) < €/2. Let
now ¢: K — A be an epimorphism such that preimages of points have diameter
< 6. We claim that this ¢ works. Let x,y € K be such that ¢(z)R¢(y). Since ¢ is
an epimorphism, there exist 2/, y’ € K such that

o(a") = ¢(x), ¢(y') = ¢(y), and z'Ry’.

Then, by our choice of ¢, d(x,2’) < § and d(y,y’) <, so d°(pr(z), pr(z')) < €/2
and d°(pr(y),pr(y’)) < €/2. Since 2’ Ry’, we have pr(z’) = pr(y’). It follows that
d*(pr(z), pr(y)) < 2¢/2 =
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Now, we show (2.4) for £k = 1. Fix an epimorphism ¢: K — A. We are looking
for € > 0 to satisfy the inclusion in (2.4). Consider a,b € A such that =(aRb). Note
that ¢~'(a) and ¢~1(b) are clopen subsets of K with

R(¢ " (a)) ng~"(b) = 0.
It follows that pr(¢~'(a)) and pr(¢—'(b)) are disjoint compact subsets of K, so they
are at a positive d° distance €, > 0 from each other. Since A is finite, we can let
€ > 0 be the minimum of all €, , for a,b € A with =(aRb). Now, if 0, 7 € Aut(K) are
such that d(o,7) < €, then, for each x € K, d° (pr(a(a:))pr(r(x))) < €, 80, by our
choice of €, we have o(z)R7(z), for each z € K; thus, (0,7) € U(;l), as required. O

We state two immediate corollaries of Theorem 2.3

Corollary 2.4. Assume K is transitive. Let (0,,) be a sequence in Aut(K).
(i) If (04,) is d-Cauchy in C(K, K), then for each ¢ € Epi(K, A), there exists
N such that
Vn,m > NVz € K (p(on(2))Ro(0m(y)))-
(ii) If for each ¢ € Epi(K, A), there exists N such that
Vn,m > NVz € K (p(on(z))Ro(om())),
then the sequence (o) is d-Cauchy in C(K, K).
Proof. The conclusions are immediate from Theorem [2.3| (ii) and (iii). O

With each pair of epimorphisms ¢, € Epig, we associate the following subsets
of Aut(K):
B¢7¢ = {T € Aut(K) : d) = gf) o 7'},
and for k e N, k> 1,

B, = {r € Aut(K) : ¥ R* ¢ o).

We may also write pr% instead of By 4.

Recall that a family B of subsets of a topological space X is called a neighbor-
hood basis if for each z € X and open set U C X with & € U there exists B € B
such that B C U and z is in the interior of B.

Corollary 2.5. Assume K is transitive.

(i) Sets By, with ¢, € Epiyg, form a clopen neighborhood basis of the topol-
ogy on Aut(K).

(ii) Fizx d > 1. Sets Béi)b, with ¢,¢ € Epig, form a neighborhood basis of the
topology on Aut(K) induced by the pseudometric d, that is, the topology

inherited from Homeo(K).

Proof. Point (i) follows from Theorem [2.3 (ii) and point (ii) from Theorem [2.3| (iii).
We give details for the latter argument. By Theorem (iii), for o € Aut(K), sets
of the form

{r € Aut(K) | (¢00) R* (9 07)}, for ¢ € Epig,
are a neighborhood basis at ¢ of the topology induced by d containing ¢ in their
interiors. Setting 1) = ¢ o o, the conclusion follows. Hcorollaryzs]
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§ 3. JOINT PROJECTION PROPERTIES

§ 3(A). The formulation of Joint Projection Properties. Let IC be a cate-
gory. Following Kechris—Rosendal [I0, Section 2], and adapting their work to the
projective setting, we define the category K, as follows.
Definition 3.1.

Objects: (A, B, f,g9) € K, it A,Be K, f,g € Epi(4, B).

Morphisms: The K-epimorphism o : A — A’ is an epimorphism in K

between (A, B, f,g) and (A", B’, ', ¢') iff

Vag,a1 € A (f(ao) = g(a1) = f'(e(a0)) = g'(a(ar))).

It is not difficult to see that « is an epimorphism in K, between (A, B, f, g) and
(A', B, f', ¢') precisely when there exists an K-epimorphism 8 : B — B’, such that
Bof=foa and Bog=g oa.

We now modify the definition of morphism in K, to obtained the definition of
an approximate morphism in this category.
Definition 3.2. Let (4, B, f,g) and (A’,B’, f’,¢') € K,. The K-epimorphism «
between A and A’ is an approzimate epimorphism in K, between (A, B, f,g) and
(A" B, f',¢') iff

Vag,a1 € A: f(ag) = g(a1) = f'(alag)) R ¢'(a(ay)).

Definition 3.3. For n € N, we let K™ denote the class of objects of the form
(A, B, fo,-- s fn=1,90,---,9n—1), where (A, B, fi,9;) € Ky, for each i < n.

We call « € Epi(A, A’) an epimorphism (an approximate epimorphism, respec-
tively) between

(A5B7f07' . '7f‘n—17907 s ag’n—l)
and
(A/a B/a f67 sty é—l?gé)v e 79;—1)

if for each 7 < n the map « is an epimorphism (an approximate epimorphism,
respectively) between (4, B, f;,g:;) and (4', B', f!, g}).

When n is clear from the context, we write

(A7 B7??§) for (Aa Ba an DR fnftha cee 7gn71)~
Fix n. We say that KJ™ has
(a) JPP,

(b) half-approximate JPP,
(c) approximate JPP,

if for all (A, B, f,g) and (4", B', f’,¢') in K5, there exist (At BT, f+, g7 )in Ky
and
a: (AT, BY, f+,g%) = (A,B,f,9) and o': (A*,B*, f*,g7) = (A, B, f,¢)
such that
(a) « and o are epimorphisms,
(b) « is an epimorphism and «’ is an approximate epimorphism,
(¢) a and o' are approximate epimorphisms.
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§ 3(B). Joint Projection Properties and density of orbits for diagonal
conjugacy actions. We now come to the main theorem of this section. For a
sequence ¥ = (7;)j<n of elements of a group G, we write

7% ={(g97v9 j<n | g € G} CG™

Theorem 3.4. Suppose that K is a transitive projective Fraissé class with the
property that the image of Aut(K) under the canonical homomorphism pr is dense
in Homeo(K). Let n € N.

1) If KX™ has the approzimate JPP, then, for a non-empty open set U C
P
Homeo(K)™,
{7 € Aut(K)™ : 32E) N U £ (0} is dense in Homeo(K)™.
1) If KX™ has the half-approximate JPP, then, for a non-empty open set U C
(id) If KCj
Homeo(K)™,
{7 € Awt(K)" : 32 N7 £ 0} is dense in Aut(K)".
(iii) If K™ has the JPP, then for a non-empty open set U C Aut(K)",
{7 € Aut(K)" : 72 N7 £ 0 is dense in Aut(K)™.

Note that is the dualized version of [10].

First we note that with epimorphisms f,g: A — B and ¢ € Epi(K, A) we can
naturally associate the clopen set Bfog goyp, for which we introduce the following
shorthand notation.

Definition 3.5. If f,g: A — B are epimorphisms and ¢ € Epi(K, A), then we let
— Bygip = Bfop,gop: that is, 0 € By g iff (o) oo = fog,

— B)(clfg)w = B}ﬁzp,gow that is, o € BJ(‘]E;@ iff (gop)oa RF fo.

Before embarking on proving the theorem, we need several lemmas, the first one

(k)

of which describes the behavior, relevant to our proof, of sets of the form B oo

under conjugation.
Lemma 3.6. Let (A, B, f,g) and (A',B’, f',¢') € K,. Suppose that

a € Epi(4,4"), ¢ € Epi(K, A), ¢ € Epi(K,A"), and 0 € Bpog,y-
If o is an approzimate K, -epimorphism between (A, B, f,g) and (A',B’, f',¢'), then
(3.1) UBJ(&)JWU_l < BJ(C}»)Q’%P/
If a is a Kp-epimorphism, then

1 -1 (1)
(3:2) UBﬁgWU < Bfﬂg/;w”
and
0) -1 (0)
(3.3) 0B} .0 CBp
Proof. We prove (3.1]) first. Given o* € B;(l{p, gop» We need to check that

(1)

* _—1
oo o er’,g’;Lp"
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(0)
fig5

(3.4) (floaoyp) R(§ oaocpoc®).

On the other hand, 0 € Baog,,r means that avo ¢ = ¢’ o o, which gives

Since ¢* € B means that fop = gopoo*, we have

(3.5) floacp=fop'oo and g ocaocpoc* =g oy oooo”.
Putting together (3.4) and (3.5)), we get
(flopoa) R(g op' 0ooa™),
which implies
[log = (flog'oooo ) R(g 0@ oooo® oo l),
as desired.
We show (3.2) assuming that « is a K,-epimorphism, ¢* € Aut(K). First, we
observe that
(3.6) (fop) R(gopoo™) = (ffoacy)R(g oaoposd™).

Indeed, given x € Klet a = p(x), b = p(c*(z)) € A, so f(a)Rg(b). We findr,s € A
and then t € A, with

fla) = g(r), rRs, g(s) = f(t), £(t) = g(b),
from which we get
f'(a(a)) = g'(a(r)) Rg'(a(s)) = f'(a(t) = g'(a(b)).
To see , we repeat the argument for . This argument goes through

since, by (3.6)), we get (3.4) assuming o* € B;lg_v, that is, (fop)R(gogpoo™).
Finally, towards (3.3) assuming « is a Kp-epimorphism, note that

(3.7) (fop) = (gopooc™) = (floacy) = (g oaopooc™).
Therefore, if 0* € B}?{;W so fop = gopoo*, then
(3.8) (flfoaoy) = (¢ caopoc™).
Putting together and the same way implies
(f'og') = (gop'0goa™ oo™,
as desired. OLemmoEg

Remark 3.7. With some additional work one can show that in the lemma above, if
o is an approximate Kp-epimorphism, then

oBW o1 C BEHY forallde N, and
UB}?g)WUfl c B;%flg‘f;g,, if d is even,

and if o is a Kp,-epimorphism, then
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Lemma 3.8. Given epimorphisms p;,v;: K — B; with i < n, there exist objects
(A, B, fi,9:) in KCp, fori <n, and ¢ € Epi(K, A), such that

Bj(’;)giw < B«fol,i),w,i foralli <mn,
and
BJ(”?,)gma = B(O)¢ foralli <mn,

Proof. We start with a claim.

Claim 3.9. Given ~; € Epi(K,B), for i < m, there exist A € K and h; €
Epi(A, B), and ¢ € Epi(K, A) such that
v = h;op, foralli<m.
Proof. We will use properties [(Al)[and [(A3)|of K. Consider the function
Yo X+ X Yyt K™ 5 B,
which is obviously continuous. By property there are A € K and ¢ €
Epi(K, A) such that vy X - - - X 7,,—1 factors through ¢, that is, for each z € K, the
tuple (yo(),...,Ym-1(z)) depends only on ¢(z) € A. Let h; : A — B, for i < m,
be defined by the equalities
hi(o(x)) = v;(x), for all i < m.

By property |(A3)|of K, hg,...,hmy—1 are epimorphisms. Oclainizal

We proceed to provmg the conclusion of the lemma. Directly from the definition
of the sets B( ) » and B wi (and that of the sets B( »and B( ) ;) one sees that
it suffices to ﬁnd A Be IC p € Epi(K, A), fi,g; € Epl(A B), and ﬁl € Epi(B, B;)
such that
(3.9) Biofiop =i and B;og;0p =1, foralli<n.
By the joint projection property for I, there exist B € K and 8; € Epi(B, B;) for
i < n. Now, since K is the projective Fraissé limit of I, there exist v;, §; € Epi(K, B)
such that
(310) ﬁ?, oY = i and /Bz o 51 = ¢i7 for all i < n.
Apply Claim to the m = 2n epimorphisms ~;,&;, i < n, obtaining A € K,
¢ € Epi(K, A), and f;, g; € Epi(A, B) such that
(3.11) v = fiop and & = g;0¢p, foralli<n.
Now (3.9) is implied by (3.10) and (3.11)), and the lemma follows. OLemma B3

Proof of Theorem[3.]] We first consider Fix non-empty open sets U,V C
Homeo(K)™. We need to show that

(3.12) oyo~! €U, forsome7 €V and o € Aut(K).

First, by our assumptions, V' N Aut(K) # 0 # V N Aut(K).
By Corollary and Lemma we can assume that for some (A, B, f;,g:) €
Kp, i <n, and ¢ € Epi(K, A), we have

VﬂAut HBfl,g“w’

i<n



HOMEOMORPHISMS THROUGH PROJECTIVE FRAISSE LIMITS 13

and, similarly, for some (A, B', f{, ¢}) € Kp, i <n, and ¢’ € Epi(K, A"),

UnAw(K) =[]BY, .
i<n o

By the approximate JPP, we obtain A*, B* € K, f;", g7 € Epi(AT,BT), i < n,
and K-epimorphisms a : AT — A, o/ : AT — A’, such that, for each i < n, a and
' are approximate Kp-epimorphisms from (AT, B, f;7, ¢;") to (4, B, fi, g;) and to
(A", B', f!, g}), respectively.

Pick o+ € Epi(K, A") such that ¢ = o o ¢T. Then, from the definitions of the
two sets in (3.13) and from « being an approximate K,-epimorphism, we get
(3.13) B cBY | foralli<n.

f;",g*'thr = T fi.gise?

i

Pick o € Aut(K) with 0 € By/op+ . By Lemma we have
0 _ 1 .
(3.14) J(Bj(c;r)’g:r;(ﬁ)o 1c B(;’)gg;@/, for all i < n.

. (0) .
Now, (3.12) follows from (3.13]) and ([3.14)) since the set B It is non-empty.
We turn to Fix a non-empty open set U C Homeo(K)". We can again
assume that there exist (4, B, f/, g}) € Ky, i <n, and ¢’ € Epi(K, A") with
_ (1)
UnAut(K) =[] By
<n
Fix a non-empty open set V C Aut(K). By Corollary [2.5] and Lemma we
can assume that for some (A, B, f;,9;) € Kp, ¢ <n, and ¢ € Epi(K, A), we have
_ (0)
V= H Bfi,gi;w'
i<n
So again it remains to show that
(3.15) oyt €U, forsome7y €V and o € Aut(K).
By the half-approximate JPP, we obtain AT, Bt € K, f;", 9] € Epi(4*, BT),
i < n, and K-epimorphisms a : AT — A, o/ : AT — A’ such that, for each
i <, ais a Ky-epimorphism from (A*, B*, f¥,g") to (A, B, fi, ;) and ’ is an
approximate /C,-epimorphism to (A", B', f], g.).
If o € Epi(KK, AT) is such that ¢ = a0 ™, then we can proceed as in the proof

of [(2)} so

0 0 .
BJ(’f),gf;w* - B}(‘i,)gi;go’ for all i < n,
and if 0 € By/opt o, then
(0) -1 1) ;
U(ij7g:rw+)a C Bf{’gi;w” for all i < n.

The proof of is the same. We start from

U= H BJ(‘??QQW”

i<n

V= H B.(f?;)giHD’

i<n

and
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for each i < n, a is a Kp-epimorphism from (AT, BT, fi", ") to (A, B, fi, ;) as
well as o/ is a Kp-epimorphism to (A’, B', f/,gi). So if ¢t € Epi(K, A") is such
that ¢ = a0 @™, then

B;qr) g+‘¢+ < ;?,)gi;tp’ for all 7 < n,
and if o € Byop+ o, then
0 - 0 .
a(BJEij’g?;w)a 1¢ B};?W,, for all i < n.
UTheorerdZdl

The following corollary is an immediate consequence of Theorem [3.4]

Corollary 3.10. Suppose that K is a transitive projective Fraissé class with the
property that Aut(K) has a dense image under the canonical homomorphism into
Homeo(K), let n € N.

(i) If K;™ has the approzimate JPP, then
{7 € Homeo(K)™ : 72X 45 dense} is dense Gs in Homeo(K)".
(43) If ;™ has the half-approzimate JPP, then
{7 € Aut(K)" : 72 G5 dense in Homeo(K)"} is dense Gs in Aut(K)™.
(idi) If K™ has the JPP, then
{7 € Aut(K)"™ : 2% s dense in Aut(K)"} is dense Gs in Aut(K)™.
Corollary [3.10] implies the following.

Corollary 3.11. Suppose that K is a transitive projective Fraissé class with the
property that Aut(K) has a dense image under the canonical homomorphism into
Homeo(K).

(i) If K;™ has the approzimate JPP for each n € N, then

{7 € Homeo(K)N : 2 45 dense} is dense Gs in Homeo(K)".
(43) If K;" has the half-approzimate JPP for each n € N, then
{7 € Aut(K)N : FAE) s dense in Homeo(K)} is dense G in Aut(K)Y.
(iii) If K™ has the JPP for each n € N, then
{7 € Aut(K)N : 3205 s dense in Aut(K)N} is dense Gy in Aut(K)Y.

Proof. We write the proof only for (ii), as (i) and (iii) follow by the same argument.
Note that 7 = (7i)ien € Aut(K)N is such that 4" is dense in Homeo(K)N
precisely when for each n € N, n > 1, the orbit of the finite tuple (v;);<, under the
diagonal conjugacy action of Aut(K) is dense in Homeo(K)™. Now, the conclusion
of (ii) follows from Corollary[3.10|(ii) since if G C Aut(K)™ is a dense G in Aut(K)",
then the set

{(v3)ien € Auwt(K)" | (73)i<n € G}

is a dense G5 in Aut(K)N. Ucorollary B-1]

Now we state and prove the converse to Theorem [3.4] .
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Theorem 3.12. Suppose that K is a transitive projective Fraissé class with the
property that the image of Aut(K) under the canonical homomorphism pr is dense
in Homeo(K'). Let n € N.
(i) If there exists ¥ € Homeo(K)™ such that ¥1°me°(K) js dense in Homeo(K)",
then K™ has the approzimate JPP.
(i3) If the set of all ¥ € Aut(K)™ such that y1ome(K) js dense in Homeo(K )™
is comeager in Aut(K)™, then K," has the half-approzimate JPP.
(iii) If there exists ¥ € Aut(K)™ such that ¥4 4s dense in Aut(K)", then
K;™ has the JPP.

Proof. For simplicity we assume that n = 1. First we consider

Fix (A, B, f,9), (A, B', f',¢') € Ky. Pick ¢ € Epi(K, A), ¢’ € Epi(K, A"). By
Corollary H B}};; e Aut(K) has non-empty interior with respect to the topology
inherited from Homeo(K), so for some nonempty open set U C Homeo(K) we have

1
U N Aut(K) € BY) .

Similarly, for some non-empty open set U’ in Homeo(K') we have
1

(3.16) U' N Aut(K) C BY, .
By density of Aut(K) in Homeo(K) and continuity we can infer the following.

Claim 3.13. There exist o,0',7 € Aut(K), such that

(3.17) Tor =o',
moreover,
1
(3.18) oeB)
1
(3.19) o' eBY, .

Proof. By our assumptions there are ¢ € U, ¢’ € U’ that are conjugate to each
other, that is, for some 79 € Homeo(K)

TosTy L=< €U,
By continuity of the composition and inverse, taking 7 € Aut(K) close enough to
70, 0 € Aut(K) close enough to ¢ (and recalling (3.16[)) we will have

rort € U' N Aut(K),

therefore setting ¢’ = 707! works. Uctainz13l

We are going to find AT, BT € K, fT,¢g7 € Epi(AT, BT), o7 € Epi(K, A*) such

that
0 € Byt gtipt,

and ¢, ¢’ o1 factor through g o ot (therefore they factor through ¢, too). This
can be done by picking ¥* € Epi(K,C) such that (¢ x ¢’ o 7) factors through
¥*, and applying Lemma [3.9] to ¢* = 1* 0 o and ¢*. If f¥ o pt = ¢* o0~ ! and
gt ot = then as ¢, ¢’ o7 factor through 1*, that is, ¢ = do)*, ¢’ o7 = §' 09p*
for some ¢ and ¢’, clearly

(3.20) §ogtopt =doy* = .
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(3.21) dogtopt =8 oy*=¢ or.
Moreover, it is not difficult to see that that By« g« = Byrog,y+ 3 0.

Welet o =dogT : AT — Asothat p =aop’, andlet o/ =5 ogt: AT — A/,
so that ¢’ o7 = o/ o ™. To finish the proof of the theorem, it suffices to show that
a € Epi(AT, A), o/ € Epi(AT, A’), moreover, they are approximate epimorphisms
between the respective objects in K. First, it is easy to check that « is a strong
homomorphism, so by property a € Epi(AT, A), and similarly, ¢’ o7 and @™
are epimorphisms, so are o’.

First we check that o is an approximate epimorphism. Let ag,a; € AT with
ft(ao) = g*(a1), we need to argue that f'(a/(ag)) R g'(c/(ay1)). Pick z € K with
¢*(r71(z)) = ao.

Claim 3.14. Suppose that 7 € Aut(K), &, g+, fT, o’ are K-epimorphisms, o™ €
Epig that satisfy

/ +
6 ogT=a,

and 0 € By+ g+.o+. If ag, a1 are such that f*(ag) = g7 (a1) and ot (77 (z)) = ao,
then
o/(a1) = o/ (p* (077 (2)).
Proof. Indeed, o € B+ g+,,+ implies f (T (771(z))) = g* (¢* (o(r7(2)))), using
et (771 (x)) = ap we get
g (@ (o (r7 (@) = [T (a0) = g7 (a1).

So applying ¢’, and using o/ = § o g*

o o (o7 () = &/ (ay).
UclainETa
So pick x € K with T (771(x)) = ag and note that by the claim the condition
(& (ag)) R ¢'(c/(ay)) is equivalent to
F1@ (et (@) R g'(a' (¢ (o7 (2)))),
so we need to check this for all z, that is,
(ffoa’opT o™ )R (¢’ o’ opToor™h).
But using o/ o ¢ = ¢’ o T, this is equivalent to
(ffop/oTor ' Rg o' orooor™ ).
We obtained that
(3.22) (f'o@otor ™' Rg'op'oTooor ) = o is an approximate epimorphism

(1)

. But the premise is true, since ¢/ = 70771 € Bf gsprr WE are done. It remains to
.9’

show that « is an approximate epimorphism.

Claim 3.15. Suppose that 6, g*, fT, a are K-epimorphisms, T € Epix that
satisfy
Sogt =a,
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and 0 € B+ g+.o+. If ag, a1 are such that f*(ap) = g7 (a1) and ¢t (x) = ag, then
alar) = (e (o(x)).
Proof. Indeed, 0 € B+ 4+.,+ implies fT (o1 (2)) = gt (¢ (0(x))), using ¢*(z) =
ag we get
9" (" (0(2))) = [ (ao) = g™ (ar).
Now applying 6, and using o = § o g™

aopt(o(z)) = ala).
Uctain{ZIml

Let ag,a; € A" be such that f*(ag) = g7 (a1). We need to argue that we have
f(a(ap)) R g(a(ar)). Pick z € K with ¢ ((x)) = ao.
The claim gives that f(a(ag)) R g(a(ay)) is equivalent to

flale™ (@) R gla(e™ (0())),
so we need to verify that this holds for all z, that is,
(foaoph) R(goaoptoo).
But using a0 ot = ¢, this is equivalent to
(fop) R(gopoo).
So we got that
(3.23) (fop) R(gopoo) = «isan approximate Kp-epimorphism.

But the premise is true, since o € B](clg)l,w7 we are done.

Now we sketch the proof of o
Fix again (4, B, f,g9), (A,B',f",¢') € K,, and pick ¢ € Epi(K, 4), ¢ €
Epi(K, A”). By Corollary for some nonempty open set U C Aut(K) we have
(0)
Uc Bﬁ.q;w’
and for some non-empty open set U’ in Homeo(K) we have
(3.24) U' N Aut(K) C BY ..
Then we find 0,0, 7 € Aut(K), such that
o ToT 1 =0,

0
*oc Bj(ﬂs)?;w

/ 1)
e U & Bf’,g’;ap"
Next we find AT, BT € K, fT,g% € Epi(4™, BT), o+ € Epi(K, AT) such that
0 € Byt gtipt,
and § and ¢ with

(3.25) dogtopt =¢.

(3.26) doghtopt =y or.
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Welet o =6ogT : AT — Asothat p =aop’, andlet o’ =6 ogt : AT —+ A, so
that ¢’ o7 = o’ op™. The same argument as above shows that o’ is an approximate
epimorphism between (AT, BT, f* g7) and (4',B’, f', ¢").

It remains to show that a is an epimorphism between (AT, B*, f* ¢g*) and
(A, B, f,g). This case Claim still applies, and modifying the argument follow-
ing the claim one can get
(3.27) (foyp) = (gopoo) = aisa K,-epimorphism.

But the premise is true, since o € BJ(CO;W, we are done.
To get we need to make minor changes to the proof of We have

v B,
and
U= BJ(C??Q'W"
and then we find o,0’,7 € Aut(K), such that
o ToT =0,
LoeB.
S BJ(“(’)?!J’W"
Constructing again a and o', one shows 7 and
(flfop/oTor™ = gogorooor ) = o isa Ky-epimorphism.
UrheorendZT2

§ 3(C). Comeager conjugacy class in Homeo(K). The following definition and
theorem are the dualized versions of the corresponding notions in [10].

Definition 3.16. Let K be a projective Fraissé class. We say that IC, satisfies the
Weak Projective Amalgamation Property (in short, WPAP) if for each (4, B, f,g) €
K, there exist (AT, BT, fT,¢9") € K, and an epimorphism

a: (AT, BY, f*g7) = (A,B. f,9)
such that for every (A', B’ f',¢"), (A", B", f",¢") € K and epimorphisms
B (AB fg,) = (AT, BT, f*,g") and B": (A", B",f".g") = (A", B*, [*,g")
there exist (A*, B*, f*, g*) € K and epimorphisms
V(A B f7,g%) = (AL B f,g') and 4" (A%, B*, f*,g") = (A", B", f",4")
such that
aof oy =aop”oq"” (as mappings in Epi(4*, A)).
The interested reader may dualize the proof [I0, Theorem 3.4] to obtain the

following.

Theorem 3.17. Suppose that K is a projective Fraissé class, let K be its limit.
Then the following are equivalent

(i) There exists a comeager conjugacy class in Aut(K).

(t4) K, has the JPP and WPAP.
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We remark that the above equivalence can be adapted to the approximate setting
to give an equivalent condition for the existence of the generic homeomorphism.

Definition 3.18. Let K be a projective Fraissé class. We say that ICj, satisfies the
approzimate WPAP if for each (A, B, f,g) € K, there exist (AT, BT, f*,¢g") € K,
and an approximate epimorphism

a: (AT, BY ffg") = (A B, f,9)

such that for every (A", B’ f',¢"),(A”,B", f",¢") € K and approximate epimor-
phisms

there exist (A*, B*, f*, ¢g*) € K and approximate epimorphisms
,7/: (A*7B*,f*7g*,) N (A/,Bl,f/,g/) a.nd ’y”: (A*,B*7f*7g*) N (AN7B”7 ”79”)
such that

(aop'ov) R (aop”0n") (in Epi(A”, A)).

Using the proof of [10, Theorem 3.4] coupled with our ideas it is possible to show
the following.

Theorem 3.19. Suppose that K is a transitive projective Fraissé class, let K =
K/RX be the quotient compactum, and assume that Aut(K) is dense in Homeo(K).
Then the following are equivalent

1 ere exists a comeager conjugacy class in Homeo(K).
1) Th ST j l n H K
(i7) Ky has the approzimate JPP and the approzimate WPAP.

Remark 3.20. To make the above definition meaningful, we point out two facts
in regard to composing approximate epimorphisms. First, it is not difficult to
see that Remark implies that if § is the composition of two approximate epi-
morphism between (A, B’, f',¢') and (A, B, f,g), then f'(ap) = ¢’(a1) implies
f(8(ao)) R g(d(ar)).

Second, in the above theorem one can also require that the approximate epimor-
phism a: (AT, B*, fT,g7) — (A, B, f,g) satisfy the stronger condition

(f(a0)R*g™(a1)) = (f(alao))Rg(a(ar)),

therefore (o 3/ 04') and (a0 5" 0 ~") are approximate epimorphisms.

§ 4. DENSE CONJUGACY CLASSES IN PRODUCTS—THE PSEUDOARC CASE

We refer the reader to Section [I] for the definition and relevant properties of
P—the category of finite reflexive linear graphs. By P we denote the projective
Fraissé limit of P. In this case, the canonical continuous homomorphism pr :
Aut(P) — Homeo(P) is injective as the class P obviously fulfills condition (iv) of
Proposition so it fulfills the conclusions of Proposition We identify Aut(P)
with its image, that is,

Aut(P) < Homeo(P).
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§ 4(A). Density in Homeo(P)Y. The main theorem in this section is the following
application of Theorem[3.4] Note that it implies Theorem [I.2|from the introduction.
Theorem 4.1.

(i) For everyn € N, the set of ally € Aut(P)™ such that the orbit of ¥ under the
diagonal conjugacy action by Aut(PP) is dense in Homeo(P)™ is comeager
in Aut(P)™.

(ii) The set of all 4 € Aut(P)N such that the orbit of 4 under the diagonal
conjugacy action by Aut(P) is dense in Homeo(P)" is comeager in Aut(P)N.
The key to the proof of the theorem above is the following lemma.

Lemma 4.2. Suppose that A,B,A’, B’ € P, there exist AT, Bt € P and a €

Epi(A*, A), o« € Epi(AT,A"), B € Epi(B*,B), and 8/ € Epi(B*, B’) with the

following property:

for all f € Epi(A, B), f' € Epi(A4’, B'), there exists fT € Epi(AT, BT) such that
foa=pBof" and (f'od’) R (B of").

The following corollary is an immediate consequence of Lemma [£.2]

Corollary 4.3. Suppose that A,B,A",B" € P, fi,gi, fl,9;, i =1,...,n, are such
that (A, B, fi,g:), (A", B', f!,g!) € Py. Then, for some AT, B*, ft g, with 1 <

79

i<n,anda: AT — A, o : AT — A, we have that, for each 1 <i <n,

e the map « is an approzimate epimorphism between (AT, BT, fj,gj') and
(A7 Ba fi7gi)7
e the map o is an epimorphism between (A*, B*, fi7, ;") and (A', B', f!, g.).

Proof of Lemma[{.3 By possibly extending A with an exact epimorphism, we can
assume that
()1 (f")~1(b) is the union of intervals each is of length at least 2,

since exact epimorphisms are closed under composition.
Let

A={0,...,m}, A’ =1{0,...,m'}, B=1{0,...,n}, B'={0,...,n'},
we define AT with RA". Let
AL ={(i,j) | je A’} forie A,
and AT = (J,c4 Aj. We define RA" on these sets to be the smallest reflexive and
symmetric relation with
(i, ) RN (i,§") & |j — j'| <1, forie A,

(so that with these definitions each A is a reflexive linear graph with m' + 1 many
elements), and

(i,m") RA+(i +1,m’), fori<m, iiseven.
(i,0) R (i +1,0), for i <m, i is odd.
Similarly, we let

B, ={(k,l) |l € B'} forke€ B,
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and Bt =,z B!, where we stipulate that R satisfy
(k,)RB" (k,I') = |l—1'| <1, for k€ B,
and
(k,n') RB+(1€ +1,n'), for k <n, kis even,
(k,0) RB™(k+1,0), for k < n, k is odd.
Now we let a: AT — A and o’: AT — A’ be defined by
a(i,j) =1 and o (i,5) = J.
Similarly, 3: Bt — B and ': BT — B’ is defined by
Bk, 1) =k and (k1) = 1L.
It is immediate that o, o/, 3, 3" are epimorphisms.
Fix f € Epi(A, B) and f' € Epi(4’,B’). We are going to construct f+ €
Epi(A™, BT) such that
(4.1) BoftT R foa,
(4.2) Boft = fod.
Let a§ = (0,0), and for 0 < ¢ € A define a} € A} be the element adjacent to
Al_,. We define f* by induction so that for each i

(4.3) BofH(a}) = foala)),
(4.4) Boft(a) R Boftai), (ac Al
(4.5) BofTIA; = floallAL

Observe that f o alA] is constant, since a[ A} is constant for each i € A, therefore

(4.3) and (4.4) together imply (4.1)).
Recall that af = (0,0), let

fH(ag) = (£(0), £'(0)),

so clearly B(f*(af)) = f(0) = f(a(af)), similarly with 3/, o'

Suppose that fT]A{U...UA,_; U{a;} has been defined with the relevant parts
of — being satisfied.

Let e = f(i+1) — f(i) € {~1,0,1}. If ¢ = 0, then foalA;U{aj, } = f(i) =
fli+1), and we can define

fHa) = (f(3), f'(a/(a))) for a € A} U {ajy,}.

Otherwise, if € # 0, then we distinguish eight cases depending on the parity of
f(¢) and i. Suppose for simplicity that e =1 (so f(i + 1)) = f(i) + 1) and f(3), ¢
are even.

By our hypothesis, f*(aj) € B}, therefore it suffices to define f*4; U{aj }
so that
A U{ai 3] C By U B4

(4.6) *
fraiy) € B4
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alongside the condition (4.5). (This is because S[Bj, = k). Since f(i) is even we
note that

(4.7) (f(@),n") RE™ (f(i) +1,1).

Now af is the endpoint of the finite linear graph A, = {(i,j) : j € A’} that is
connected with an element of A}_;, and since i is even, we have af = (4,0). Let
jo € A’ be the smallest such that f'(jo) = n', so that by

f'Go+1) =n".

Letting

ﬁ@ﬂ:{uij»_ for j < jo

(fG@) +1,1'()), for j> jo.
and
fHai) = Fria+1m') = (f(0) +1,f(m') € Byyiq

so by the choice of jy (and ) we get an epimorphism and for aj, ;. It is
also clear that fT(i,5), fT(i+1,m’) € B}(i) UB}(Z.)+1 (implying (4.6), so that
follows). Moreover, 8'(f*(i,5)) = f'(j) = f'(d/(i,7)) for j € A" and B'(f(i +
1,m)) = f'(m') = f'(¢/(i + 1,m’)), which implies (4.5).

|]Lemmdm
Proof of Theorem[].1]. (i) follows from Corollary [4.3]and Corollary
(ii) follows from Corollary and Corollary O TheorentT

§ 4(B). Density in Aut(P, ). Consider the class P, of structures in the language
consisting of one binary symbol R and a constant symbol ¢. The structures of P,
are finite sets with R interpreted as a symmetric reflexive linear binary relation
and the constant symbol e interpreted as one of the endpoints of the structure. So
elements of P, are isomorphic to structures of the form

I=10,...,n} with 2R'y & |z —y| <1, for z,y € I, and ¢/ =0,

where n € N. Note that the enumeration of I is not part of the structure.
Morphisms in P, are all epimorphisms among structures in P,. It follows from
Lemma [B-1] that the family P, forms a projective Fraissé class. Using the argument
from [9] that P is transitive, one checks that P, is transitive as well. Let Py € (P,)*
be its projective limit. We denote the underlying space of it by P. On this space we
have interpretations R” and " of R and e, respectively. Then it is not difficult to
check that the reduct (P, RF) is the pre-pseudoarc, that is, it is isomorphic to the
Fraissé limit of P (in the category P* derived from P). Therefore, the canonical
quotient P/R” is homeomorphic to the pseudoarc and o = o /RF is a point in the
pseudoarc P. Furthermore, the argument from [9] showing that Aut(P) is dense in
Homeo(P), gives that Aut(PP,) is dense in the set {h € Homeo(P) | h(ep) = ep}.

Theorem 4.4.

(i) For everyn € N, the set of all ¥ € Aut(P,)™ such that the orbit of ¥ under
the diagonal conjugacy action by Aut(P,) is dense in Aut(P,)™ is comeager
in Aut(P,)".
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(ii) The set of all 7 € Aut(Pe)N such that the orbit of 7 under the diagonal
conjugacy action by Aut(P,) is dense in Aut(P,)" is comeager in Aut(P,)N.

The theorem will follow from the lemma below.
Lemma 4.5. Suppose that A, B,A', B’ € P,, there exist AT, Bt € P, and a €
Epi(AT, A), o € Epi(AT,A"), 3 € Epi(B*,B), and 3 € Epi(BT, B') with the
following property:
for all f € Epi(A, B), f’ € Epi(A’, B'), there exists fT € Epi(AT, BT) such that
foa=Bof* and foa' =4 o ft.
Proof. Let
A={0,...,m}, A’ =1{0,...,m'}, B=1{0,...,n}, B'={0,...,n'},
with the constant in all these structures interpreted as 0.
We define A* with RA". Let
Ay ={(0,-1,j) [ j€ A’}
Ai={({-1,17)|je A U{(i,-1,5) [ je A"}, for0<ie A
and we define RA" on these sets to be the smallest reflexive and symmetric relation
with
(i,e,j)) RY (i,e,5) & |j—j/| <1, forie Aandee€ {—1,1},
and
(i—1,1,0) R (i,—1,0), for 0 <ie A.
Note that with these definitions Aj, is a reflexive linear graph with m’ + 1 many

elements and A}, 0 < i € A, is a reflexive linear graph with 2(m’+1) many elements.
Let now AT be the union
U 4
(3

icA
with the point (i — 1, —1,m’) € A,_, identified with the point (i —1,1,m’) € A} for
each 0 < i € A. Let RA" be the relation on A+ that is induced from RA" defined
on A" and A} for i € A, i < m. We interpret the constant as (0, —1,0) € Aj.
The definitions of BT and RB" are similar. For each k € B, let

B, ={(0,-1,1) |l e A"}
B, ={(k—-1,11)|le Byu{(k,-1,1) |l e B}, for 0 <k € B,
and let RB" be the smallest reflexive and symmetric relation with
(k,e, ) RB (k,e,l') = [l—1| <1, forke€ Bandee {-1,1},
(k—1,1,0)R®" (k,—1,0), for 0 <k € B.
Let B* be the union
U Bi

keB
with the points (k — 1,—1,n') € B;,_, and (k —1,1,n') € By, identified for each
0 < k € B. Let RB" be the relation on B* that is induced from RB" defined on
B;, for k € B. We interpret the constant as (0, —1,0).
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It is easy to check that the structures AT and BT defined above are in P,.
Let a: AT — A and o : AT — A’ be defined by

a(iye,j) =1 and o'(i,€,7) = j.
Similarly, let 3: BT — B and 8': BT — B’ be defined by

B(k,e,l) =k and B'(k,e,l) =1
It is easily checked that «,a’, 3,3’ are epimorphisms in P,.

Assume now that f: A — B and f': A’ — B’ are epimorphisms in P,. We need
to find an epimorphism f*: AT — B¥ in P, such that

(4.8) foa=pBof" and fod =p o f".

By induction on i € A, we define f* on AjU---U A}. This will be done so that
the value of f* at the last vertex of A{ U ---U A}, which is (¢, —1,m/) is given by

(4.9) Fra=1,m") = (f(i), &, f'(m)),
for some ¢; € {—1,1}.

We start with defining f* on A by letting

F70,=1,5) = (0, =1, f'(j)) for j € A".

We note that (4.9)) holds with i = 0.

Assume that f* is defined on AjU---U A,_; for some 0 < i € A and ¢;_; is
determined by (4.9). We need to define f* on Aj}. Let §; € {—1,0,1} be such that

£6) = £~ 1) + 6.

We divide the definition of f* on A} into two cases. Keep in mind that we need to
give the values of fT on triples of the form (¢ —1,1,5) and (i, —1,7) with j € A’.
First assume €;_1 - d; > 0, that is, either §; = 0 or §; = ¢;_1 . In this case, let

f+(i - 1717j) = (f(l - 1)a6i717f/(j))

and

(f(i), —€iz1, f'(4)), if 0i = €1.
Note that with these definitions (4.9) holds for .
The second case is €;_1 - §; < 0, that is, §; = —¢;_1. Let

1) = {(f(i)aei—l,f’(j)% if 5; = 0;

jpr = the smallest j € A" with f'(jp) =n'.
Define
PG 11,) = {(f(i ~1),e1, /(). for jp <
(f(i =1),—€i1, (), for j<jy.
and
fH,=19) = (f(), €1, F(5))-

Again holds for 1.

Since f* is given by formulas, it is easy (if somewhat tedious) to check, using
condition , that fT is an epimorphism in P,. We leave this check to the reader.
It is immediate that holds. ULemmaZH]
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For the corollary below, we recall the result of Hamilton [8] that each homeo-
morphism of the pseudoarc has a fixed point. (In fact, each continuous map from
the pseudoarc to itself has a fixed point.) The following theorem gives another
strengthening of the result in [2]. It gives a homeomorphism of the pseudoarc with
a dense conjugacy class with additional control on fixed points.

Corollary 4.6. There exists f € Homeo(P) with the following property. For each
h € Homeo(P) and x € P with x being a fized point of h, there exists a sequence
(gn) in Homeo(P) such that

— the sequence (g, fg, ') converges to h in Homeo(P);
— s a fived point of gnfg, ' for each n.

Proof. Let f € Aut(P,) have a dense conjugacy class in Aut(P,) as guaranteed by
Theorem Let f = pr(f). Fix now h € Homeo(P) and = € P with h(z) = .
Note that ep is a fixed point of f. By homogeneity of P, see [15], there exists
g € Homeo(P) such that g(ep) = x. It follows that g~'hg is in Homeo(P) and has
ep as a fixed point. By the choice of f, there exists a sequence (g),) in Homeo(P)
such that g/,(ep) = ep and the sequence (g, fg), ) converges to g~ hg. It follows
that the sequence g, = gg/, is as required. UcorollaryfT]

§ 5. A HOMEOMORPHISM OF THE PSEUDOARC THAT IS NOT CONJUGATE TO AN
AUTOMORPHISM OF THE PRE-PSEUDOARC

This section concerns P—the class of finite connected linear reflexive graphs
with all edge-preserving surjective homomorphisms.

Theorem 5.1. Let P be the pseudoarc, which we identify with the natural quotient
of the projective Fraissé limit P of the class of finite linear graphs. There exists a
homeomorphism in Homeo(P) that is not conjugate to an element of Aut(P).

We note that P obviously fulfills condition (iv) of Proposition so it fulfills
conditions (i)—(iii) in Proposition and the conclusions of Propositions and
It was proved in [9] that each equivalence class of the compact equivalence
relation R? on P has at most two elements. This fact will be used in the proof
below.

The following is a key lemma; it provides a sufficient condition for a homeomor-
phism not to be conjugate to any automorphism of P. Our argument proving the
lemma hinges on the rigidity of automorphisms—they preserve the algebra of regu-
lar open sets associated with the projections from P onto finite linear graphs. Our
example, constructed in Proposition [5.3] will satisfy the premises of the lemma.

Lemma 5.2. Suppose that o : P — P is a homeomorphism, for which there exist
a subcontinuum C C P and x # y € C with the following properties:
— o]C =idg;
— if Uy, Us, Us are reqular open subsets of P such that
UinNU;=UNUs =U; NU3 =0,
c(Uy) Ucl(Ux) Ucl(Us) = P, cl(Uy) Nel(Uz) Nel(Us) =0, and
c(U))NC =0, €Uy, yeUs,
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then
oc(U)NUs £ 0 or o(Us)NUy # 0.

Then o is not conjugate in Homeo(P) to any member of Aut(P).

Proof. Note that the above property of ¢ is invariant under conjugation by a home-
omorphism, therefore it suffices to show that representing P as a quotient of the
prespace P, we necessarily have o ¢ Aut(P). Let pr : P — P be the canonical
continuous surjection. Suppose that o is an automorphism, that is, there exists
¢ € Auwt(P) with pr(6) = o, where pr : Aut(P) — Homeo(P) is the canonical
embedding; in other words, we have

OOpr =Dprog.

We set
C=pr 1(0),
Note that C is a compact zero-dimensional space. We claim that
(5.1) 61C =idc.

Indeed, since o[C = id¢, we see that C is invariant under ¢ and
(5.2) &(u)RFu, for all u € C.

Since & is injective and each RF-equivalence class has at most two elements, we see
that & o &(u) = u, for all u € C. So, if there is u € C with &(u) # u for some
u € C, then by taking U to be a small enough clopen neighborhood of « (in C) and
V =6&(U), we see that there are relatively clopen subsets U,V of C with

(5.3) unv =0, ¢U)=V.
and
(5.4) UuV #£C,

so the complementer clopen set
Z=C\({UUV)#0.

Since each RF-equivalence class has at most two elements, it follows from and
that RE(U U V) = UUV. Since C is -invariant, necessarily R (2) = Z.
Then pr(U U V) Npr(Z) = contradicting that C' = pr(C) is connected.

Fix a finite linear graph Iy and ¢ € Epi(P,Iy) such that ¢ o pr=i(z) Ny o
pr=i(y) = 0. Using Claim 3.9 we can find a finite linear graph I; and epimorphism
¥ € Epi(P, I) such that for some a, o’ € Epi(11, Iy) we have

p = aoi,
poT = o o1,

in other words,
(5.5) aoor =a 0.

Let K7 = 9[C] (which will, roughly speaking represent C in I;) we note that
condition (5.1]) (together with (5.5))) implies
(5.6) alK; = d1K;.
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Similarly, we let Ky = « o0 9[C]. We also let
Xo = (aop)opr~(z) and Yo = (aot)opr™'(y),

we have Xg,Yy C Ko C Iy, and

(5.7) XoNYy=10

by the choice of ¢ = a0t above. Similarly, let

X, =twopr!(z) and Y; = opr '(y).
Pick disjoint subsets X', Y’ C Iy with X’ UY’' = Ky, Xg € X’ and Yy C Y. Set
XtT=a ' (X)NK, and YT =a ' (V)N K;.

Then we have

(5.8) XtuYy"t =Ky,
(5.9) Xtny* =0,
(5.10) X, CXt, v,Ccyt.
Set
Vi=1\Kj.
Let

Wy =pr(@~' (1)), Wa =pr(@~ (X)), Ws=pr(v~'(YT)).

Then, by (5.8)) and the definition of Vi, we have
(5.11) Wi uUWeUW; = P.
Note furthermore that
(5.12) Wi NWynWs = (.
Otherwise, there exist wy € ¥~1(V1), wy € ™ 1(XT), and w3 € =1 (Y F) such that
pr(wy) = pr(ws) = pr(ws), that is,

w1 RPUIQ RngRPwl .
Since each RF-equivalence class has at most two elements, we see that w; = w; for
some 1 < i < j < 3, which entails that the sets ¥ ~1(V}), v 1 (XT), v~ 1Y) are
not pairwise disjoint, which contradicts pairwise disjointness of Vi, X+, Y*. The
equality K7 = 9[pr~—1(C)] together with V; N K7 = ) imply
(5.13) cCnwy=0.
Also, it follows from ([5.10) and the definition of X7, Y7 that
(5.14) x ¢ Wi UWs and y ¢ Wi UWs.
By Proposition [A24] we have
(5.15) int(W;) = P\ | JW; and cl(int(W;)) = W, fori=1,2,3.

JFi

It follows from (5.11)—(5.15) that U; = int(W;), i = 1,2, 3, satisfy the requirements
of the condition in the statement of the lemma.
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Now, assume that o(Us) N Us # () as the other case can be dealt with the same
way. Pick z € P such that pr(z) € Uz and o(pr(z)) = pr(6(z)) € Us. By the
definition of Us, we have pr(z) € Wa \ (W7 U W3), so

(5.16) Y(z) € XT,

and, therefore,

(5.17) a(y(z)) € X'.

By a similar argument, we have ¢ (5(z)) € Y+, and so

(5.18) a(y(d(z))) e Y.

Now and (and (5.10)) together with and give

(5.19) a(y(5(2)) = o/ (¢(2)) = ai(2)) € X".

But and contradict the disjointness of X’ and Y. I

To construct a homeomorphism that is not conjugate to any element of Aut(P)
it remains to find one that satisfies the premises of Lemma [5.2

Proposition 5.3. There exists 0 € Homeo(P) as in Lemma[5.3

Proof. We are going to
e define a generic sequence Jy, Ji,..., J,,... of finite linear graphs by hand
(together with the bonding maps m; ;, i < j < w),
e identify P with projlim; J;, and let m; : projlim; J; — J; be the natural
projection,
e and construct an increasing sequence (n;); and epimorphisms h; : J,, 11 —
Jp, in such a way that for any choice of &; € Aut(P) with m,,05; = h;omy, 41
we have that &; converges uniformly (in C(P, P)), moreover the limit is an
element of Homeo(P),
and we will let o be the obtained function lim; &;.
The following definitions are particular cases of notions from an unpublished
work of Solecki and Tsankov.

Definition 5.4 (Solecki-Tsankov). Let L be a finite linear graph. A family ¢ of
sets is an L-type if ¢ is a maximal linearly ordered by C family of connected subsets
of L.

Definition 5.5 (Solecki-Tsankov). Suppose that f : J — L is an epimorphism
between the finite linear graphs J, L, and let a € J be a node, M C J be a
subinterval with a being an endpoint of M. Then we define the type of the pair
a, M with respect to f, in symbols, tp»™ (f) to be the f[M]-type

tp™ M (f) := {f[M']: M' C M is an interval, a € M'}.

(So if M = {a,d’,ad”,...,a™I=D} is an enumeration of M that is a walk, then
tp®»M (f) codes the order in which the walk f(a), f(a'),... f(aMI=1) visits the
nodes of J.)

By induction on i we define
L] Ji, Ki, Ti,i+1 for i = 71,0, ]., ey
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h_1,

Wk Ew,
Liky2, Larys (k € w),
gk [ frr i (K € w),

keeping the following outline in mind. The idea is that projlim; K; C projlim; J;
will represent the subcontinuum C' on which the prospective homeomorphism o is
the identity. o will be approximated with automorphisms represented by the hls,
or f;’s, g;’s. Each J; corresponds to a chain-like decomposition of the space, the
pieces of which will not be invariant under o, even though the condition o[C = id¢
would dictate that pieces that intersect C are fixed.

Basically the functions k%, f;, g; are liftings of each other, the only purpose to give
them different names is an attempt to ease the notational awkwardness later, e.g. in
the proof of Lemma More concretely, h; : Jy; — J4;—1 is an epimorphism and
h? : Jaiy1 — Ju; is an epimorphism with h;ohf = m4;_1 4,41, where the existence of
h?’s will ensure that the limit is (left-)invertible, so injective. Then g; : Jykt2 4k+1
will be a lifting of h;, which will be ensured by the condition A{ o g; = T4 4i42. In
the recursive construction Ky; 41 will not only have Ky;40 as a g;- and m4441,4i42-
preimage (on which g; and 7441 4i42 coincide), but also a copy of it Lsiy2. In
the next step of the recursion this is followed by the construction of Jy;y3, and
fisTaiy2 ai+3  Jaivs = Jaip2, where we can also guarantee that f;, 7442 4i+3 map
Lyiy3 to Lyjyo, as well as K49 to Ky;42. But instead of f; being a lifting of g;, it
will be only an almost lifting, because we will arrange so that f;[L4;13 is roughly
speaking a shift of 74,13 4i+2[Lai+s by one. (This is the crucial step to guarantee
that regular open partitions are never o-invariant.) Finally, h; 1 : Jy; — Jyi—1 will
be a lifting of f; guaranteed by the condition f; o m4i43.4i44 = Tait2,4i+3 © Riy1.
Each h; will be responsible for an amalgamation task to ensure genericity of the
sequence. We will have further technical conditions, e.g. the conditions on types,
which will be necessary to carry out our main tasks.

Formally we require that the J;, K;, fi, fl, gi, hi, b satisfy the following.

M, J; is a finite linear graph,
M, K; C J, is a subinterval,
B; K, =L_; =J_; are the one element linear graph,
W, h;, h?, gi, fi, f| are epimorphisms
hi € Epi(Jai, Jai-1),
h$ € Epi(Jaiv1, Jui),
9i € Epi(Jaivo, Jait1),
fis ] € Epi(Jaits, Jaiv2),
B 7, ;+1[Kit1] = K;, and the 7’s agree with the h;/h?/g;/f; on K), whenever
it is appropriate (and defined), that is,
o Tup—1,4k | Kar = hi [Kap,
® Tk ak+1 | Kakt1 = hi [ Kagy1,
o Taji1,ak+2 [ Kakt2 = i [ Kapto,
® Tupi2ak43| Kagts = fu[Kani3,
moreover they map endpoints to endpoints,
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M for each a,b € J; 41, if aR3D, then m; ;41(a)Rm; ;+1(b) (e.g. this is ensured
if for ¢ € J;, each connected component in 7 (¢) is an interval of length
at least 3),
B, for i = 4k — 1 (including ¢ = —1):
M (a) for each maximal connected component (subinterval) C' of Jy \ Ky
we have 7r4k_174k[0] = J4k_1 = hk[C], and

2,04+1

tpc*’c(hk) = tpc*’C(W4k_174k) for ¢* € C with ¢* RKyy,
W, (b) (and if k > 0:) hag—2 0 Tap—1,4k = Tak—2,4k—1 © Rap—1,
W for ¢ = 4k:
Mg(a) hy o hy = Tap—1,4k © Tak ak+1,
Mg(b) for each maximal connected component (subinterval) C of Jypt1 \
K4]€+1 we have 7T4k,4k+1[0] = J4k = hk[C], and
tp™© (hy) = tp™© (Tap ars1) for x € C with xR+ Ky y,
Bs(c) for each a,b € Jygi1, if aR3b, then hf(a)Rh(b),
My fori=4k+1:

Wy (a) map+1ak+2[Lakyo] = Kapy1, and Tap+1 ap+2 [ Lak+o maps endpoints to
endpoints,

Wy (b) Tapt1,ak+2Lagt2 = gl Lakt2,

Wy (c) ~(Lap42REap+2),

Wy (d) for each of the three maximal connected component (interval) C in
Jak42 \ (K4k+2 U L4k+2) we have

Tak41,4k+2[Cl = Japt1 = gi[C],
and
for x € C with zR74+2 (K4k+2 U L4k+2)
tp™% (gk) =t (Tar+1,4k+2),
My(e) h} o gr = Takak+1 © Tak+1,4k+25
.10 for ¢ = 4k + 2:

Wio(a) Tapt2,4k+3[Lanys] = Lakt2, Takt2,4k+3] Larss maps endpoints to end-
points,

Wio(b) Takt2,4k+3!Lak+s = fr[Lak+s,

Mi(c) letting Cy, Cs, C3 denote the connected components in Jyi 2\ (Kax+2U
L4k+2) if we let

Cz/ = 71-47]cl+2,4k+3(Ci)7 i=1,2,3,
then we have that C7, C4, C4 are all connected (intervals), and
G = (fi)"H(C;) forj=1,2.3.

Wio(d) Tapt1,ak42 0 f, = Gk © Taks2,4k+3,

Wy(e) for a € Jurqs \ Larys we have fi(a) = fi(a),

W (f) for each a € Lag43 we have dist(fx(a), fi(a)) <2, and if a € L3 is
such that magy2 ap+3(a) € Lag4o is neither an endpoint nor is related
to an endpoint of Lyj2, then

dist(fi(a), fr(a)) = 2 (= dist(mary2,4x43(a), f1.(a))
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(note that the above imply

(5.20) (Tak+1,4k+2 © i) R(gr © Tap42,4k+3)
(here dist(a,b) < n means aR™b),
M, whenever M is a linear graph and ¢ : M — J; for some 4, then there exists
j >, "+ J; — M, such that m;; = ¢ o ¢" (where m; ; denotes the
composition m; ;41 0...0mj_1;),

Before the construction we argue that this will result the required homeomorphism.

Lemma 5.6. Assume that the induction maintaining [l} can be carried out.
Then
(1) projlim; J; (with the bonding maps m; ;, i < j defined as in is tsomor-
phic to P,
(2) letting K = projlim, K;(C projlim, J;), its projection C := pr[K] is a
subcontinuum,
(3) there exists ()i, (yi)i € K such that w;((x;):) = xj, 7j((yi)i) = y; are the
two endpoints of K,
(4) if for each k the map oy, € Aut(PP) is such that wap_100, = hgomak, then oy
is convergent in Homeo(P), and their limit o is as in Lemma witnessed
by the subcontinuum C and x = pr((z;)i), y = pr((y:):)-

Proof. (Lemma It is standard that suffices for

Similarly, by a routine argument it follows from the fact that the K;’s are interval
that C is a continuum, but for the sake of completeness we elaborate. Since K; is
an interval, any clopen decomposition Cy U C; of K is of the form Cy = 7, 1(K?),
Oy = m; ' (K}), for a partition KUK} of K;. Now there must exist (20);, (2}); € K
with 20 € K?, 2! € K} and (2); R(z});. But then necessarily pr((z9);) = pr((z}):),
so C' is a continuum, indeed.

For note that {z;,y;} can only be the set of the two endpoints of K;. Now
clause clearly implies

Pick such an oy, for each k. First we are going to check that (ox)x is convergent
in C(P,P) (so limy oy is a surjective continuous function), and that limy oy is
injective. In light of the second part of Theorem [2.4]it suffices to verify that for all
finite connected linear graph A and ¢ € Epi(P, A) we have that for all large enough
n,n’ the relation (p o 0, ) R(¢ 0 0,,/) holds. Using the fact that every epimorphism
factors through a m;, it is enough to check that

(5.21) (mar—100k)R(map_1004r) if k <K'

A standard induction argument gives that the following claim implies (|5.21)).

Claim 5.7. If ¢ € Epi(P, Jyk+3) is such that Y R(Tak43 0 0k11), then
(Tak—1,4k+3 0 V) R(Tap—1 0 o).

Proof. (Claim Using that m4x4300k11 = hpa10Mapss and w100k, = A oTap
we need to argue that if ¢ is R-related to hgi1 o m4k44, then the composition
(Tak—1,4k+3 0 ) is R-related to hy o mag.

We are going to argue that (roughly speaking) as hy11 is a lifting of fi, and fj
is an almost lifting of g5 (within distance one), so (g 0 Tak+2) and (Tag+1,4k+3 0 )
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are within distance two. At this point we will compose these two with 74y ax+1, use
the contractive nature of these mappings together with the fact that gy is a lifting
of hk.

More concretely we first argue that
(5.22) (Tak41,4k+3 © hip1) R(Gh © Tak2,4k+4)s

which will then immediately imply
(5.23) (9k © Tag+2) R(Tart1,4k43 © Pry1 © Tapya) R(Tapt1,4643 0 ).
To see , we note that clause implies
(5.24) Tak+1,4k+3 © P41 = Tak41,4k+2 © fr © Tak+3,4k+4
and implies
(Tak+1,4k+2 © [ © Tak43,ak+a)R(gk © Taky2,4k+4),

so (5.22)) holds, indeed.
Bywe can apply hk o hz = T4k—1,4k © T4k, 4k+1 = Tdk—1,4k+1 to both sides,
to get

(hi o hy, © gk © Tapy2) R(Tak—1,4k+3 0 V)
(here we can write R instead of R? by . Now using the LHS can be
simplified to (hy o w4 ), SO
(hi o Tap) R(Tan—1,443 0 ),
and we are done. UctainE

This means that (5.21]) holds, and o := limy o}, exists (in C(P, P)). We now
check that o is a homeomorphism, for which it is enough to see that o is injective.

Claim 5.8. The map o = limy oy, € C(P, P) is injective.
Proof. (Claim Pick (z:)i, (2}); in P with pr((z):) # pr((#});). This means

(3

that —(z; Rz}) for large enough 7. With (5.21)) in order to argue that o(pr((z;);)) #
o(pr((z});)) it is enough to show that for large enough k we have

“(mar—100k((2:)i)) B® (mar—1 0 0k((2)):)),

, that is, (by the definition of o}), we need that

(P (zar) R b (24,
Suppose that k is large enough so that
(525) —‘(Z4kRZ:1k),

we claim that =(hi11(zakt4a) R hig1(2)y,44))- Assume otherwise, so
hie1 (Zag+a) BB 1 (2 )
and therefore

(5.26) (Takt1,4k+3 © Ty 1 (Zak+4) ) R(Tarr1,ak43 © Prg1 (245 40))

by [l
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We are going to argue that approximating the 7441 ak+3-image of hpt1(2ak+4)
and hyy1(24x14) bY gr(2an42) and gr (24,1 o), the latter two are R3-related, to which
we can apply hy, and use hj o g = T4 442 to get a contradiction with .

To formalize this idea we use to get

(5.27) (Tak+1,46+3 © hit1(Zak+4)) R(gr © Tak+2 akt+a)(Zak+a) = gr(Zant2),

and similarly for 2/, that is,

(5.28) (Tak+1,4k+3 © Pt 1(2gra) ) R(Gr © Tak42,ak44) (Zhpga) = G (Zppa)-
So combining((5.26))-(5.28) we obtain
g (Zan42) R gk (Zhgoi0)-
Then by
(hi © gi(zarr2) ) (B, © gie(Zip42))-

By (Mg(e)), hy o gr(zant2) = 2zar, and h o gp(2,,9) = 24, so clearly zyR2y,,
which contradicts (5.25]). UclainEa

So o € Homeo(P), indeed, and it remains to check that C, x, y witness that o
has the properties from Lemma [5.2] First we recall Proposition [AZ3] that is, that
sets of the form

{pr((zi)i) : (2:)i €P, z;Ra;} (j € N)
form a neighborhood basis of = pr((z;);), and similarly with y = pr((y;)i)-

Now we can fix the pairwise disjoint regular open sets U;,Us,Us of P as in
Lemma with « € Uz, y € Us, Ule cl(U;) = P and CNel(U) = 0. Let
W,; = pr—1(U;) for i = 1,2, 3. By the observation above there exists ip such that

0y for every (z;); € P, z;, Rx;, implies pr((z;);) € Uz, so (z;); € Wa.
Similarly,
0o z;, Ryi, implies that (z;); € Ws.

Since each point admits a neighborhood which at most two U; can intersect, we

can also assume that ig is large enough so that for a € J;,

Wi_ol(a) intersects at most 2 of {Wy, Wy, Ws}.

W.l.o.g. we can assume that ig = 4k for some k € N.

Since C' is of positive distance from Uy, we may also assume that whenever a €
Ky, we have 7T4_k1(a) intersects only Wy U W3, but cannot intersect Wi. Moreover,
since pr(m; (a)) has nonempty interior in P and U?:l U; is dense, at least one of
W5 and W3 must intersect 7747,61 (a). This means that

O3 if a € Lyg4o, then W2k1+2(a) can only intersect W5 and W3, and it intersects
at least one of them.

Moreover, if Lo = {lj : j < |Lags2|} (with [;Rl;41), then

{7ar avr2(lo), Tarak+2( Ly so—1)} = {Tak, Yar }

by Therefore, it follows from together with that
Bs (Tigiya(lo) U o () Uyl (1)) N (Wh U Wa) =0,
L5 (71—4_k1+2(l\L4k+2|—1) U 7T4_k1+2(l\L4k+2|—2) U 7T4_k1+2(l|L4k+2|—3)) N (Wl U WQ) =10
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which we can assume by possibly flipping the order and numbering (and in fact this
is not even strict, but we won’t need more than these 3-3 elements). We introduce
the informal notation

ln + m = ln-‘rm
if 0 < n,n+m < |Lagt2|- Now we recall [lyo(f)} that is, for a € Lyjy3 we have

dist(fk(a), T4k+2,4k+3 (CL)) = 2 unless 7r4k+2,4k+3(a) S {lo, ll, l\L4k+2|—1v Z|L4k+2\—2}~
This can only happen if either

Clg for every a with Tap124k43(a) & {lo, 11, 1Ly o151 Lapyo|—2) We have
fr(a) = Tanq2,an43(a) + 2,

or the other way around, for all but 4 a’s fi(a) = Tag+2.4x+3(a) + (—2) holds. We
will assume as the other case is essentially the same. We

[J; let m < |Lyg12| be largest such that W2k1+2 (Ilm) N W4y £ 0,
and note that

(5.29) 2<m< |L4]€+2| -3

holds by [[s| (since the W;’s are pairwise disjoint). Pick z = (2;); € Wan W;kl+2 (Im)
(so pr(z) € Us). In the rest of the proof we will show that o(pr(z)) € Us.
Now Tap+3 ak+2(24k+3) = Zak+2 = lm, S0 necessarily

(5.30) fie(zak43) = lmta-

It is easily seen that 7T4x42,4k+30hk+1 = fruOTary3 ak+4a(Zak+4) = lmg2, 50 0p41(Z) ¢
Wy. The purpose of the following claim is to show that not only do we have
or+1(2) € (W1 U W), but points close enough to oy41(2) lie outside Wy U Wh.
Claim 5.9. If b € Jysy3 is such that bR3hjy1(24844), then 7r47k1+3(b) N Wy = 0.
Proof. By [ it suffices to show that for any such b

7T4k+274k+3(b) = lj for some j > m.

We note that (by )
Tak+2,4k+3(Mk+1(Zak44)) = e (Zak43) = b2,
so by and
(5.31) i1 (zak+4) R = Tageyo,ak43(0) € {bnt1s b2, lmsa} © Lako.

Uclainia
We are going to argue that
(5.32) (bR?hyi1 (2ak44)) = 774_1c1+3(b) C W3

(in fact we will only use the statement for b’s satisfying bRhx11(245+4)). By the
definition of the W;’s (that is, W; = pr=1(U;))

(5.33) pr(my s (0) NU2 =0 if bR*w,
similarly, by [3]
(5.34) pr(my s (0) NUL =0 if bR*w.
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Let B={b¢€ Jypts3: bRghk+1(Z4k+4)}, A = Jypys \ B, and let

Dx = U pr(mps(@)) for X C Jukys,
zeX

so (5.33)), (5.34) can be summarized as
Dpn (U1 Uly) = 0.

Since U?Zl U, is dense in P, and P\ D4 C Dpg is open ((i) of Proposition , Us
is dense in P\ Dy4. But Us is regular open, so

P\DA - int(Cl(Ug)) = Us.
Now using that Dx N Dy = 0 if =(X RY"), we obtain
if bR* D11 (2ak44), then pr(myl 4(b)) € P\ Da C Us,

which yields as desired.

It remains to check that the above statements imply o(pr(z)) € Us. Recalling
(5.21) and the fact that o(pr(2)) is the limit of pr(c;(2)) (in P), by compactness
of P there exists a sequence z* = (z); € P that is a an accumulation point of
{(0i(2)) : i € w} (in P), so necessarily represents o(pr(z)) € P, that is, pr(z*) =
o(pr(z)) and has the property

Ziprs B Takts(0k+1(2)) = hie1(24k44)
(where the equality follows from the way we picked oy, |[(4)). This means that (5.32))
implies z* = (z]); € W3, so o(pr(z)) = pr(z*) € Us, and we are done.
DLemmdm

The inductive steps (depending on the remainder of ¢ modulo 4) will rely on
Lemmas [5.1005.13] below, with Lemma [5.10] handling the case of stepping from
4k to 4k + 1 (constructing Jagi1, Takart1, Ry from the inputs hy, Tap—14% €
Epi(Jyag, Jak—1)), and the last one handling the case of going from 4k + 3 to 4k + 4
(constructing Jyk+a, Tak+3 4k+4, Pk+1). Each lemma will rely on Lemma

Lemma 5.10. Suppose that J 2O K, J' D K’ are finite linear graphs, 7, h: J — J
are epimorphisms, such that
(1) 7K' = h| K",
(2) n[K') = K (= h|K']), # maps endpoints to endpoints,
(8) J' is the disjoint union of the distinct nonempty intervals Ci, Ch, K’,
(4) 7[C}] = h(CY] = (C4] = h[CY] = J.
(5) for c € C1 U Cy, if cRK" (in particular, ¢ must be an endpoint of C’; for
j=1orj=2), then
tp© i (h) = tp= i ().
Then, there exist J” O K", and «',h® € Epi(J”,J") that satisfy the following
requirements:
B; hoh®*=mon’,
Bo J” is the disjoint union of the nonempty intervals K", Cy, CY,
BHs h*IK" = 7n'K" with n'[K"] = K', and these (' K" ) map endpoints to
endpoints,



36 MARK POOR AND SLAWOMIR SOLECKI

B, w[CY] = h*(CY] = 7', (Y] = h*(CY) = 7'
Hs for ce CYUCY, if cRK" (in particular, ¢ is an endpoint of C; for j =1
or j =2), then
0 (1) = 7 ().
MBe for each d € J', (n')~Y(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies ' (a) R7' (b).

Proof. (Lemma First we are going to amalgamate the pair h, 7 piecewise on
Cy, on K and on Cy to get J* which will be the disjoint union of K+, Cf", C5
(with K+ RC;"), the mappings h*, 7+ € Epi(J*,J') with 7 o 7™ = h o h™, such
that n+[C;"] = h*[C] = C!, h'[K*] = nt[Kt] = K', and h|K+ = 7t K.
This can be done by invoking the moreover part of Lemma [B:2] two times, with the
roles
e M =C1 =M, f=n[C, f=h[CY, and setting m_ = m’_ to be the node
connected with K, after which we can let Cf be the resulting O, 7+ [Cl+
be the resulting g, h™[C]" be the resulting ¢’,
e M =Ch =M, f=mxCh f = h|Ch, and setting m_ = m’_ to be the
node connected with K, after which C3 will be the resulting O.
We let KT be isomorphic to K and 7] K = h* K be an isomorphism.

Now let J* be a linear graph which is the disjoint union of the intervals C],
K*, CJ (where K lies in the middle). Pick a finite linear graph J” which is
the disjoint union of the intervals C7, K, C% and #** € Epi(J”,J*) such that
at K" = K+, 7t T[C/] = J*, moreover,

e if O = {ao,a1,...,a,0p|-1} where K" Rag, a;Rai+1, then the walk
7T++(ao), ’/T++((l1), N ,7r++(a|c{f|_1)
visits all nodes of C’f before reaching K, that is,
tpCt (xtH) D {CF, Cf UKTY,
e similarly, if by € CY, byRK", then
tp % (n ) 2 {CF, G5 VKT,

e for every d € J*, each connected component of (777)~!(d) is an interval
including at least 3 nodes.
One easily checks that 7’ = 7T o™+, h* = AT o 7T+ work.
|:lLemm

Lemma 5.11. Suppose that J O K, J' D K' are finite linear graphs, w,h® : J' — J
are epimorphisms, such that

(1) 7K' = h*| K,

(2) n[K') = K (= h*[K']), ® maps endpoints to endpoints,

(8) J' is the disjoint union of the distinct nonempty intervals C1, Ch, K’,

(4) w[C1] = h°[C1] = @[C5] = h®[C5) = J.

(5) for c € CTUCs, if cRK' (so then necessarily c is an endpoint of C’ for

j=1o0r2), then
tp© i (h*) = tp° i ().
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Then, there exist J' O K" L", and «',h € Epi(J”,J’) that satisfy the following
requirements:

B h*og=mon,

By J” is the disjoint union of the nonempty intervals C{, L, CY, K", CY¥,

B; g|K" = 7'|K" with #'|K"] = K', and this epimorphism (7'|K") maps
endpoints to endpoints,

By g|L" = #'IL" with #'[L"] = K’, and this epimorphism (7'[L") maps end-
points to endpoints,

B «'[C/] =g[C/] =T fori =1,2,3,

B force CYUuCyUCY, if cR(K” U L") (so then necessarily ¢ is an endpoint
of C7 for j € {1,2,3}), then

= (g) = tp= i ().
@B, for each d € J', (n')~Y(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies ' (a)R7' (b).

Proof. Notice that the main difference compared to Lemmal[5.10]is that we “double”
K" (and we have 3 complementer intervals instead of 2). Let J*, K+, Cf, C,
7t gt be J”, K", C{, CY, " and h® given by Lemma Our J” will be an
appropriate extension of J7T.

So let J” be a finite linear graph with an epimorphism 7++ : J” — J¥ that
satisfies

e J” is the disjoint union of the connected subgraphs C{, L, C¥, K", C¥,

where consecutive ones are connected,
THCY] = THHCY] = CF,
0] =G,
K" = nt L] = K+,
for every d € JT, each connected component of (77+)~1(d) is an interval
including at least 3 nodes.

It is straightforward to check that 7/ = 7t ont+, g = gt o™ work. OpemmdsTT

Lemma 5.12. Suppose that J D K, L, J' O K', L’ are finite linear graphs, m, g :
J' — J are epimorphisms, such that

(1) 7K' = gIK’,

(2) n[K']| = K (= g[K']), @ maps endpoints to endpoints,
(3) wIL = glL',
(4) ©[l'] = K (z [L']), m maps endpoints to endpoints,

(5) J' is the disjoint union of the distinct nonempty intervals Ci, L', C}, K’,
C% (with consecutive ones being connected to each other),

(6) ©[C] —g[C'] J fori=1,2,3,

(7) forx € C, if tRK', or tRL’ (so then necessarily = is an endpoint of C}),
then

"% (g) = " ().
Then, there exist J' 2 K", L", and ', f, f' € Epi(J”, J) that satisfy the follow-
ing requirements:

B gon' = 7o f,



38 MARK POOR AND SLAWOMIR SOLECKI

Bo J” is the disjoint union of the distinct nonempty intervals C{, L, C¥, K",
CY, with the consecutive ones being connected,

Bs; f1K" =x'|K" with #'|[K"] = K’,

By fIL" =a'|L" with #'[L"] = L',

B «'[C/] = C! = f'[C] fori=1,2,3,

Mg for each d € J', (7')~1(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies '(a)Rn’ (b).

B7 fora e J’\ L" we have f(a) = f'(a),

HBs for each a € L" we have dist(f(a), f'(a)) < 2, and if a € L" is such
that f'(a) = 7'(a) is neither an endpoint of L' nor is related to one then
dist(f(a), f'(a)) = 2,

Proof. We are going to construct

° K/l’ 7T/ FK//’ f/ rK///’

° L//’ 7T/ FL//’ f/ [*L//,

o CI' 7' CY, f11CY for i =1,2,3
separately, in such a way that they map endpoints to endpoints. If these restrictions
satisfy then (gluing the graphs in the obvious way) we will automatically have
E

We can apply the moreover part of Lemma separately to the pairs g[C} and
w|C! where i = 1,3, to obtain C/', f'|C/, #'|C! satistying wo f'|C!' = gon'[C/.

Next we apply the main part of Lemma [B.2) to Cs.

Finally, since 7|K’ = g/K’, and 7L’ = gL’ we can take K" = K', L" = L'
(and f, rK” =7’ [K” = idKN).

Now J”" = C{ UL"UCY U K" UCY (connecting the pieces in this order) will
satisfy If 7 : J* — J" is an epimorphism where each point’s preimage is
exactly an interval containing 3 nodes, then replacing f/, 7’ with f' o 7*, ' o 7*
and replacing J” with J* will ensure too.

Finally, to get f we first note that (f)~!(L’) = L” implies that the endpoints
of L" are sent to those of L', that is, if I” I’/ € L" are such that I RCY, I RCY,
and the endpoints I’ I, € L’ are such that I’ RC], I'. RCj, then f'(I"”) = 1",
J'(I'L) =1, (for this we used also f'[C]'] = C]). We also note that by [Hg| there is
a connected subgraph of L containing {”, consisting of at least 3 elements all of
which are mapped to I’ by f’.

Identifying L’ with {0,1,2,...,|L'| — 1} (where I’ =0, I’ = [L’| = 1, we can
define f[L" as follows.

f'(a) (=0) ifa=1"
fIL (@) =<¢ f'(a)+1(=1) ifa#1", aRl”
max(f'(a) +2,|L'| — 1), otherwise.
Finally, letting
ffJ" \ ' = f'fJ" \ LN,
it is straightforward to check that f € Epi(J”,J’) with the desired properties.
|:lLemm

Lemma 5.13. Suppose that J D K,L, J' O K',L', n,f : J — J are epimor-
phisms, such that
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(1) =K' = fIK

(2) n[K'|=K ( fIK']), ® maps endpoints to endpoints,

(3) n[L'] = K (= f[K']), ® maps endpoints to endpoints,

(4) J' is the disjoint union of the distinct nonempty intervals Cy, L', Ch, K',

Ch (with consecutive ones being connected to each other), szmilarly, J is
the disjoint union of C1, L, Cy, K and Cj,
(5) =il = fIC{] = Cs fori=1,2,3,
Assume moreover, that
(7) M is a finite linear graph, ¢ € Epi(M, J').
Then, there exist J” 2 K", and 7', h € Epi(J”,J’) that satisfy the following
requirements:
B, for'=moh,
By there exists ¢* € Epi(J”, M) with ¢ o ¢* = 7',
Bs J” is the disjoint union of C{, K", C¥ (consecutive ones are connected),
By 7' K"” = h| K", mapping endpoints to endpoints,
B 7'[K"] = K'(= h[K"]),
He fori=1,2
m'[Cf] = h[C{] = T,
and if c € C! satisfies cRK", then

7Y (h) = 7 ().
@B, for each d € J', (n')~Y(d) is the disjoint union of intervals, each of them
is of length at least 3, in particular, aR3b implies '(a) R7' (b).

Proof. The finite linear graph J” will be the result of three successive extension of
J'. We are going to define

e JT and 7t hT € Epi(J*+,J') with forn' =moh™T,

e JT and nt+ € Epi(JTT,JT),

e and finally J”, n” € Epi(J", JT),
and we willlet 7’ =7t ont T on”, h=ht o™t on’.

The extension J*+ will be the disjoint union of the finite linear graphs C;F, L+,
CS, K*, Cf, which are connected to each other in this order. C;", 7+ [C]", h* O}
are gotten by applying Lemma[B:2)to g[C} and 7[C}, and similarly, we obtain D €
{L*,Cf,CF}, 7D, h*|D by the same way, while we can let K+ be isomorphic
to K’ (since fI|K' = n[K’), so

W, for D € {C,L*,CS , K*,C{}) n*[D] = h*[D], and «+, h™ map end-
points of D to endpoints of 7+ [D] (which is C; if D = C}", etc.),

W, ot Kt =K,

W; in particular, if D # E € {C;,LT,C, K+,Cf}, then n+[D] N7t [E] =0,

Next, we define an extension J++ of J* as follows. The pair J*T and 77+ ¢
Epi(J**, JT) will be an unfolding of J*, which is in fact uniquely determined (up
to isomorphism) by the requirements that

e JTT is the disjoint union of D;, i =1,2,...,8 with D; RD; 1,
e for each i the map #F[D; is a bijection,
o 7t [Dy| =7ntH[Dsg] = JT,
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o Do) =t [Dy] = CF,
o tF[D;] = KT for i = 3,4,5,6.
For future reference we remark that
(5.35)
(77" Dg is an isomorphism with J*) & (d € Ds AdRD; — 71 (d) € C5),

(5.36)
(7T * Dy is an isomorphism with J*) & (d € Dy AdRDy — nt7(d) € CY),

Next, we are going to use M and f from to construct J”. W.l.o.g. we can
assume that f factors through 7 o 7#++, or simply f maps onto J™F, so we can
pick J”, f+ € Epi(J”, M), n"" € Epi(J”,JTT) with 7/ = f o f*. We can assume
that (7”)~1(a) consists of intervals each of length at least 3 whenever a € J*7.

Finally, we claim that letting 7’ = 7t ontton”, h=hT orTtor” and K" be
any interval in J” with

e 7'[K"] = D4, and K" is maximal such interval (that is, a ¢ K", aRK"
implies 7”(a) € D3 U Ds),
e if C C J”\ K" is maximal connected, then 7" [C' is surjective
will work (that is, is satisfied). We also remark that passing to a further exten-
sion of J”, if necessary and replacing J”, ", without loss of generality such K"
exists.

So let C C J”"\ K" be a maximal connected subgraph, ¢ € C be such that cRK",

we need to check that
tp© (k) = tp®“(n").
It is easy to see that 7'’(c) € D3 U Ds. First we assume that 7" (c) € D3, and we
let a denote the unique node in K+ with aRCy. By the way 77+ : J*+ — J*t is
defined one can check that
att o’ (c) = a.

We claim that

(5.37) tp®(xTTor") D {{a}, KT, KTUCS, KTUCSUCy , KTUCy UCSUL"}.

Clearly tp®“(n"") contains a set H, such that H is either the entire D3 and a subset
of D4U DsU Dg, or H contains the entire Dg, and a subset of D3 U D4 U Ds. Either
case 7T [H] = K*. Similarly, tp©® (7") contains a set H' that is either the union
of Dy U D3 and a subset of DyUDgU DgU D7, or H is the union of the full DgU D7
and a subset Dy U D3 U Dy U Ds. In either case, 7t [H] = K+ UCy . This implies
that
tp@C(ntt on”) D {{a}, KT, KT UCT}.

Now recalling and it is easy to check that holds, indeed. Finally,
kT is an endpoint of K+, so by [M;|and M5 the node 7+ (k") = 7/(c) = ht (k) =
W (c) is an endpoint of K’, so applying 7+ and h* to (5.37),

tpeC(rtontt o) D {{nt(a)}, K/, K' UC,, K' UCLUC,, K'UC,UC,U L'},
and

tp>© (htonttor”) D {({nT(a) = h(a)}, K', K'UCY, K'UCLUCY, K'UC,UCLUL'},
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which by our assumption on the structure of J/ uniquely determine tp®“(r+ o
7t o) and tp©© (bt o mtt o '), in particular these two coincide.

On the other hand, if 7”(c) € D5, and we let b be the unique node in K+ with
bRCY, then the same argument shows

(5.38) tp@C(xtTon”) D {{b}, KT, KTUCT, KTUuCy UCT, KT UCF UCS UL},
to which one can similarly apply At and 7%, and conclude
tpeC(rt ot o) = tpeC (At ot o ).
ULemma5T3l

DPropositior@

APPENDIX A. PROJECTIVE FRAISSE THEORY

We recall here the framework of projective Fraissé theory. The theory was in-
troduced in [9]. The description below is a generalized version of [9]. Proposi-
tions [A.2HA .5 are new.

Category K. We fix a symbol R. By an interpretation of R on a set X we
understand a binary relation RX on X, that is, RX C X x X. We say that RX
is a reflexive graph if it is reflexive and symmetric as a binary relation. Assume
X and Y are equipped with interpretations RX and RY of R. Then a function
f: X =Y is called a strong homomorphism if

— for all 1,25 € X, 2R x5 implies f(z1)RY f(x2);
— for all y1,y2 € Y, y1 RY y, implies that there exist z1, 25 € X with y; =
f(21), y2 = f(22), and z1 R¥ 25.

By reflexivity of RY, a strong homomorphism is a surjective function from X to Y.
We will often skip the superscript X in RX trusting that the context determines
which interpretation of R we have in mind.

We have a category K each of whose objects is a finite set equipped with an
interpretation of R as a reflexive graph, all of whose morphisms are strong homo-
morphisms, and the following condition holds

(o) if A, B,C are objects in K, f: A — B and h: A — C are morphisms in K,
and g: B — C is a function such that h = g o f, then g is a morphism in
K.

We say that K is a projective Fraissé class if it fulfills the following two
conditions:
(F1) for any two objects A, B in K, there exist an object C' in K and morphisms
f:C—Aand g: C — Bin K;
(F2) for any two morphisms f, ¢ in K with the same codomain, there exist mor-
phisms f’,¢" in K such that fo f'=gog'.
Condition (i) is called the joint projection property and condition (ii) is called
the projective amalgamation property.
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Category K* and projective Fraissé limit. We consider a category K* whose
objects are totally disconnected compact metric spaces K taken together with sets
Epi(K, A) of continuous surjective functions from K to A, for A € K, with the
following properties:

(A1) for each continuous function ¥: K — X, where X is a finite topological
space, there exist ¢ € Epi(K, A) and a function f: A — X, for some
A € IC, such that

Y =foyp;

(A2) for all ¢ € Epi(K, A) and ¢ € Epi(K, B), for some A, B € K, there exists
x € Epi(K,C), f € Epi(C, A), and g € Epi(C, B), for some C € K, such
that

¢=fox and ¢ =gox;

(A3) for a strong homomorphism f: A — B, for some A, B € K, we have

(f oy € Epi(K, B), for some ¢ € Epi(K, A)) = f € Epi(4, B)
= (fop € Epi(K, B), for all ¢ € Epi(K, A)).

Conditions |(A1)] |(A2)] |[(A3)| assert that elements of ¥, that is, K together with
Epi(K, A), for A € K, can be viewed as inverse limits of sequences consisting of
structures in L with bonding maps being morphisms in /.

A morphism in K£* is a continuous surjection o: K — K’ such that o o o €
Epi(K, A), for each ¢ € Epi(K’, A) with A € K. By

Aut(K)

we denote the group of all invertible morphisms K — K, that is, all homeomor-
phisms o: K — K such that both it and ¢~! are morphisms in *.

Proposition A.1. Let K be a countable projective Fraissé class. There exists an
object Koo in KC* such that
(P1) (projective universality) Fpi(Ks, A) # 0, for each A € K,
(P2) (projective ultrahomogeneity) for each A € K, ¢,¢ € Epi(Ke, A) there
exists 0 € Aut(Ko,) such that p =1 oo.

The object in K* with properties|(P1)| and [(P2)| is unique up to isomorphism.

The unique object Ko in Proposition[A:T]above is called the projective Fraissé
limit of .
The proposition is proved by constructing structures A,, in K and 7, : A,41 —
Ay, in Epi(A,41, An), n € N, such that
(G1) for each A € K, there exists m € N with Epi(A,,, A) # 0;
(G2) for each A € K and f € Epi(4, A,,), for some m € N, there exists n > m
and g € Epi(A4,, A) such that

fog=mmo---omy_1.

The construction is done by induction using countability of K and properties |(F'1)|
and [(F2)l One lets Ko, = projlim,, (A,,7,). One then has the canonical projection
maps 70 Koo — A, and defines, for A € K,

Epi(Keo, A) = {fom° | f € Epi(A4,, A) for some n € N}.
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A sequence with properties and is called a generic sequence for K.

One checks properties [[AT)H(A3)] and [[P1)| [[P2)} Property (o) of the Fraissé class

K is not used in the construction; it is used to check the first implication in
Define a binary relation R¥ on any K € * by letting

R%y iff (p(z)R*p(y), for all A € K and all ¢ € Epi(K, A)).

We note that R¥ is a compact symmetric and reflexive binary relation on K. We
also note that all elements of Aut(K) are isomorphisms of the structure (K, R¥).
The following proposition is useful in applications.

Proposition A.2. Conditions (i)-(iii) below are equivalent to each other.

(i) For each non-empty clopen set V. C K, there is x € V such that R¥(z) C V.
(ii) The set {z € K| R¥(x) = {z}} is dense in K.
(iii) For each clopen set V.C K, the set RX(V)\ 'V is nowhere dense in K.
Condition (iv) below implies conditions (i)-(iii).
(iv) for alla € A € K, there exist b € B € K and an epimorphism f : B — A
in K such that f(RP (b)) = {a}.

Proof. We start by showing that conditions (i)—(iii) are equivalent to each other.
These arguments use only the fact that RX is a compact symmetric relation on K.

(i)=(ii). Fix a metric on K. If (ii) fails, then there exists a non-empty clopen
set U C K such that diam(R¥(z)) > 0 for all z € U. Observe that, by compactness
of K, for each r > 0, the set

{z € K | diam(R¥(z)) > r}

is closed. So, by the Baire category theorem, there exists a non-empty clopen set
U’ C U and r > 0 such that diam(R®(z)) > r for all z € U’. Let V C U’ be a
non-empty clopen set with diam(V) < r. It is clear that (i) fails for this V. The
implication is proved.

(ii)=(iii). Let V C K be a clopen set. Let U = K\ V. By (ii) the set U \ R¥(V)
is dense in U. Since R¥(V) is closed, we see that R¥(V)NU is nowhere dense, but
this is (iii).

(iif)=-(i). Let V C K be non-empty and clopen set. An application of (iii) to
K\ V gives

REKAV)NY =RYK\V)\ (K\V)2 V.

So we have RX(K\ V) 2 V. Any point x € V' \ RE(K\ V) satisfies (i) since R¥ is
symmetric.

We now show that (iv) implies conditions (i)—(iii).

(iv)=(i). Let V C K be a non-empty clopen set. There exist a € A € K and an
epimorphism ¢: K — A in I* such that

V2o{zxeK]|g¢()=a}

Let b € B € K and an epimorphism f: B — A in K be chosen for a and A as in
point (iv). Now, let ¢: K — B be an epimorphism in £* such that

p=[fou.
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Pick € K such that ¢(z) = b. We claim that x is as required by the conclusion
of (i). Let y € K be such that zR®y. We need to show that y € V, for which it is
enough to prove that ¢(y) = a. We have

Y(@)RPP(y) and y(x) =b,
so, by the choice of f,

f@(y)) = a.
Since f(¢(y)) = ¢(y), it follows that ¢(y) = a, and the conclusion follows. O

The canonical quotient space of a transitive class . We will abandon the
subscript in the notation K, for the projective Fraissé limit of k.

We say that the Fraissé class K is transitive if RX is a transitive relation on
the projective Fraissé limit K of K. Transitivity of R¥ implies that it is a compact
equivalence relation on K since R¥ is compact, symmetric, and reflexive by its very
definition.

Assume K is a transitive projective Fraissé class. Then

K =K/R¥

with the quotient topology is a compact metric space. We call it the canonical
quotient space of K. Let
pr: K— K

be the quotient map, which we call the canonical projection.

Proposition A.3. Assume K is a countable transitive projective Fraissé class. If
x € K, then sets of the form

{pr(y) : y €K, p(x)Ro(y)}, » € Epi(K, 4), AcK
form a neighborhood basis of pr(z) € K.

Proof. For a fixed ¢ € Epi(K, A) let Ag C Abe Ag={a € A: ¢(x)Ra}. Clearly
{pr(y) : yeK, o(y) € Ao} 2 K\ {pr(y) : y €K, ¢(y) ¢ Ao} # pr(z)

since for any y € K =(¢(y)Re(x)) implies ~z Ry, so pr(x) # pr(y). As {pr(y) : y €
K, o(y) ¢ Ao} is closed, {pr(y) : y € K, ¢(y) € Ao} is a neighborhood of pr(z),
indeed.

Suppose that U C K is open and pr(z) € U. Since there are only countably
many epimorphisms in K, by the amalgamation property of X (and by ,
we can enumerate a cofinal system (p;); of epimorphisms, in the sense that each
epimorphism factors through all but finitely many ;.

Suppose that U does not contain any subset of the prescribed form, in particular
for each ¢; there exists y; € K with pr(y;) € U, ¢;(y;)Re;(z). Since every epimor-
phism from K into an object in K factors through a ¢;, w.l.o.g. for each 7 < j there
exists 7 such that ¢; = 7o ¢;, and by a standard compactness argument we can
assume @;(y;) = ¢i(y;)) for i < j. By compactness of K, we can assume that (y;);
converges to some y € K (in fact the convergence of (;(y;)); already implies this),
so by continuity, for each 1,

pi(y) = wi(li;rl(yj)) = li?(wi(yj)) = ¢i(yi),



HOMEOMORPHISMS THROUGH PROJECTIVE FRAISSE LIMITS 45

in particular, o;(y)Rp;(x). Since every ¢ € Epi(K, A) factors through some ¢;
via an epimorphism we obtain that ¢(z)Rep(y) holds (for every ). So zR¥y, and
pr(z) = pr(y) = lim; pr(y;) € cl(K \ U) = K \ U, contradicting that pr(z) € U is
open. |:’Propositior@
Proposition A.4. Assume K is a countable transitive projective Fraissé class.
Assume that K fulfills condition (iv) (or just conditions (i)-(iii)) of Proposition[A.2
Let ¢: K — A be an epimorphism in K and let S C A. Then

(i) int(pr(¢~1(5))) = K \pr(¢~'(A\ 9));

(ii) pr(¢=*(S)) is a regular closed subset of K.

Proof. Set Dg = ¢~ 1(9).
(i) We have
(A1) int(pr(Dg)) N pI‘(DA\S) = {.
Otherwise there is z € D4\g with pr(z) € int(pr(Ds)). By continuity of pr, if
U C K is a small enough clopen set containing z, then
0#UC Dys and pr(U) C pr(Ds).
So, for this clopen set U, we have
) #U C Dy\g and R%(y)N Ds # 0, for each y € U.
Since Ds N D a\g = 0, this implies
REK\U)DU # 0,

which, with V' = K\ U, contradicts condition (iii) of Proposition We get (i),
that is,

int(pr(Ds)) = K\ pr(Days),
with the inclusion C being a rephrasing of (A.1]) and the inclusion 2 following from

Dgs U Dy\s =P, continuity of the function pr, and compactness of D 4\s.
(ii) Applying (i) to obtain the first and third equalities, we get

cl(int(pr(Ds))) = cl(K \ pr(Days)) = K \ int(pr(Days)) = pr(Ds).

There is a natural continuous homomorphism
pr: Aut(K) — Homeo(K)

induced by the projection pr: K — K. Namely, given f € Aut(K) and z € K, we
fix p € K with = pr(p) and let

pr(f)(z) = pr(f(p))-
It is now easy to check that, since f is an automorphism of K, the value of pr(f)(z)
does not depend on the choice of p. It is also easy to see that pr(f) is continuous and
bijective, so it is a homeomorphism of K. Continuity of pr: Aut(K) — Homeo(K)
is then easy to check. It is clear that, for f,g € Aut(K), we have

(A.2) pr(f) =pr(g) iff Va,y € K (zR*y = f(z)R%g(y)).

We register the following proposition.



46 MARK POOR AND SLAWOMIR SOLECKI

Proposition A.5. Let K be a countable transitive projective Fraissé class. Assume
K fulfills condition (iv) (or just conditions (i)-(iii)) of Proposition[A.4 Then the
canonical homomorphism pr: Aut(K) — Homeo(K) is injective.

Proof. We will use condition (ii) of Proposition Let f,g € Aut(K) be such
that pr(f) = pr(g). Let

T ={z K| R¥zx) = {z}}.
Since f and g are automorphisms of (K, R¥), we see that f(T) = g(T) = T. So, by

the assumption pr(f) = pr(g) and condition (A.2), we have that f(x) = g(x) for
all x € T'. Since, by our assumption (ii), 7" is dense in K, we get f = g. O

APPENDIX B. AN AMALGAMATION LEMMA

In this section, we state and prove two amalgamation lemmas. The first one of
which was known to the second author for a long time and both are special cases
of a result from an unpublished work by Solecki and Tsankov. For the sake of
completeness, we provide proofs of these particular cases here.

The first lemma will be needed in Section

Lemma B.1 (Solecki). Supposed that I, J, J' be finite linear graphs (objects in
P), f:J—=1I, f:J — I are epimorphisms (in P), and aj and ay are endpoints
of J and J', respectively. If
7 (f) = o™ (1),
then there exist epimorphisms g : L — J, g’ : L — J' and an endpoint ar, of L with
fog=1fog,
and
glar) =ay, ¢ (ag) = ay.
Lemma [B] will follow from Lemma below. We will need Lemma, also
for the construction in Section [l
Lemma B.2 (Solecki-Tsankov). Suppose that
I, J, J are finite linear graphs (objects in P),
f:J—=1, f':J — I are epimorphisms (in P),
ajy, by (ay, by, resp.) are endpoints of J (J', respectively) which satisfy
07 (f) = ™7 () and tp? (f) = tp" " (1),

Then there exist a finite linear graph L with endpoints ar,, by, and epimorphisms
g:L—J, ¢ :L— J with

fog=1fog,
and

glar) =ay, ¢'(ar) = ay, g(by) =by, ¢'(br) = by

First, we deal with the following particular case of Lemma [B.2]
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Lemma B.3. Suppose that I, J, J' are finite linear graphs, f € Epi(J,I), f' €
Epi(J', I), and the endpoints ay,by of J, ayr, by of J' and ay,br of I satisfy f(ay) =
ar, f(by) =0z, f'(ay) =ar, f'(by)="0r.

Then, for some finite linear graph L and epimorphisms g : L — J, g : L — J'
we have fog = f'og, and one endpoint of L is mapped to ay by g (ay by ¢,
resp. ), while the other endpoint is mapped to by and by .

Proof. Extend the linear graphs J, J', I by two points as follows. We let
Jeat = J U{cy, ds},

such that ¢y is connected with a;, and d; is connected with b;. Similarly,
Joxt = J U{c,dy},

and
Iy =1 U {C[,d]}.
It is easy to see that f: Joxt = Iext, defined by the identities f[J = f,

(B.1) Hes) =cr,

f(dy) =d
is an epimorphism. Similarly, letting f' : J/

— Iy denote the mapping tha
7 — Iexe denote th ing that
satisfies f'[J = f’,

(BQ) f/(CJ’) =Cr,

fi(dy) =d;

is an epimorphism extending f’. Now let L be a linear graph for which for some
epimorphisms § : L — Jey, and §' : L — J/,, we have fog = f og. (It is
straightforward to see that) by passing to a minimal subinterval of L with fo g(=
flog ) mapping onto I**' we can assume that endpoints of L are mapped to
endpoints of Iy (that is, to cr,dy) by f o g, and only those are mapped to ¢z, d;.

Now recalling , and ¢y, dy € Ioxs \ I, it is easily checked that for every
lel

fog(l) =Cc; < g(l) =cy,
and

frogd)=c = ) =cyr
(and similarly with d;, d s, d;/). Again by minimality one easily checks that if [ € L
is adjacent to an endpoint of L, then
e cither fog(l) = f' o §'(I) = ar, and §(I) = ay, f'(I) = a,
e or fog(l)=fog'(l)=br, and f(I) =by, f'(I) =by.
So replacing L with the subgraph that remains upon removal of the two endpoints
(and letting g, ¢’ be the appropriate restrictions of g, §') works. OLemmaE3

Proof of Lemma[B.-4 The proof is by induction on |I| using Lemma above.

If |I] = 1, then any L that admits epimorphisms to J and J’ works. Suppose
that Lemma [B.2 holds if |I| < n, and fix I, J, J', f, f’ where |I| = n. Enumerate
I as {ag,a1,...,an—1} such that

{{aj: j<k}:k<n}=tp¥7(f) =tpm 7 (f),
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(in particular, f(ay) = f'(ay) = ap), and pick an enumeration {bg,bs,...,b,—1}
with

{{o;: G <k}:k<n}=w"7(f) = "7 (f),
We note that both a,,—1 and b,_; must be (possibly different endpoints) of I. We
assume that a,,—1 = b,_1 (the other case is similar but simpler, and is left to the
reader).
Now we reduce the task of finding I and g, ¢’ to four amalgamation task. Enu-
merate

J={ay =wug,u1,...,u -1 =bs} so that upRup1,
and
J'={ay =ug,uy,...,ujp_y = by} sothat upRuj.
Let
e 5y < |J| be minimal such that f(us,) = an—1, and
e s( < |J'| be minimal such that f’(u'sé) = ap_1,
and set
KO = {u()vulv e 7u8071}7
K| = {ug,u, ... ’u;frl}'
While it is clear that
(B.3) fIKo] = f'IKg] = I\ {an—1},
(B.4) tpuo,Ko (f) — tpug,Ké (f/),
we argue that
u// 1,K/
(®.5) tpteo- () = tpm i 1),

holds as well. Indeed, by the way we defined sy and s{ we have f(us,—1) =
f/(“/s;)q) = ap_1 is and endpoint of f[Ko] = f'[Ky) = I\ {an—1}, so it is enough
to recall that there is only one type starting with a fixed endpoint.
Similarly, we let
e ¢y < |J| be maximal such that f(us,) = bn—1, and
e ¢ < |J'| be maximal such that f’(ugg) =bp_1,

and set
K3 = {usgy1, Uy 42, - -5 U g1},
Ké = {U26+17 U26+27 s 714(]/‘_1}.
So again,
(B.6) fIKs] = f[K3] = I\ {ba-1},
(B7) tpH1-1 K () = o S (),
u K. _ u;’+1’Ké /
(B.8) tptot B (f) = tp ot (f).

Now using [B:3}[B.5| and applying the induction hypothesis



HOMEOMORPHISMS THROUGH PROJECTIVE FRAISSE LIMITS 49

(RO) f[Ko, fIK| can be amalgamated in a way that endpoints are mapped to
endpoints, more concretely one endpoint is mapped to ug and ug, while the
other is mapped to us,—1 and u’s, 1

0

and by (50)-(E5).

(R3) fIK3, fI1K% can be amalgamated in a way that endpoints are mapped to

endpoints, more concretely one endpoint is mapped to u) ;-1 and ui gt

/
/ .
th+1

Recall that we assumed that a,—1 = b,,—1 (which is an endpoint of I), pick ¢o < |J|
and ¢ < |J'| such that

(B.9) f(ugy) = f'(uy ) is the other endpoint.

-1
while the other is mapped to u¢,4+1 and

Set
K = [USO’UQOL

r_ /
Kl - [usg’uqSL
and

Ky = [uq07uto]7
So by the way sg and s{, are picked f(us,) = f’(u’sg) we note that f[K; and f{K]
map endpoints to endpoints, so Lemma [B.3] applies, so
(R1) fIKi, f1K] can be amalgamated in a way that endpoints are mapped to
endpoints, more concretely one endpoint is mapped to ug, and u:],, while
0
the other is mapped to us,—1 and “;671'
Similarly,

(R2) f[Ks, fIK} can be amalgamated such that endpoints are mapped to end-

points, more concretely one endpoint is mapped to u,4, and ufl z while the

/
/ .
)41

Putting together the maps in[(RO)} [(R1)} [R2)}[(R3]we get the conclusion. OpemmdE

other is mapped to us,+1 and u

Proof of Lemma[B.1, We reduce Lemma [B.1] to Lemma [B2]

Suppose that I, J,J', f, f' and ay € J, ay € J' are as in our assumptions. Pick
cy € J,cy € J such that f(cy) = f'(cyr) is an endpoint of I. Let o : K — J be an
epimorphism which maps the endpoint ax (bg, resp.) of K to ay (s, resp.) and
similarly, o : K’ — J' is such that agx: goes to ays, and by is sent to cy/. Since

foalbx) = f(cy) = f'(cy) = foa(bk) is an endpoint of I,
clearly
(B.10) " (f o a) = tp'x K (f o o).
On the other hand, a(ax) = as is an endpoint, so it is not hard to see that
" (foa) = tp*7(f),

and similarly
K (f 0 ) = tp T (f),
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by our assumptions

(Bll) tpaK’K(fOOt) :tpaK"K/(floal),

So by (B.10)), (B.11) Lemma applies. Replacing the resulting g and ¢’ by aog

and o' o ¢’, respectively, we are done. OLemmaET
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