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Abstract. We give a proof, that does not rely on analytic determinacy, of
the existence of an idealistic analytic equivalence relation with Borel classes

that is not classwise Borel isomorphic to an orbit equivalence relation. This

result answers a question of Becker, and Calderoni and Motto Ros. Our proof
proceeds through an analysis of Borel complexity of certain sets of countable

rooted trees defined via the notion of the Lusin derivative.

1. Introduction

The main objects of study in this paper are equivalence relations on standard
Borel spaces. We start with recalling two classes of equivalence relations and two
methods of comparing equivalence relations.

Definition 1.1. We say that an equivalence relation E on a standard Borel space
X is an orbit equivalence relation if there exists a Polish group H and a Borel
action a : H ×X → X inducing E, that is,

xEy ⇐⇒ ∃h ∈ H (a(h, x) = y).

We note that each orbit equivalence relation is analytic and has Borel equivalence
classes.

The following notion of idealistic equivalence relation was introduced in [10] and
[12].

Definition 1.2. We say that an analytic equivalence relation E on a standard
Borel space X is idealistic if there is a map assigning to each equivalence class
C ∈ X/E a ccc σ-ideal IC on C such that C /∈ IC and the map C 7→ IC is Borel in
the following sense: for each Borel A ⊆ X2, the set AI ⊆ X defined by

x ∈ AI ⇐⇒ {y ∈ [x]E : (x, y) ∈ A} ∈ I[x]E
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is Borel.

Observe that each orbit equivalence relation E is idealistic. Indeed, if E is
induced by a Borel action a of a Polish group H on a standard Borel space X, then
the following assignment C 7→ IC witnesses that E is idealistic: for A ⊆ C we let

A ∈ IC ⇐⇒ {h ∈ H : a(h, x) ∈ A} is meager in H,

with x ∈ C fixed [10].
The following definition describes the classical notion of Borel reducibility.

Definition 1.3. Let E,F be equivalence relations on standard Borel spaces X,Y ,
respectively. We say that E is Borel reducible to F , in symbols E ≤B F , if there
is a Borel function f : X → Y such that for all x, y ∈ X

xEy ⇐⇒ f(x)Ff(y).

In this case we say that f is a reduction of E to F . If E ≤B F and F ≤B E,
then we say E,F are bireducible.

Finally, we recall a notion of comparison of equivalence relations that is stronger
than the classical Borel reduction above.

Definition 1.4. Let E,F be analytic equivalence relations on standard Borel
spaces X,Y , respectively. We say that E is classwise Borel isomorphic to
F if there are Borel reductions f : X → Y , g : Y → X of E to F and F to E,

respectively, such that their factorings to the quotient spaces f̂ : X/E → Y/F

and ĝ : Y/F → X/E are bijections and f̂−1 = ĝ. In this case we say that g is a
classwise Borel inverse of f .

In [2], Becker constructed an equivalence relation, later called EB [4], that closely
resembles an orbit equivalence relation in that it is analytic, has Borel equivalence
classes, and is idealistic. However, assuming analytic determinacy, he proved that
EB is not an orbit equivalence relation. Calderoni and Motto Ros [4], also assuming
analytic determinacy, improved Becker’s result by showing that EB is not even
classwise Borel isomorphic to an orbit equivalence relation. Becker [2, Question
1] and Calderoni and Motto Ros [4, Question 4.1] asked if the use of analytic
determinacy can be removed.

The main result of the current paper removes the assumption of analytic deter-
minacy from the above theorems, thereby answering the questions from [2] and [4].
Furthermore, we define a related, yet easier to describe and, perhaps, more natural
equivalence relation FB, and show, again without assuming analytic determinacy,
that it has the same properties as EB. The equivalence relation

FB

is defined on the space of (codes of) countable abelian p-groups, for a fixed prime
number p. It makes two such groups H1, H2 equivalent precisely when the quotients
of H1 and H2 by their maximal divisible subgroups are isomorphic.

Theorem 1.5. Relations EB and FB are not classwise Borel isomorphic to an orbit
equivalence relation.

The slightly stronger version of this result is stated in Theorem 3.5.
Our proof of this theorem proceeds through an analysis of Borel complexity of

certain sets of countable rooted trees. By ω we denote the set of all natural numbers
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including 0. We view countable rooted trees as consisting of finite sequences of
elements of ω with the extension order and with the empty sequence ∅ as the root,
so they are subtrees of (ω<ω,⊆), that is, subsets of ω<ω closed downwards with
respect to ⊆ and containing ∅. By Tr we denote the space of all such trees equipped

with the Polish topology inherited from the product space 2ω
<ω

. For T ∈ Tr, we
define the usual derivative

D(T ) = {s ∈ ω<ω : ∃n ∈ ω (sa(n) ∈ T )} ∪ {∅}. (1.1)

For an ordinal α, denote by Dα the α-th iterate of D, where for a limit ordinal
α, the tree Dα(T ) is the intersection of the previously produced trees Dξ(T ) for
ξ < α. The Lusin height of T , denoted by |T |, is the smallest ordinal α such that

Dα+1(T ) = Dα(T ).

For a countable ordinal α, we consider the set

LT<α = {T ∈ Tr : |T | < α}.

Theorem 1.6. For each countable ordinal α and each k ∈ ω, the set LT<ωα+k+1

is Π0
2α+2-complete.

An expanded version of this result can be found in Theorem 2.5.
A statement in [14, Theorem 6.11] implies that LT<ωα+k+1 is Π0

2α+1 for α ≥ ω.
This statement is incorrect and would have made our application impossible—
having the index 2α + 2 in Theorem 1.6 makes our application in the proof of
Theorem 1.5 work, while having the index 2α+ 1 would not have sufficed.

Finally, as a consequence of Theorem 1.6, in Theorem 2.6 we determine the Borel
class of the α-th iterate Dα of the Lusin derivative D viewed as a Borel function.
Through this result we make a connection with the work of Cenzer and Mauldin
[5], [6].

1.1. Organization of the paper. In Section 2, we calculate precise Borel com-
plexities of sets of trees of certain Lusin heights. The main results of this section
are Theorems 2.5 and 2.6. The main difficulty is proving the lower bounds on
complexity which is done in Subsection 2.2. We introduce some operations on trees
called sums, products, and joins, in order to construct the desired Wadge reductions
(Lemma 2.15).

In Section 3, we provide some background on the theory of countable abelian p-
groups. We define a new version of Becker’s equivalence relation (which is equivalent
to the original version for our purposes, see Proposition 3.4) and we prove that it
is analytic, idealistic, and has Borel classes, yet it is not classwise Borel isomorphic
to an orbit equivalence relation. Two of the three main lemmas (Lemma 3.6 and
Lemma 3.7) are proved using techniques similar to the ones used in [2] and [4]. The
third main lemma is proved in Subsection 3.6 (Lemma 3.14) with methods based
on the results from Section 2. This is the point in which we avoid using analytic
determinacy. In order to transfer the results of Section 2 to the setting of abelian
p-groups, we study an assignment of abelian p-groups to trees in Subsection 3.6.
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2. Borel Class of the Lusin Derivative

Definition 2.1. Let T be a tree on ω. Recall from (1.1) the definition of the Lusin
derivative of T . For every ordinal α, Dα is defined by induction on α. We let

D0(T ) = T,

Dα+1(T ) = D(Dα(T )),

Dα(T ) =
⋂
ξ<α

Dξ(T ) if α is a limit ordinal.

The Lusin height of T is the least α < ω1 for which Dα+1(T ) = Dα(T ). We
denote it by |T |.

Remark 2.2. Proposition 2.4 shows that if T is well-founded, then |T | coincides
with the length of a tree defined in [13, Section 2D]. We note that the definition of
the Lusin derivative of a tree given in (1.1) differs in an inessential way from the
definition of the Lusin derivative used by Zafrany in [14] (where {∅} is omitted from
the formula for D(T )). We use formula (1.1) because we insist that a tree contain
a root and that the derivative of a tree be itself a tree. Moreover, the notion of
the Lusin height of a tree induced by (1.1) aligns well with the notion of the Ulm
length of a countable abelian p-group. This correspondence is central to the results
in Section 3. However, the main results of Section 2 (Theorems 2.5 and 2.6) remain
true for Zafrany’s definition of the Lusin derivative (see Remark 2.16).

For a tree T ∈ Tr and s ∈ T , we define a tree

Ts = {t ∈ ω<ω : sat ∈ T}.

Definition 2.3. Given T ∈ Tr we define the rank function ρT by

ρT (s) = sup{ρT (t) + 1 : t ∈ T ∧ t ) s}
for s ∈ T such that s 6= ∅ and Ts is well-founded, and we set ρT (s) = ∞ for all
other s ∈ T . We set α <∞ for any ordinal α.

We state the following proposition explicitly to emphasize that it holds for our
definition (1.1); see Remark 2.2. Its proof is standard, and we leave it to the reader.

Proposition 2.4. For T ∈ Tr, we have |T | = sup{ρT (s) + 1 : s ∈ T ∧ ρT (s) 6=∞}.

By WF we denote the set of well-founded trees and by IF we denote the set of
ill-founded trees on ω. For α < ω1, by

LT=α, IF=α,WF=α

we denote the sets of trees, ill-founded trees and well-founded trees on ω of Lusin
height α. Analogously we define LT<α, IF<α,WF<α, LT≤α, IF≤α,WF≤α. We cal-
culate the exact Borel complexities of these sets for various values of α using the
notion of Wadge reducibility.

Let A, B be subsets of Polish spaces X and Y respectively and 1 ≤ ξ < ω1. We
write A ∈ Π0

ξ(X) to indicate that A is a Π0
ξ subset of X. We often do not mention

the space X if it is clear from context. We say that A is Wadge reducible to B
if there is a continuous map f : X → Y such that f−1(B) = A. If B is Π0

ξ and A

is Wadge reducible to B, then A is also Π0
ξ . A set B is said to be Π0

ξ-hard if A

is Wadge reducible to B for any A ∈ Π0
ξ(X) where X is a zero-dimensional Polish
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space. We say that B is Π0
ξ-complete if B is in Π0

ξ and is Π0
ξ-hard. By a theorem

of Wadge, if X is a zero-dimensional Polish space, a set A ∈ Π0
ξ(X) is Π0

ξ-complete

if and only if A ∈ Π0
ξ \Σ0

ξ [11, Theorem 22.10]. Additionally, all of the above holds

true when Π0
ξ is interchanged with Σ0

ξ .

Theorem 2.5. For α < ω1 and k ∈ ω,

(i) LT<ωα+k+1 is Π0
2α+2-complete;

(ii) LT=ωα is Π0
2α+2-complete;

(iii) LT=ωα+k+1 is ∆0
2α+3, but it is neither Σ0

2α+2 nor Π0
2α+2. In fact, it is a

difference of two Π0
2α+2 sets.

Let X,Y be Polish spaces and α < ω1. We say that a function f : X → Y is
Σ0
α-measurable if f−1(U) ∈ Σ0

α(X) for every open U ⊆ Y .

Theorem 2.6. For α < ω1 and k ∈ ω, Dωα+k is Σ0
2α+1-measurable and not Σ0

2α-
measurable.

Remark 2.7. Theorem 2.6 is analogous to the main result of [6], where a notion
similar to the Lusin derivative is introduced. Authors of [6] define the derived set
operator on the space of closed subsets of an uncountable, compact metric space
endowed with the Vietoris topology and prove that the α-th iterate of this operator
is Σ0

2α+1-measurable and not Σ0
2α-measurable. We note that in this remark as well

as in the whole paper we adopt the standard notation of Σ0
α and Π0

α sets (used e.g.
in [11]), whereas in [6] a different definition was employed.

2.1. Upper Bounds on Complexity. In this subsection, we calculate the upper
bounds on the complexity of the sets in Theorem 2.5. We start with an auxiliary
lemma.

Lemma 2.8. For any s ∈ ω<ω, k ∈ ω, and 0 < α < ω1,

(i) {T ∈ Tr : s ∈ Dωα(T )} is Π0
2α,

(ii) {T ∈ Tr : s ∈ Dωα+k(T )} is Σ0
2α+1.

Proof. Given s, k and α as in the statement, part (i) implies part (ii) since for any
s,

s ∈ Dωα+k(T ) ⇐⇒ s = ∅ ∨ ∃t ∈ ωk (sat ∈ Dωα(T )).

For α = 1, s ∈ Dω(T ) can be expressed as a Π0
2 condition on T as follows:

s ∈ Dω(T ) ⇐⇒ s ∈
⋂
k

Dk(T ) ⇐⇒ s = ∅ ∨ ∀k∃t ∈ ωk (sat ∈ T ).

For the successor step, suppose (i) holds for some α. Then also (ii) holds for α and
observe that

Dω(α+1)(T ) = Dω(Dωα(T )) =
⋂
k

Dk(Dωα(T )) =
⋂
k

Dωα+k(T ).

So by the inductive hypothesis, s ∈ Dω(α+1)(T ) is a countable intersection of Σ0
2α+1

conditions on T , and hence is Π0
2(α+1), as desired.

Now let λ < ω1 be limit and suppose the statement holds for all α < λ. Then

s ∈ Dωλ(T ) ⇐⇒ s ∈
⋂
β<ωλ

Dβ(T ) ⇐⇒ s ∈
⋂
k

⋂
α<λ

Dωα+k(T ),

and hence s ∈ Dωλ(T ) is a Π0
2λ condition on T . �
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Lemma 2.9. Let α < ω1 and k ∈ ω.

(i) If α is a limit ordinal, then LT<ωα is Σ0
2α.

(ii) If α is a successor ordinal, then LT<ωα is Σ0
2α+1.

(iii) LT<ωα+k+1 is Π0
2α+2.

Proof. First observe that

|T | < ωα+ k + 1 ⇐⇒ ∀s(s /∈ Dωα+k(T ) ∨ s ∈ Dωα+k+1(T )).

So by Lemma 2.8, LT<ωα+k+1 is Π0
2α+2. This proves part (iii).

To prove (i) and (ii), observe that for α > 0,

|T | < ωα ⇐⇒ ∃µ < ωα ∀s(s /∈ Dµ(T ) ∨ s ∈ Dµ+1(T )) (2.1)

and since µ < ωα iff µ = ωα′+m for some α′ < α and m ∈ ω, we can rewrite (2.1)
as

|T | < ωα ⇐⇒ ∃α′ < α ∃m ∈ ω ∀s(s /∈ Dωα′+m(T ) ∨ s ∈ Dωα′+m+1(T )).

So by Lemma 2.8, LT<ωα is a countable union of Π0
2α′+2 sets for α′ < α. So LT<ωα

is Σ0
2α if α is a limit ordinal, and Σ0

2α+1 if α is a successor. �

2.2. Lower Bounds on Complexity. In this subsection, we construct Wadge
reductions from 2ω to Tr (Lemma 2.15). These reductions will be used in the
proof of Theorem 2.5 to show that the upper bounds from Lemma 2.9 are the best
possible. We start by introducing some auxiliary operations on trees.

Definition 2.10. Let S, T ∈ Tr and Tn ∈ Tr for each n ∈ ω.

(i) The tree sum of (Tn), denoted
⊕

n Tn, is the tree consisting of the empty
sequence and of all sequences (n)at with n ∈ ω, t ∈ Tn.

(ii) The tree product of (Tn), denoted
⊗

n Tn, is the tree consisting of the
empty sequence and all sequences s of the form

s = ((t00), (t01, t
1
0), (t02, t

1
1, t

2
0), . . . , (t0m, . . . , t

m
0 )),

where for each n ≤ m, (tn0 , . . . , t
n
m−n) is a non-empty element of Tn. Set

tn = (tn0 , . . . , t
n
m−n) for n ≤ m. We say that the element s of

⊗
n Tn arises

from the sequence (tn)n≤m.
(iii) The join of S and T , denoted S ∨ T , is the tree obtained from the disjoint

union S t T by gluing the roots of S and T . Formally, it is a tree on ω
defined by

S ∨ T = {∅} ∪ {(2ni)i : (ni)i ∈ S} ∪ {(2mi + 1)i : (mi)i ∈ T}.

The sum and join of trees on ω are defined as trees on ω and we will view the
product of trees on ω as a tree on ω by fixing a bijection ω<ω → ω. It follows from
the definition of the topology on Tr that the maps

(T0, T1, . . . ) 7→
⊕
n

Tn,

(T0, T1, . . . ) 7→
⊗
n

Tn,

(S, T ) 7→ S ∨ T,
are continuous.

Our first goal is the computation, in Proposition 2.13, of Lusin heights of
⊕

n Tn
and

⊗
n Tn in terms of Lusin heights of the trees Tn. First, we point out the
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interaction of the infinitary operations above with the operations used to define
Lusin derivatives.

Lemma 2.11. Let Tn, n ∈ ω, be trees. Let α < ω1 be such that, for each ξ < α,
there is no n with Dξ(Tn) consisting of the root only. Then

Dα(
⊕
n

Tn) =
⊕
n

Dα(Tn) and Dα(
⊗
n

Tn) =
⊗
n

Dα(Tn).

Proof. By a direct calculation, we check that if there is no n such that Tn consists
only of the root, then

D(
⊕
n

Tn) =
⊕
n

D(Tn) and D(
⊗
n

Tn) =
⊗
n

D(Tn).

Also directly from the definitions, we see that if T in, i, n ∈ ω, are trees, then⋂
i

(⊕
n

T in
)

=
⊕
n

(⋂
i

T in
)

and
⋂
i

(⊗
n

T in
)

=
⊗
n

(⋂
i

T in
)
.

The conclusion of the lemma follows from the two observations above. �

We now have an auxiliary lemma dealing with the tree product. Note that point
(ii) in this lemma will be superseded by Proposition 2.13(ii), but it is used in the
proof of that proposition. For t ∈ ωn, n ∈ ω, we write

lh(t) = n.

For a tree T and an integer i ∈ Z, let

(T )i = {t ∈ T : lh(t) ≤ max(i, 0)}.
So (T )i is a well-founded subtree of T of finite Lusin height and, for i ≤ 0, (T )i

consists only of the root.

Lemma 2.12. Let Tn, n ∈ ω, be trees.

(i) If, for some m ∈ ω, Tm consists of the root only, then⊗
n

Tn =
⊗
n

(Tn)m−n.

(ii) If Tn is well-founded and |Tn| < ω, for each n ∈ ω, then
⊗

n Tn is well-
founded and ∣∣⊗

n

Tn
∣∣ = min

n

(
|Tn|+ n

)
. (2.2)

Proof. Point (i) follows from the definition of the tree product.
For point (ii), we use the fact that a tree T is well-founded and has finite Lusin

height precisely when the set {lh(t) : t ∈ T} is bounded in ω, in which case

|T | = max{lh(t) : t ∈ T}.
Each element of

⊗
n Tn of length l arises from a sequence (tn)n<l where tn ∈ Tn

and lh(tn) = l−n, that is, l = lh(tn) +n for n < l. Thus, l ≤ |Tn|+n for all n ∈ ω,
which shows that

⊗
n Tn is well-founded and proves ≤ in (2.2).

We now prove ≥ in (2.2). Note that we just proved that
⊗

n Tn is well-founded
and has finite Lusin height. Let l = minn(|Tn| + n). Then, for n < l, there are
tn ∈ Tn such that lh(tn) = l − n. The element of

⊗
n Tn that arises from the

sequence (tn)n<l has length l, which proves the inequality ≥ in (2.2). �
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We now establish the exact relationship between Lusin height and the operations
of tree sums and products.

Proposition 2.13. Let Tn ∈ Tr for each n ∈ ω.

(i) The tree
⊕

n Tn is well-founded if and only if Tn is well-founded for all
n ∈ ω.
If |Tk| < supn |Tn| for each well-founded Tk, then∣∣⊕

n

Tn
∣∣ = sup

n
|Tn|. (2.3)

If |Tk| = supn |Tn| for some well-founded Tk, then∣∣⊕
n

Tn
∣∣ =

(
sup
n
|Tn|

)
+ 1. (2.4)

(ii) The tree
⊗

n Tn is well-founded if and only if there exists n ∈ ω such that
Tn is well-founded.
If Tn is ill-founded for all n ∈ ω, then∣∣⊗

n

Tn
∣∣ = sup

n
|Tn|. (2.5)

If Tn is well-founded for some n, then∣∣⊗
n

Tn
∣∣ = min{|Tn|+ n : Tn well-founded}. (2.6)

Proof. (i) The first statement follows immediately from the definition of tree sums.
Formulas (2.3) and (2.4) follow with some work from the definition and from
Lemma 2.11. We leave the details to the reader.

(ii) Note that for s, s′ ∈
⊗

n Tn, with s, s′ 6= ∅, if s and s′ arise from the sequences
(tn)n<lh(s) and (t′n)n<lh(s′), respectively, then

s ⊆ s′ ⇐⇒
(
tn ⊆ t′n for each n < lh(s)

)
.

It follows from this observation that the tree
⊕

n Tn is ill-founded if and only if
each Tn is ill-founded.

Formula (2.5) follows directly from Lemma 2.11, and the easy to check fact that
if Sn, n ∈ ω, are ill-founded trees, then⊗

n

D(Sn) =
⊗
n

Sn ⇔
(
D(Sn) = Sn for each n

)
.

We prove now formula (2.6). Let T denote the tree
⊕

n Tn. Let α0 < ω1

be smallest among the Lusin heights |Tn| with Tn well-founded. Let n0 ∈ ω be
smallest among n ∈ ω such that Tn is well-founded and |Tn| = α0. Note that for
ξ < α0, for each n ∈ ω, the tree Dξ(Tn) does not consist of the root only. By
Lemma 2.11 and Lemma 2.12(i), we have that

Dα0(T ) = Dα0
(⊗

n

Tn
)

=
⊗
n

Dα0(Tn) =
⊗
n

(
Dα0(Tn)

)n0−n
. (2.7)

Additionally, for ξ < α0, Dξ(T ) does not consist of only the root since

Dξ(T ) =
⊗
n

Dξ(Tn)
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and, as noted above, Dξ(T0) does not consist of only the root. Since, as proved
above, T is well-founded, this observation gives that |T | ≥ α0. This inequality and
(2.7) imply that

|T | = α0 +
∣∣⊗
n

(
Dα0(Tn)

)n0−n∣∣.
The trees

(
Dα0(Tn)

)n0−n
are well-founded and of finite Lusin height for each n ∈ ω,

so, by Lemma 2.12(ii), we have

|T | = α0 + min
n

(∣∣(Dα0(Tn)
)n0−n∣∣+ n

)
. (2.8)

Now, we compute the quantity
∣∣(Dα0(Tn)

)n0−n∣∣+ n, for n ≤ n0, depending on
properties of Tn. If Tn is ill-founded, then Dα0(Tn) is ill-founded, and∣∣(Dα0(Tn)

)n0−n∣∣+ n = (n0 − n) + n = n0.

If Tn is well-founded and |Tn| ≥ α0 +(n0−n), then Dα0(Tn) has elements of length
≥ n0 − n, and again∣∣(Dα0(Tn)

)n0−n∣∣+ n = (n0 − n) + n = n0.

Assume that Tn is well-founded and |Tn| ≤ α0 + (n0− n). Note that n = n0 fulfills
this condition. Then all elements of Dα0(Tn) have length ≤ n0 − n, hence(

Dα0(Tn)
)n0−n

= Dα0(Tn),

which implies∣∣(Dα0(Tn)
)n0−n∣∣+ n =

∣∣Dα0(Tn)
∣∣+ n = |Tn| − α0 + n ≤ n0.

Finally, note also that∣∣(Dα0(Tn)
)n0−n∣∣+ n > n0, for n > n0.

Therefore, by the above analysis and (2.8), we have

|T | = α0 + min{|Tn| − α0 + n : Tn well-founded with n ≤ n0
and |Tn| ≤ α0 + (n0 − n)}

= min{|Tn|+ n : Tn well-founded with n ≤ n0 and |Tn|+ n ≤ α0 + n0}.
(2.9)

Let n1 ∈ ω by such that Tn1 is well-founded and

|Tn1
|+ n1 = min{|Tn|+ n : Tn well-founded}.

Then
α0 ≤ |Tn1

| and |Tn1
|+ n1 ≤ α0 + n0. (2.10)

It follows from (2.10) that
n1 ≤ n0. (2.11)

Now, by (2.9), (2.11), the second inequality in (2.10), and the choice of n1, we get

|T | = |Tn1
|+ n1,

as required. �

Lemma 2.14. Let 0 < α < ω1 and let C ⊆ 2ω be Π0
2α. There is a continuous

function SC : 2ω → Tr such that

x ∈ C =⇒ SC(x) ∈ IF≤ωα, (2.12)

x /∈ C =⇒ SC(x) ∈WF<ωα. (2.13)
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Proof. The proof is by induction on α. For ease of notation, let Φ(α,C, S) abbre-
viate the statement that S : 2ω → Tr is a continuous function which satisfies (2.12)
and (2.13). Given a clopen set D ⊆ 2ω, define PD : 2ω → Tr such that PD(x) is a
tree with a single infinite branch if x ∈ D and PD(x) = {∅} if x /∈ D. Clearly, PD
is continuous for any clopen D. Given C ∈ Π0

2, C =
⋂
i

⋃
j Di,j for some clopen

Di,j ’s. We define

SC(x) =
⊗
i

⊕
j

PDi,j
(x).

The function SC is continuous since
⊕

and
⊗

are continuous from Trω to Tr. To
see that SC satisfies (2.12) and (2.13), first note that by Proposition 2.13(i),

x ∈
⋃
j

Di,j =⇒
⊕
j

PDi,j (x) ∈ IF≤1 (2.14)

and

x /∈
⋃
j

Di,j =⇒
⊕
j

PDi,j (x) ∈WF=1. (2.15)

So if x ∈ C, then SC(x) is a product of trees in IF≤1, and hence SC(x) ∈ IF≤1 by
(2.5). If x /∈ C, then SC(x) is a product of trees in WF=1 and (possibly) in IF≤1,
so SC(x) ∈WF<ω by (2.6). We are done with the case α = 1.

Now suppose the statement holds for some 0 < α < ω1. Let C ∈ Π0
2α+2 and

let Bi,j ∈ Π0
2α be such that C =

⋂
i

⋃
j Bi,j . By the inductive hypothesis there are

continuous functions Si,j which satisfy Φ(α,Bi,j , Si,j) for each i, j ∈ ω. We claim
that if SC : 2ω → Tr is defined by

SC(x) =
⊗
i

⊕
j

Si,j(x),

then Φ(α+ 1, C, SC). The proof is exactly as in the base case. Observe that by the
inductive hypothesis and Proposition 2.13(i),

x ∈
⋃
j

Bi,j =⇒
(
∀j(|Si,j(x)| ≤ ωα)∧∃j(Si,j(x) ∈ IF)

)
=⇒

⊕
j

Si,j(x) ∈ IF≤ωα+1

and

x /∈
⋃
j

Bi,j =⇒ ∀j(Si,j(x) ∈WF<ωα) =⇒
⊕
j

Si,j(x) ∈WF≤ωα.

Then if x ∈ C, SC(x) is a product of trees in IF≤ωα+1, so SC(x) ∈ IF≤ωα+1 by
(2.5) and if x /∈ C, then SC(x) is a product of trees in WF≤ωα and (possibly) in
IF≤ωα+1 hence SC(x) ∈WF<ω(α+1) by (2.6). This proves the successor case.

Let λ be a limit ordinal and C ∈ Π0
λ. For n ∈ ω, let αn < λ and Bn ∈ Π0

2αn
be

such that C =
⋂
nBn. By the inductive hypothesis, for each n, there is Sn : 2ω → Tr

such that Φ(αn, Bn, Sn) holds. We define SC : 2ω → Tr by

SC(x) =
⊗
n

SBn
(x).

If x ∈ C, then for all n we have x ∈ Bn, and so SBn(x) ∈ IF≤ωαn . Hence by
(2.5), SC(x) ∈ IF≤ωλ. If x /∈ C, then there exists n0 such that x /∈ Bn0

, i.e.
SBn0

(x) ∈WF<ωαn0
. Then by (2.6) we have SC ∈WF<ωλ. �
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Lemma 2.15. Let α < ω1 and let A ⊆ 2ω be Π0
2α+2. For any γ ≥ ωα, there is a

continuous function TA : 2ω → Tr such that

x ∈ A =⇒ |TA(x)| = γ, (2.16)

x /∈ A =⇒ |TA(x)| = γ + 1. (2.17)

Proof. Fix α, γ and A as in the statement and first suppose α 6= 0. For i, j ∈ ω,
let Bi,j ∈ Π0

2α be such that A =
⋂
i

⋃
j Bi,j . For ease of notation, let Si,j denote

the function SBi,j gotten from Lemma 2.14. Fix any P ∈ WF=γ . We define
TA : 2ω → Tr by

TA(x) =
⊕
i

(P ∨
⊕
j

Si,j(x)).

TA is continuous since it is the composition of continuous functions. We will prove
that it satisfies (2.16) and (2.17).

Suppose x ∈ A and fix some i ∈ ω. There is j ∈ ω such that x ∈ Bi,j , and hence
Si,j(x) ∈ IF≤ωα by (2.12); and if j′ ∈ ω is such that x /∈ Bi,j′ , then Si,j′(x) ∈
WF<ωα by (2.13). Then Dωα(

⊕
j Si,j) is a non-empty pruned tree, call it Si. We

have
Dγ(P ∨

⊕
j

Si,j) = Dγ(P ) ∨ Si = Si.

Since i ∈ ω was arbitrary, Dγ(TA(x)) =
⊕

i S
i is a pruned tree, and hence |TA(x)| ≤

γ. By Proposition 2.13(i) we have |TA(x)| ≥ |P |, so |TA(x)| = γ.
On the other hand, if x /∈ A, then there is some i ∈ ω such that for every j ∈ ω,

x /∈ Bi,j , and hence Si,j(x) ∈WF<ωα by (2.13). Then

Dγ(
⊕
j

Si,j(x)) = {∅}.

By the fact that |P | = γ, we have that Dξ(P ∨
⊕

j Si,j(x)) 6= {∅} for all ξ < γ and

Dγ(P ∨
⊕

j Si,j(x)) = {∅}. Then by Lemma 2.11, Dγ(TA(x)) =
⊕

i{∅}. Clearly

Dγ(TA(x)) 6= {∅} = Dγ+1(TA(x)) = Dγ+2(TA(x)),

so |TA(x)| = γ + 1, as desired.
Finally, if α = 0, then for i, j ∈ ω let Di,j ’s be clopen sets such that A =⋂
i

⋃
j Di,j . Let PDi,j

be defined as in the proof of Lemma 2.14. Define TA by

TA(x) =
⊕

i(P ∨
⊕

j PDi,j (x)). Then one can prove that TA satisfies the desired

properties by the same argument as above using (2.14) and (2.15). �

2.3. Proofs of Theorems 2.5 and 2.6.

Proof of Theorem 2.5. Given α < ω1 and k ∈ ω, let γ = ωα + k. Lemma 2.15
implies that LT<ωα+k+1 and LT=ωα+k are Π0

2α+2-hard, and that LT=ωα+k+1 is
Σ0

2α+2-hard. Then by Lemma 2.9 we have that LT<ωα+k+1 and LT=ωα = LT<ωα+1∩
(¬LT<ωα) are Π0

2α+2-complete. Taking γ = ωα + k + 1, Lemma 2.15 implies that
LT=ωα+k+1 is Π0

2α+2-hard. Thus LT=ωα+k+1 is neither Σ0
2α+2 nor Π0

2α+2, it is a
difference of two Π0

2α+2 sets by Lemma 2.9(iii). �

Proof of Theorem 2.6. The function Dωα+k is Σ0
2α+1-measurable by Lemma 2.8(ii).

That it is not Σ0
2α-measurable follows from Theorem 2.5(i) and the fact that

LT<ωα+k+1 is the preimage under Dωα+k of the Π0
2 set

{T ∈ Tr : ∀t ∈ T ∃n ∈ ω (ta(n) ∈ T )} ∪ {∅}. �
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Remark 2.16. Theorems 2.5 and 2.6 remain true if we take Zafrany’s definition of
the Lusin derivative [14, Definition 6.1]. To see this, first observe that in this case
the same proofs work for Lemma 2.8 and Lemma 2.9 that are used to calculate
upper estimates of the complexity. Moreover, for each α < ω1 joining a single
infinite branch with a tree is a Wadge reduction from LT=α defined using our
formula (1.1) to the set LT=α defined using Zafrany’s definition [14, Definition 6.1],
so the latter set is not simpler than the former one.

3. Application to idealistic equivalence relations

3.1. Countable Abelian p-groups. By ∼= we denote the isomorphism relation of
groups. Fix a prime p. We say that an abelian group H is a p-group if for every
h ∈ H there is n ∈ ω with pnh = 0. We say that H is divisible if for every h ∈ H
and n ∈ ω there is h′ ∈ H with nh′ = h. We say that H is reduced if H has no
nontrivial divisible subgroups. By [9, Theorem 3], for every abelian p-group H we
have H ∼= Red(H) ⊕ Div(H), where Div(H) is the maximal divisible subgroup of
H and Red(H) = H/Div(H) is reduced. The group Div(H) is isomorphic to the
direct sum Z(p∞)(n) of n copies of the Prüfer p-group for some n ∈ ω+ 1. We refer
to n as the rank of the maximal divisible subgroup of H.

Define a transfinite sequence (pαH)α<ω1
of subgroups of H by setting

p0H = H,

pα+1H = p(pαH),

pαH =
⋂
ξ<α

pξH if α is a limit ordinal.

If H is countable, then there is τ < ω1 with pτH = pτ+1H (and then also pτH =
Div(H)). Such τ is called the Ulm length of H, and we will denote it by l(H).
For any abelian p-group H, we define H[p] = {h ∈ H : ph = 0}. For an ordinal
α < ω1, we define the α-th Ulm invariant Uα(H) ∈ ω ∪ {∞} by

Uα(H) = dimZp
((pαH)[p]/(pα+1H)[p]).

The sequence (Uα(H))α<ω1
is called the Ulm sequence of H. Note that Uα(H) =

0 for α ≥ l(H) and that Uα(H) = Uα(Red(H)) for α < ω1.
Ulm’s theorem [9, Theorem 14] states that two countable reduced abelian p-

groups are isomorphic if and only if their Ulm sequences are equal. Consequently,
two countable abelian p-groups are isomorphic if and only if their Ulm sequences
are equal and their maximal divisible subgroups have the same rank.

3.2. The Relation FB. Let L = {+} be a relational language. For x ∈ XL =
2ω×ω×ω, let Hx denote the L-structure encoded by x, i.e., Hx = (ω,+x), where

k +x m = n ⇐⇒ x(k,m, n) = 1.

Let T be the theory of abelian p-groups.

Definition 3.1. Let Mod(T ) be topologized as a subspace of XL. Define FB on
Mod(T ) by

xFBy ⇐⇒ Red(Hx) ∼= Red(Hy).

There is a continuous map θ : Mod(T ) ×Mod(T ) → Mod(T ) such that for all
x, y ∈ Mod(T )

Hθ(x,y) = Hx ⊕Hy.
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Indeed, we first define a group operation on ω2 by

(n,m) +θ(x,y) (k, l) = (n+x k,m+y l),

and then we transfer this operation back to ω by a fixed bijection ϕ : ω → ω2.
We proceed by proving some properties of FB, following the arguments from [2].

Proposition 3.2. (i) Mod(T ) is an ∼=-invariant Gδ subset of XL.
(ii) The relation FB is Borel reducible to ∼=L (the isomorphism relation of count-

able L-structures), and hence FB is an analytic equivalence relation all of
whose equivalence classes are Borel.

(iii) The relation FB is idealistic.

Proof. (i) Note that for an abelian group axioms of existence of the neutral
element and of inverse elements can be replaced by an axiom ∀a∀b∃x(ax =
b). So the conclusion follows from counting quantifiers.

(ii) First note that

xFBy ⇐⇒ Hx ⊕ Z(p∞)(ω) ∼= Hy ⊕ Z(p∞)(ω).

Pick y such that Hy
∼= Z(p∞)(ω). Then θ(·, y) : Mod(T )→ Mod(T ) is the

desired Borel (even continuous) reduction from FB to ∼=L, and the rest of
part (ii) follows from the fact that ∼=L is an analytic equivalence relation
with Borel equivalence classes.

(iii) Note that for y as above, θ(·, y) : Mod(T )→ Mod(T ) defined above selects
an ∼=L-equivalence class within every FB-equivalence class in the sense that

xFBz =⇒ θ(x, y) ∼=L θ(z, y)

and
xFBθ(x, y).

Then, since ∼=L is idealistic as an orbit equivalence relation, FB ⊇∼=L, and
θ(·, y) is continuous, we can apply [4, Proposition 2.4]. �

Now we give the original definition of Becker’s equivalence relation EB and prove
that it is classwise Borel isomorphic to FB.

Definition 3.3. Let L̃ = L ∪ {a0, a1, . . . }, where {a0, a1, . . . } is a countable set

of constant symbols. Enumerate the p-group Z(p∞)(ω) = {a0, a1, . . . } and let T̃ =
T ∪ DiagL̃

(
Z(p∞)(ω)

)
, where DiagL̃

(
Z(p∞)(ω)

)
denotes the atomic diagram of

Z(p∞)(ω) as an L̃-structure. The relation EB is defined on Mod(T̃ ) ⊆ 2ω×ω×ω×ωω
by

(x, c)EB(y, d) ⇐⇒ x ∼=L y.

Proposition 3.4. Relations FB and EB are classwise Borel isomorphic. In partic-
ular, FB and EB are Borel bireducible.

Proof. Define y ∈ Mod(T ) by y(n,m, k) = 1 ⇔ an + am = ak. For x ∈ Mod(T ),
let e(x) ∈ ω be the neutral element of Hx. We let cn(x) = ϕ−1(e(x), n). Then
the assignment an 7→ cn(x), n ∈ ω is an isomorphism. Therefore (θ(x, y), (cn)) ∈
Mod(T̃ ). Observe that for x, z ∈ Mod(T )

xFBz ⇐⇒ (θ(x, y), (cn(x)))EB(θ(z, y), (cn(z)))

and for (x, c), (z, d) ∈ Mod(T̃ )

(x, c)EB(z, d) ⇐⇒ x ∼=L z ⇐⇒ xFBz.
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It follows that the maps

x 7→ (θ(x, y), (cn(x))),

(x, c) 7→ x

are Borel (even continuous) reductions, and it is straightforward to check that their
factorings witness the classwise Borel isomorphism of FB and EB. �

3.3. Main Theorem. We say that E is classwise Borel embeddable into F if
there is a Borel F -invariant subset A ⊆ Y such that E is classwise Borel isomorphic
to F � A.

Theorem 3.5. Relations EB and FB are not classwise Borel embeddable into an
orbit equivalence relation.

By Proposition 3.4 it suffices to prove Theorem 3.5 for FB, which follows imme-
diately from combining Lemmas 3.6, 3.7, and 3.8.

The general Lemma 3.6 below is isolated from arguments of Becker [2] and
Calderoni and Motto Ros [4]. The relation of eventual equality on 2ω, denoted by
E0, is defined by

xE0y ⇐⇒ ∃k∀n ≥ k (x(n) = y(n)).

Lemma 3.6. Let X be a Polish space and F be an equivalence relation on X.
Assume that

(i) E0 6≤B F ;
(ii) for uncountably many limit ordinals β < ω1, there is a non-empty Π0

β+1

F -invariant set Y (β) with no Π0
β+1 F -class in Y (β).

Then F is not classwise Borel embeddable into any orbit equivalence relation.

The following two lemmas concern the equivalence relation FB.

Lemma 3.7. E0 6≤B FB.

Lemma 3.8. For uncountably many limit ordinals β < ω1, there is a non-empty
Π0
β+1 FB-invariant set Y (β) with no Π0

β+1 FB-class in Y (β).

Lemmas 3.6 and 3.7 are proved in Subsections 3.4 and 3.5, respectively. Lemma 3.8
is proved in Subsection 3.6; in fact, we prove a more explicit version of this result
as Lemma 3.14.

Remark 3.9. Denote by WO the set of all well-orders on ω and let X ⊆ 2ω be a
Polish space. We say that an assignment f : X → 2<ω1 is C-measurable in the
codes if there exists a map f∗ : X → WOω such that f∗ is C-measurable (i.e.,
measurable with respect to the smallest σ-algebra that contains all Borel sets and
is closed under the Souslin operation) and for x ∈ X

f(x) = {type(f∗(x)(n)) : n ∈ ω},

where for w ∈WO, type(w) is the countable ordinal isomorphic to w.
Consider the following condition on an equivalence relation F on a Polish space

X:

(i’) There exists a map f : X → 2<ω1 which is C-measurable in the codes and
such that xFy ⇔ f(x) = f(y).
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An Ulm sequence (Uα(H)) of a countable abelian p-group H takes values in
ω ∪ {∞} and is eventually zero. Given an Ulm sequence (Uα(H)) we can de-
fine (U ′α(H)) ∈ 2<ω1 in the following way: for countable β we let U ′ωβ(H) = 1

if Uβ(H) = ∞ and for n > 0, U ′ωβ+n(H) = 1 if Uβ(H) = n − 1. The map

x 7→ Ulm(x) = (U ′α(Hx)) satisfies condition (i’) with X = Mod(T ) and F = FB,
therefore (using [3, Theorem 3.4.4]) we can prove a version of Lemma 3.6 with (i) re-
placed by (i’) and apply it to prove Theorem 3.5. To see that the map x 7→ Ulm(x)
is C-measurable in the codes, let us define Ulm∗ : Mod(T ) → WOω. For a count-
able abelian p-group H and h ∈ H, we define the height of h in H (denoted by
htH(h)) as the unique α < ω1 with h ∈ pαH \ pα+1H if it exists and ∞ otherwise
(we set α < ∞ for any ordinal α). This gives us a preordering ≤x on ω for each
x ∈ Mod(T )

n ≤x m ⇐⇒ htHx(n) ≤ htHx(m).

Fix a well-order ≺ of ω × ω such that type(≺) = ω. For each α < l(Hx), we let
m(α) ∈ ω be minimal (with respect to the natural order) such that htHx(m(α)) = α.
Then we define

Vx = {(m(α), k) : α < l(Hx) ∧ U ′ωα+k(Hx) = 1}

and let {(mn, kn)}n∈ω be a ≺-increasing enumeration of Vx. Note that the order ≤x
restricted to {m(α) : α < htHx(mn)} is a well-order of type htHx(mn). We define
Ulm∗(x)(n) to be a well-order of ω of type ω htHx(mn) + kn obtained from Vx and
≤x in a continuous way. The main part of proving that Ulm∗ is a C-measurable
assignment is showing that x 7→≤x is C-measurable, which is done by constructing
a continuous reduction (x, n) 7→ T (x, n) ∈ Tr such that

htHx
(n) ≤ htHx

(m) ⇐⇒ |T (x, n)| ≤ |T (x,m)|.

A similar argument is used in the proof of Lemma 3.11. We skip the details here.
This remark corresponds to the Glimm–Effros-type dichotomy which states that

conditions (i) and (i’) are equivalent if F is an orbit equivalence relation [3, Theorem
3.4.4]. Note however that FB is not an orbit equivalence relation by Theorem 3.5. It
should also be noted that in the statement of the dichotomy, condition ”E0 6≤B F” is
replaced by ”E0 6vc F” (where the latter means ”there is no continuous embedding
of E0 into F”), but those are equivalent for any F . Indeed, if f : 2ω → X witnesses
E0 ≤B F , then it also witnesses E0 ≤B F ′, where F ′ = (f×f)(E0)∪{(x, x) : x ∈ X}
is Borel, and by applying Harrington–Kechris–Louveau dichotomy [8, Theorem 1.1]
we then have E0 vc F ′, and so also E0 vc F .

3.4. Proof of Lemma 3.6. Before we proceed to prove Lemma 3.6, we prove the
following simple fact about Σ0

α-measurable functions. The proof is the same as in
[4, Proof of Lemma 3.13], but we include it here for the sake of completeness.

Lemma 3.10. Let X,Y be Polish spaces, α < ω1 and f : X → Y be a Σ0
α-

measurable function. For every β ≥ αω, f−1(A) ∈ Σ0
β(X) whenever A ∈ Σ0

β(Y ).

Proof. First, we inductively prove that, for each γ < ω1,

A ∈ Σ0
1+γ(Y ) =⇒ f−1(A) ∈ Σ0

α+γ(X). (3.1)

For γ = 0, (3.1) follows from f being Σ0
α-measurable. Fix some γ < ω1 and assume

that (3.1) holds for all δ < γ. Let A ∈ Σ0
1+γ(Y ). Then for some Bn ∈ Σ0

1+γn(Y ),
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n ∈ ω, with γn < γ, we have

A =
⋃
n

(
Y \Bn

)
.

Then

f−1(A) =
⋃
n

(
X \ f−1(Bn)

)
,

which is, by the inductive hypothesis, in Σ0
α+γ(X), and (3.1) is proved.

By (3.1), given n ∈ ω, if A ∈ Σ0
1+αn(Y ), then

f−1(A) ∈ Σ0
α+αn(X) = Σ0

α(n+1)(X).

In particular, f−1(A) ∈ Σ0
αω(X) for A ∈ Σ0

αω(Y ), so the lemma holds for β = αω.
We proceed inductively. Assume that the lemma holds for all δ < ω1 such that
αω ≤ δ < β. Let A ∈ Σ0

β(Y ). Then for some Bn ∈ Σ0
βn

(Y ), n ∈ ω, with
αω ≤ βn < β, we have

A =
⋃
n

(
Y \Bn

)
.

Then

f−1(A) =
⋃
n

(
X \ f−1(Bn)

)
,

which is in Σ0
β(X) by the inductive hypothesis. �

Proof of Lemma 3.6. Suppose towards a contradiction that there is a relation E
induced by a Borel action of a Polish group on a standard Borel space Z and a
classwise Borel embedding f : X → Z of F into E with a classwise Borel inverse
g : [f(X)]E → X, where [f(X)]E is the E-saturation of f(X). Since [f(X)]E is
E-invariant and, by the definition of classwise Borel embeddability, Borel, we can
assume without loss of generality that Z = [f(X)]E . By [3, 5.2.1 Theorem] we can
further assume without loss of generality that Z is a Polish space and E is induced
by a continuous action.

Since both f and g are Borel functions, there is α < ω1 such that f, g are Σ0
α-

measurable. By Lemma 3.10, for every γ ≥ αω and A ∈ Σ0
γ(Z), f−1(A) ∈ Σ0

γ(X)

and for all B ∈ Σ0
γ(X), g−1(B) ∈ Σ0

γ(Z).

By assumption (ii), there is a limit β ≥ αω and a non-empty Π0
β+1 F -invariant

set Y (β) ⊂ X with no Π0
β+1 F -classes in Y (β). Then g−1(Y (β)) is a non-empty

Π0
β+1 E-invariant subset of Z. Observe that E0 6≤B E � g−1(Y (β)), since otherwise

we would have E0 ≤B E ≤B F , (where g witnesses E ≤B F ), which contradicts
assumption (i). Therefore by [3, Corollary 5.1.10] there is a Π0

β+1 E-class A ⊆
g−1(Y (β)). Then f−1(A) is a Π0

β+1 F -class in Y (β), a contradiction. �

3.5. Proof of Lemma 3.7. To prove Lemma 3.7 we need Lemma 3.11, in which the
following relationship between p-groups and trees is employed. For x ∈ Mod(T )
which encodes a p-group Hx = (ω,+x), we define a tree Tree(x) on ω in the
following way: (n) ∈ Tree(x) if and only if order on n in Hx is equal to p; further,
if (n0, . . . , nk) ∈ Tree(x) and for some n, pn = nk, then (n0, . . . , nk, n) ∈ Tree(x).
The assignment x 7→ Tree(x) is continuous and for all x ∈ Mod(T )

l(Hx) = |Tree(x)|. (3.2)
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Moreover, it is clear that Tree(x) is well-founded if and only if Hx is reduced. To
prove (3.2), we show that for all α < ω1 and all (n0, . . . , nk) ∈ Tree(x)

ρTree(x)(n0, . . . , nk) ≥ α⇔ nk ∈ pαHx. (3.3)

Equivalence (3.3) clearly holds for α = 0. Let α < ω1 and assume that (3.3) holds
for all γ < α. Let t = (n0, . . . , nk) ∈ Tree(x) and assume that ρTree(x)(t) ≥ α. Let

γ < α. There is n ∈ ω with ρTree(x)(t
a(n)) ≥ γ. Then, by the inductive hypothesis,

n ∈ pγHx. Therefore, nk = pn ∈ pγ+1Hx. Since γ < α was arbitrary, nk ∈ pαHx.
The converse implication is proved analogously.

For a function h : X → Y , we define h× h : X ×X → Y × Y by

(h× h)(x, x′) = (h(x), h(x′)). (3.4)

Lemma 3.11. Let f : 2ω → Mod(T ) be a Borel function. There is ξ < ω1 such
that the set

{x ∈ 2ω : l(Hf(x)) < ξ}
is comeager.

Proof. Let Un, n ∈ ω be a clopen basis of 2ω. If we show that the set

≤l = {(x, y) ∈ 2ω × 2ω : l(Hf(x)) ≤ l(Hf(y))}

has the Baire property, then for every n by [11, Exercise 8.49] there is ξn < ω1 with

{x ∈ Un : l(Hf(x)) < ξn}

non-meager and we can take ξ = supn ξn. To show that ≤l has the Baire property,
observe that

≤l= (h× h)−1({(S, T ) ∈ Tr× Tr : |S| ≤ |T |}),
where h(x) = Tree(f(x)), and for S, T ∈ Tr, |S| ≤ |T | is equivalent to

∀s
(
(s ∈ S ∧ s 6= ∅ ∧ Ss ∈WF) =⇒ ∃t(t ∈ T ∧ t 6= ∅ ∧ Tt ∈WF ∧ |Ss| ≤ |Tt|)

)
,

which is a Baire measurable condition on (S, T ) since T 7→ |T | is a Π1
1 rank on

WF. �

Proof of Lemma 3.7. Suppose towards a contradiction that f : 2ω → Mod(T ) is a
Borel reduction witnessing E0 ≤B FB. Then by Lemma 3.11 there is ξ < ω1 with

{x ∈ 2ω : l(Hf(x)) < ξ}

comeager. For α < ξ and n ∈ ω ∪ {∞}, the sets

{x ∈ 2ω : Uα(Hf(x)) = n}

are preimages under Borel function f of sets defined by Lω1,ω-formulas [1, Lemma
2.2] and therefore, by [11, Proposition 16.7], these sets are Borel. Since they are
also E0-invariant, by the second topological 0-1 law [11, Theorem 8.47], for each
α < ξ there is nα such that

{x ∈ 2ω : Uα(Hf(x)) = nα}

is comeager. Therefore the set

{x ∈ 2ω : l(Hf(x)) < ξ ∧ ∀α < ξ (Uα(Hf(x)) = nα)}

is comeager as a countable intersection of comeager sets. However, this is a single
E0-class, so it is a countable set, a contradiction. �
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3.6. Proof of Lemma 3.8. In this subsection we prove an explicit version of
Lemma 3.8, namely Lemma 3.14. We first recall a standard way of associating a p-
group G(T ) to a tree T : G(T ) is the free abelian group generated by the elements of
T modulo the words ∅ and ps−t for all s, t ∈ T , where t is an immediate predecessor
of s. Here ps denotes the sum s + · · · + s with p-many s’s. This assignment can
be formalized by a continuous function g : Tr→ Mod(T ) satisfying Hg(T )

∼= G(T )
for any T ∈ Tr. With this in mind, for s ∈ T we denote by ps the immediate
predecessor of s in T for s 6= ∅, and we let p∅ = ∅.

Lemma 3.12. For T ∈ Tr and α < ω1 we have l(G(T )) = |T |.

Proof. This follows from the fact that G(Dα(T )) ∼= pα(G(T )) for all ordinals α,
which can be proved by induction on α by using [7, (3.4) and (3.5)]. �

Lemma 3.13. For every ordinal α < ω1 and k ∈ ω, the sets

Aωα+k = {x ∈ Mod(T ) : l(Hx) = ωα+ k},

Kωα+k = {x ∈ Aωα+k : ∀ξ < ωα+ k (Uξ(Hx) =∞)}
are Π0

2α+2-hard.

Proof. By Lemma 3.12 we have that g−1(Aωα+k) = LT=ωα+k. It follows from parts
(ii) and (iii) of Theorem 2.5 that Aωα+k is Π0

2α+2-hard.
An easy calculation shows that for two countable abelian p-groups H1 and H2,

we have

l(H1 ⊕H2) = max{l(H1), l(H2)} (3.5)

and

Uξ(H1 ⊕H2) = Uξ(H1) + Uξ(H2) (3.6)

for ξ < ω1. Moreover, it follows from [1, Theorem 4.1] that Kγ 6= ∅ for any γ < ω1.
Take y ∈ Kωα+k. Recall that θ : Mod(T )2 → Mod(T ) is a continuous function
such that Hθ(x,y)

∼= Hx ⊕Hy. By Lemma 3.12, (3.5), and (3.6) we have

|T | ≤ ωα+ k ⇐⇒ l(g(T )) ≤ ωα+ k ⇐⇒ θ(g(T ), y) ∈ Kωα+k.

Therefore, by Theorem 2.5(i), and the continuity of g and θ, Kωα+k is Π0
2α+2-

hard. �

Lemma 3.14. Let β < ω1 be such that β = ωβ and let

Y (β) = {x ∈ Mod(T ) : l(Hx) ≥ β ∧ ∀α < β (Uα(Hx) =∞)}.

Then

(i) Y (β) is a non-empty Π0
β+1 FB-invariant set,

(ii) every FB-class contained in Y (β) is Π0
β+2-hard.

Proof. The set Y (β) is non-empty by [1, Theorem 4.1], and it clearly is FB-invariant.
To finish proof of part (i) we will show that Y (β) is actually Π0

β . Indeed, observe

that for fixed α < ω1 and k, n ∈ ω, n ∈ pωα+kHx is a Σ0
2α+1 condition on x by

an easy calculation as in the proof of Lemma 2.8. Therefore, l(Hx) ≥ β, which is
equivalent to

∀ξ < β ∃n ∈ ω (n ∈ pξHx \ pξ+1Hx),
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is a Π0
β condition for a limit ordinal β < ω1. Furthermore, note that for fixed

α < ω1 and N ∈ ω the condition Uα(Hx) ≥ N is equivalent to

∃n1, . . . , nN
(
ni ∈ pαHx ∧ pni = e(x) for each i

and no non-trivial linear combination of n1, . . . , nN is in pα+1Hx

)
,

where e(x) is the neutral element of Hx. So by the previous observations the
condition

∀α < β (Uα(Hx) =∞)

is also a Π0
β condition for limit β < ω1.

For part (ii), fix some FB-class C contained in Y (β). Every element of C codes
a group of the same Ulm sequence (Uα)α<ω1 with Ulm length λ for some λ < ω1.

If Uα = ∞ for all α < λ, then C = Kλ. Note that for λ = ωαλ + kλ, where
kλ ∈ ω, since λ ≥ β and β = ωβ, we have αλ ≥ β. Therefore C is Π0

β+2-hard by
Lemma 3.13.

Otherwise, let γ < λ be the least ordinal such that Uγ <∞. Fix A ∈ Π0
β+2(2ω).

Let TA be the function from Lemma 2.15 with α = β and note that γ ≥ β = ωβ
by definition of Y (β). So we have

x ∈ A =⇒ |TA(x)| = γ,

x /∈ A =⇒ |TA(x)| = γ + 1.

Now set f(x) = g(TA(x)) and pick any y ∈ C. It suffices to show that

x ∈ A ⇐⇒ θ(f(x), y) ∈ C. (3.7)

To see (3.7), suppose first that x ∈ A. Then by Lemma 3.12 we have l(Hf(x)) =
|TA(x)|. So l(Hf(x)) = γ < l(Hy), and hence l(Hθ(f(x),y)) = l(Hy) by (3.5).
Using (3.6) we get that Uα(Hf(x) ⊕ Hy) = Uα(Hy) since Uα(Hy) = ∞ if α < γ
and Uα(Hf(x)) = 0 if α ≥ γ. It follows from Ulm’s theorem that Red(Hy) ∼=
Red(Hθ(f(x),y)) and therefore θ(f(x), y) ∈ C.

Now suppose x /∈ A. Then l(Hf(x)) = |TA(x)| = γ + 1. We claim that for any
countable abelian p-group H, if l(H) = γ + 1 then Uγ(H) 6= 0. Indeed, this is easy
to see from the definition of Uγ if H is reduced. Since H ∼= Red(H)⊕Div(H), the
conclusion follows from (3.6). So we have that Uγ(Hf(x)) 6= 0. Then again by (3.6),
Uγ(Hθ(f(x),y)) = Uγ(Hf(x)) + Uγ(Hy) > Uγ(Hy) since Uγ(Hy) < ∞. Therefore,
Red(Hθ(f(x),y)) 6∼= Red(Hy) and so θ(f(x), y) /∈ C, as desired. �
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