THE SPECTRAL FORM OF KOOPMAN REPRESENTATIONS
OF THE GROUP OF MEASURABLE FUNCTIONS
WITH VALUES IN THE CIRCLE

JUSTIN TATCH MOORE AND SLAWOMIR SOLECKI

ABSTRACT. We compute the spectral form of the Koopman representation in-
duced by a natural boolean action of L°(\, T) identified earlier by the authors.
Our computation establishes the sharpness of the constraints on spectral forms
of Koopman representations of L°(\, T) previously found by the second author.

1. INTRODUCTION

Broadly speaking, this paper is about unitary representations of a specific non-
locally compact topological group: L°(\, T). This group consists of all \-measurable
functions from the Cantor set 2 = {0,1}" to T equipped with the operation of
point-wise multiplication and the topology of convergence in measure. Here A is
the countable power of the uniform measure on {0,1} and T := {z € C | |z| = 1}.

The group L°()\,T) is an important example in topological dynamics — it is
both an extremely amenable group [2] and the simplest example of a Polish group
whose boolean ergodic actions are not point realized [3]. The underlying cause of
both phenomena is it being a Lévy group. It occurs naturally as the closed group
generated by a generic unitary operator [6] and as the closed group generated by
Gaussian transformations [5].

It was proved in [8, Theorem 2.1] that all unitary representations of L°(\,T)
have a specific form, which we call the spectral form of the representation. In the
present paper, we consider a natural, concretely described boolean ergodic action
of LY\, T). It was defined in [7] to give an example of a boolean action of the
subgroup C(2Y, T) of L°(\, T) that does not have a point realization. We recall the
definition of this action in Section 2.2. Our main result, Theorem 2 of Section 2.3,
explicitly computes the spectral form of the Koopman representation induced by
this action.

In [9, Theorem 5.1], a constraint on the spectral forms of Koopman representa-
tions of L(\, T) was found. This restriction can be violated in the spectral forms of
arbitrary unitary representations of LY(\, T). The additional constraint was the key
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ingredient in proving that the closed group generated by a generic measure preserv-
ing transformation is not isomorphic to L°(\, T) [9, Theorem 1.1]. Our Theorem 2
shows that the constraint from [9, Theorem 5.1] is essentially strongest possible.

The method of computing the spectral form of a boolean action of L°(\,T)
presented in this paper is, obviously, not unique. In reaction to our paper, it was
pointed out to us that the spectral form of another boolean action of L°(\, T) can
be determined with the use of methods coming from [5, pp. 260-262 and 269-271]
and the proof of [2, Theorem 1.3].

This paper is organized as follows. Section 2 reviews the terminology and results
of [8] and spells out what is meant by the spectral form of a representation of
L°(\,T). Tt also recalls the definition of the Boolean action of L°(), T) of [7]. The
proof of Theorem 2 is contained in Section 3. In Section 4 we recall the constraint
from [9] noted above and explain its sharpness, which follows from Theorem 2.

2. BACKGROUND AND THE STATEMENT OF THE MAIN THEOREM

We fix a few notational conventions. We will use N to denote the positive integers.
All counting and indexing will start at 1 except when otherwise specified. The
letters ¢, 7, k,1,m,n,p,q will be used to denote elements of Z. If n > 0, we will
write 2™ to denote the collection of all binary sequences of length n. If s € 2", s;
will denote the ith member of the sequence s, recalling our convention that indexing
starts with 1. If s,t € 2™, st will denote concatenation of s and ¢. The collection
of all finite binary sequences, including the null sequence, will be denoted by .
We will write Z* to denote the set of all nonzero integers, regarded as a semigroup
with the operation of multiplication. Furthermore, N[Z*] will denote the collection
of all functions whose domain is a non-empty finite subset of Z* and whose values
are in N. Unless stated otherwise, z and y will denote elements of N[Z*].

2.1. The spectral form of unitary representations of L°(\, T). The following
result from [8] describes the form of an arbitrary unitary representation of L°(\, T).
We state the result first and then define the notation and terminology needed to
understand its statement.

Theorem 1 ([8]). Let &: LO(\, T) — U(H) be a unitary representation on a sepa-
rable Hilbert space H. Let Hy be the orthogonal complement of the subspace of H
consisting of vectors fized by the representation. Then & restricted to Hy is isomor-
phic to the (?-sum over x € N[Z*] and j € N of the representations Py associated
to a sequence of finite measures pl, indexved by x € N[Z*] and j € N such that, for
each x and j:

o i is compatible with x;

o it < pl.
The measures i, are uniquely determined up to mutual absolute continuity.

The ¢?-sum satisfying the conclusion of Theorem 1 is called the spectral form
of the representation . The spectral form determines the representation £ on
Hy up to isomorphism. Moreover, the spectral form is determined by the sequence
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of measures (yi7,), j, which we call the sequence of measures determining the
spectral form.

We now turn to the task of setting up the terminology and notation used in
Theorem 1. For x € N[Z*], we write

D(z) :={(k,i) | k € dom(x), 0 < i< x(k)}
C, ::(QN)D(;C).

Define . ;: Cp — 2N, for (k,i) € D(z), to be the projection from C, onto coordi-
nate (k,1).

For z € N[Z*], a permutation § of D(x) is called good if, for each (k,i) € D(z),
d(k,i) = (k,j) for some j. Each good permutation ¢ induces a homeomorphism 5
of C, = (2Y)P®) by permuting coordinates

5 (k,i) (g(oz)) = my,i(a), for all a € C and (k,i) € D(z).

We call such homeomorphisms 5 good homeomorphisms of C,.
Let € N[Z*] and let u be a finite Borel measure on C,. We say that p is
compatible with z if

(i) the marginal measures (7 ;)«(1) of u on 2N are absolutely continuous with
respect to A for each (k,i) € D(x);
(ii) p is invariant under good homeomorphisms of Cy;
(iii) all sets of the form {« € Cy | Tk () = mir i ()}, for distinet (k, 1), (ki) €
D(z), have measure zero with respect to .
Condition (i) is needed for representations as in (1) below to be well defined, while
conditions (ii) and (iii) ensure uniqueness in Theorem 1.
Let x € N[Z*] and fix a measure p, which is compatible with z. Define a
homomorphism R, : L°(\,T) — L%(u., T) by

Ro(¢):= [ (¢om)t

(k,i)eD(x)

Since ¢ is a measure class of functions with respect to A and p, is compatible with
z, R, (¢) determines a measure class of functions with respect to .

By [8], for all ¢ € L°(\, T) the function R, (¢) is invariant under all good home-
omorphisms of C,. Define Zé(/im) to be the closed subspace of L?(p,) consisting
of all (equivalence classes of) functions invariant under good homeomorphisms of
C,. Since R;(¢) is invariant under all good homeomorphisms of C,, we have that
for all f € E(ﬂm), the product R, (¢)f is an element of Eé(um) Let p,,, (¢) be the

multiplication operator on L?(u,) given by

(1) P (D) = Ro(9)f, for f € L2 (o).

It is easy to check that p,_(¢) is a unitary operator on L2 (1) and that
pun: LOONT) = U(L2 (1))

is a unitary representation of L°(u,, T).
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2.2. The boolean action of L°()\,T). We will now recall some notation and
definitions from [7]. We will use 7 to denote the probability measure on C such
that the real and imaginary components of v are independent Gaussian random
variables with mean 0 and variance 1/2—giving a probability density function of
(1/me —2"=v"  Observe that ~ is invariant under the action of T on C.

Recall that if k& > 0, 2* denotes the set of all binary sequences of length k and
3. denotes the set of all finite binary sequences. Define X}, := c?* equipped with
the product measure 7, obtained by equipping each coordinate with . Set

f(s0) + f(sl)}
V2
and for each s € 3, let z,: Xoo — C denote the evaluation function f — f(s). The
measure Yo, on X, is the unique measure which, for each k, pushes forward to v
via the restriction map f +— f | 2*
Observe that for each k > 0, {z; | s € 2*} is both an orthonormal family
in L?(y;) and a mutually independent family of identically distributed random
variables. We also note that for any n > 0, s,t € 2" and k,m > 0:

Xoo :={feC®|VseX f(s)=

m! ifs=tand k=m
(2) / I Ay =4 1 itk=m=0
Koo 0 otherwise

When k£ = m and s = ¢, this reduces to the calculation

27
// 2y de dy = — / d0/ 2Lt gr

oo
= / u™e " du = ml.
0

If s =t but k # m, then the integral is a multiple of fo% elk=m)if dp = 0 and if
s # t, the independence of the random variables z; and z; implies

/zzt d%o—/ Zfd%o-/ 2 dyso
X X X

which can then be evaluated as in the previous cases with one or both exponents
replaced by 0.

Next we will recall the boolean action of L°(\,T) on (Xs,Veo). In order to do
this, we need to make some preliminary definitions. For a finite binary sequence
s € 2" set

[s]:={ac2V|a|n=s}
Given n, we write S,, for the subgroup of LY(\, T) consisting of all functions constant
on each of the sets [s] for s € 2. As a topological group S,, is isomorphic to T2".
The obvious canonical isomorphism between these two groups allows us to view g
as a sequence (gs)seon with g, € T and, at the same time, as a function on 2N
defined by the formula g(z) = g5 for « € [s]. Observe that

S:={JSn.
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is a dense subgroup of LO(\, T).
The action of S on X, is as follows. If g € S, and f € X

gs - f(s) if [s| = n
(g-f)(s) = ﬁ%(g Sf)(st) iflsl=n—k<n

This formula defines an action of S on the algebra of Borel subsets of X, modulo
the y-measure zero sets. Such a boolean action can be viewed as a continuous
embedding of S into the group Aut(ys,) of measure preserving transformations
of Yso. The embedding extends uniquely to a continuous embedding of L°(A,T)
into Aut(ys). (The existence of such an extension follows from the proof of [7,
Lemma 2.2]. Indeed, the first paragraph of the proof of [7, Lemma 2.2] consists of a
statement, which we will call here statement A, that directly implies the conclusion
of that lemma. On a quick inspection, one sees that the argument in [7] proving
statement A uses only the assumption that the number of elements in the set
{0 €2 | |g(c) — h(o)| > ¢} does not exceed ¢ - 2" rather than, as assumed in [7],
that this set is empty. Statement A with this relaxed assumption directly implies
the stronger version of [7, Lemma 2.2] that has the existence of an extension to
L°(\,T) as its conclusion.) This is the boolean action of L°(\, T) of interest to us.

2.3. The spectral form of the Koopman representation induced by the
boolean action. The following theorem is the main result of the paper.

Theorem 2. The spectral form of the Koopman representation induced by the
boolean action of L°(\,T) on (Xoo, Voo) 48 determined by the sequence of measures
(12),; described as follows:
e ifdom(x) C {—1,1}, then ul = \P®);
e ifdom(z) € {—1,1} orj # 1, then pl = 0.
We will now rephrase Theorem 2 in even more explicit terms. For p, q € Z with
p,q >0 and p+ g > 0, define z, , € N[Z*] by

p ifk=1
Tpqlk) =qq ifk=-1
0 otherwise
With this notation Theorem 2 says that, in the sequence (u), ; in the spectral form
of the Koopman representation of the boolean action of L°(\,T) on (Xuo, Voo ), the
only non-zero measures are uglcm and they are equal to APT9.

The measure ,uglgp,q is defined on the space C,, ; the space can be identified with
(2M)P x (2M)7 and the measure with A\**4. We introduce the following notation

— 1 . -
Hp,q = Hg, , Cpq=0Co,, Pp,a *= Pup,q-

The Hilbert space e (p,q) consists of all functions in L?(u, ) invariant under the
permutation of the first p coordinates of (), , and the last g coordinates of Cp,,.

The representation p, 4 : LY(\, T) — U(Zé(upﬂ)) is given by the formula
(3) Pp.a(9)(f)(a,b) = (glar) -~ glap) - g(b1) ™" -+~ g(bg) ") f(a, b),
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where g € LY(\,T), a = (a1,...,a,) and b = (by,...,b,) with (a,b) € Cp 4. (Here
Pp,q(g) is a unitary operator whose value p, ,(g9)(f) at f € fé(up,q) is specified
pointwise via (3).)

Finally, we state Theorem 2 explicitly using the notation above. This is the
statement that we will actually prove. Proving it suffices to justify Theorem 2 by

the uniqueness clause of Theorem 1.

Theorem 3. The Koopman representation of the boolean action of L°(\,T) on
(Xoo, Voo ) Testricted to the orthogonal complement of constant functions is isomor-
phic to the (?-sum of the representations p, , over all p,q € Z, with p,q > 0 and
p+q>0.

3. THE PROOF OF THE MAIN THEOREM

Let A be the ¢?-sum of the Hilbert spaces L2(p, ) over p,q € Z with p,q > 0
and p+ g > 0. Let

a: L\, T) — U(A)

be the unitary representation arising from the representations p, , in (3). Let B
be the Hilbert space that is the orthogonal complement of constant functions in
L?(7so)- Let

B: L°(\,T) — U(B)

be the Koopman representation arising from the boolean action on (Xoo, Yoo )-

We will prove Theorem 3 by showing that there exists a Hilbert space isomor-
phism ®: A — B which is equivariant between the restrictions of o and S to S; this
is sufficient since S is dense in L°()\,T). Rather than construct ® directly, we will
proceed as follows. We will build a sequence of Hilbert spaces I'(n) and embeddings
E, :T'(n) - T'(n+ 1), defined for n € N. The spaces I'(n) are variations of Fock
spaces. For each n € N; we will also construct a representation v¢,,: S,, — U(T'(n))
so that

En Own = wn+1 rSn

as well as functions
FY:T(n)— A and F?:T'(n) - B

with the following properties:

(a) F* and F;f are S,-equivariant between 1, and « | S, and ¥, and 8 | S,,
respectively;

(b) F¢ = F, 0B, and Ff = P, 0 E,;

(c) U, F¥(I(n)) and |J,, F (T'(n)) are dense in A and B, respectively.

Strictly speaking, involving the I'(n) is not necessary: it would not be difficult
to define @ directly and eliminate the reference to them. Interpolating through the
I'(n), however, does help abstract and separate the tasks in the proof; this is the
reason we have chosen the current approach.
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In order to see that this is sufficient to prove Theorem 3, set A(n) := F¥(I'(n))
and B(n) := F?(I'(n)). Clearly A(n) and B(n) are subspaces of A and B, respec-
tively, and by (b)

A(n) < A(n+1) and B(n) < B(n+1).
Define ®,,: A(n) — B(n) by
®, = FPo(F*)~L.

Then ®,, is a Hilbert space isomorphism. By (b), ®,11 extends ®,. Thus, by
(c), there exists a Hilbert space isomorphism ®: A — B that extends each ®,,.
Further, by (a), ®, is S,-equivariant between « [ S,, and S [ S,,. Therefore, ® is
S-equivariant between o and 3, as required.

Therefore, to prove Theorem 3, it remains to complete the following steps:

1. Define I'(n), E,, and v, and prove their relevant properties.
2. Define F}¥ and prove their relevant properties.
3. Define F? and prove their relevant properties.

Step 1: I'(n), E,, and %, and their properties. We will now recall the con-
struction of symmetric Fock space and describe a modification which we will need.
For a non-empty finite set S with the normalized counting measure we consider
L?(S), the space of all complex valued functions on S with the L2-norm. For
s€ S, set vy = \/@X{s}' The set {vs | s € S} is an orthonormal basis of L%(S).
We consider the symmetric tensor product L?(S)©!. This is done as in [4,
Appendix E]. One first forms the tensor product L?(S)®! which is the Hilbert
space with orthonormal basis consisting of all vectors of the form v, ® - - - ® v, for
51,...,5 € S. Now L2(S)O! is the subspace of L?(S)®! spanned by vectors of the

form
1

ol = W Z Uspay @ @ Vs -
" fesym(l)
One checks that the vector v, ---vs, does not depend on the order of si,...,$

and that vectors of this form are orthogonal to each other. Thus L?(S)®! has
an orthogonal basis consists of all vectors of the form v, ---vg, for 57 < - < g,
where < is a fixed linear order on S. We will refer to such vectors as basic product
vectors. It may be verified that

(4) [vs, -+ v [l = (ma! - - )2,
where I’ is the number of distinct entries in the sequence s1,...,s;, say these are
tl, e ,tl/, and

m; ={j <l:t;=s;}|, for 1 <i<U.

Now, we consider a non-empty finite set S together with a disjoint copy S of S.
We also fix an involution o — & of S U S which maps S to S and vice-versa. We
say that a sequence o1, ...,0; is admissible if for all 1 < 4,5 <[, 0; # 7;. We
define the subspace

L*(SU§)©!
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of the symmetric tensor product L?(S U S)O! to be the span of all basic product
vectors vg, - - - Vs, Where o1, ...,0; is admissible. Adjusting slightly the definition of
the symmetric Fock space as in [4, Appendix E], we define the modified symmetric
Fock space I'(S, S) to be the the £2-direct sum of the spaces L*>(SUS)®! as | ranges
over the positive integers.

Definition of I'(n). Fix a disjoint copy 2" of 2" and an involution ¢ + & as above
and define
['(n) :=T(2",2").

We set up now some notation that will be useful throughout the proof. Let

01,...,0; be a sequence of elements of 2 U 27. Define
(5) m(o1,...,00) := (Ms)sean and d(o1,...,07) = (p,q),
where

ms :=|{i: 0, =soro;, =35}, p:=|{i: 0, € 2"}|, and q:= |{i: 0; € 27}|.
Note that

(6) j{: ms=p+q=1

se2n
We say a pair of sequences ((7“1, ey Tp)s (B, ,tq)) of elements of 2" is a variant
of (o1,...,00) if (r1,...,rp) is a permutation of the sequence (0;: o; € 2") and
(t1,...,tq) is a permutation of the sequence (7;: o; € 27). For ease of computation,
it will be useful to have the following convention for appending a binary digit to an
element of 2. If o =5 for some s € 2" and ¢ € {0, 1}, then set

O€ 1= 3E.
The following lemma contains the relevant to us facts on the norm in the I'(n).

Lemma 1. Let vy, - -+ vy, € I'(n) for somen,l € N and let m(oq---07) = (ms)sean-
The following are true:
(Z) chfl © Vo H2 = Hse% (ms!)
(i) For e € 2!
Ve e, "'Uaz6z||2 = H (ks!(ms — ks)!),
se2n
where ks is the number of © such that ¢; = 0 and either o0; = s or o; = 3.

(iii) 2 vg, v |2 = D Vore, *+ Voye ||

ec2t

Proof. (i) is a restatement of (4), and (ii) follows from (i) after noticing that
m(o1€1,...,00€) = (m})iean+1, where, for s € 27, ml, = ks and m’; = ms — k.
We now show (iii). For two sequences €, € 2!, the two vectors of the form
Ugye; * * " Vo, a0 Ugyef *** Ugyel AT€ equal precisely when the values ks computed for
one of them as in (ii) are equal to the values computed for the other one; otherwise,
the two vectors are orthogonal. Additionally, for a given sequence (kg)seon with
0 < ks < myg, there are HSGQ” (’;’;) such equal to each other vectors. With these
observations in mind, we compute || Y, coi Voye, *** Uoye |2 We let s range over 27
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and (ks)s range over all sequences indexed by s € 2" such that 0 < ks < my for all
s. Using (ii) to get the first equality, the identity > m, = [ from (6) to get the
next to last equality, and (i) to get the last one, we have

1Y vores v P =Y (H @))2 (H el (m — k:s)!>

ee2l (ks)s s

-2 (i)

(ks)s L s

- (X II(5) ) e

(ks)s s s

=2 T(ms!) = 2'1va, - vo |1 0

Definition of E,,. We define a Hilbert space embedding E,: I'(n) — I'(n + 1).
We specify it first on basic product vectors by letting

1\
En(vcn "'Uaz) = (7) Zvdlel o Uopers
\/i ec2l
for a basic product vector v, ---v,, in L?(2" U 27)61 with [ > 1. Note that

Epn(vg, -+ vy,) is a vector in L2(27F1 U 2”*1)6l. Clearly, E, is induced by the
assignment

Vso + Vs1 N Vg + Vet

V2 TR

from L2(2" U27) to L2(2n+1 U 2ntl),

Vg —

Lemma 2. E,, extends to a Hilbert space embedding T'(n) — T'(n + 1), which we
again denote by E,.

Proof. Tt suffices to show that FE, preserves the norm and orthogonality of basic
product vectors. Orthogonality of images of basic product vectors is immediate from
the observation that distinct basic product vectors are orthogonal. The preservation
of norm follows from Lemma 1(iii). O

Definition of ¢,. Let g = (gs)se2n € S, and let v, - - - v,, be a basic product in
I'(n). Let ¢, (g) : T'(n) — I'(n) be the linear map determined by

w(g)(vffl T UUZ) = (gh o Grp gtjl te '91;1) Vgy = Vgys
where ((r1,...,7p), (t1,...,ty)) is some variant of (o1,...,0y). Note that since
T is commutative, this definition does not depend on the choice of the variant.
Clearly v, is a unitary representation of S, on I'(n) and E,,: I'(n) = I'(n + 1) is
S,.-equivariant between 1, and ¥, 41 [ S,. This completes Step 1 in our proof of
Theorem 3.
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Step 2: The maps F¢ : I'(n) — A and their properties. Suppose that

01,...,00 is an admissible sequence from 2" U 2". Set (p,q) := d(o1,...,0;) and
define

(7) [o1,...,00] € (2Y)P x (2M)7 = (2M)!

to be the union of all sets of the form

(8) [ra] X - [rp] X [ta] > -+ x [tg],

where ((Tl, e Tp), (B, ,tq)) ranges over all variants of oy,...,0;.

We define a Hilbert space embedding F%: I'(n) — A. If v,, ---v,, is a basic
product vector in I'(n), then let

2nl

FS(Uﬂl"’vﬂl): W

H (ms') . X[O’1,...,O’l]7
se2m
where (mg)sean = m(o1---07) and (p,q) = d(o1---0y). Note that F¥(vs, « - vs,)

is an element of L2(\P x \?).

Lemma 3. F2 extends to a Hilbert space embedding T'(n) — A, which we again
denote by .

Proof. It is sufficient to show that F)¢ preserves the norm and orthogonality of the
basic product vectors. In order to see that F* preserves the norm of basic product
vectors, we will first show that

lg!
0 Morooil) = gy

Let ((rl, R N (T ,tq)) be a variant of (o1, ...,07). For function f and g that
permute sequences (1,...,p) and (1,...,q), respectively, we consider the set

(10) [rpey) < x [rpm] X [tgm)] - X [tg(q)]-

Each such set has A-measure 27, such sets are either disjoint or coincide, and
their union over all f, ¢ is equal to [o1,...,0;]. Thus, to show (9), it suffices to see
that there are p!q!/ [],con(ms!) distinet sets of this form. This is true since pairs
of permutations (f, g) as above form a group (under coordinate-wise composition)
of size p! ¢!, while the elements of this group for which the set (10) is equal to

[ra] e [rp] X [ta] - - [

form a subgroup of size [ (my!). Using (9), we compute

se2n
2
2nl
HFr?(un o 'UUL)”Q = ( H (mé')> : /\l([glv cee 7Ul])

p'q’ se2n
2nl H( ') 2 plql

= — mg!
P! sean 27 [sean (ms!)

= H (ms!)
se2m

showing that norm is preserved by F.
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To see that F preserves the orthogonality of basic product vectors, suppose
that vg, -+ v, and vy - "t Vg, are basic product vectors in I'(n). There are two
cases. If d(o1,...,01) # d(07,...,07), then F¥(vg, -+ v5,) and F(vy; -+ vor))
lie in distinct summands of the form ]ZVQ()\” x A?), making them orthogonal. If
d(o1,...,01) = d(0%,...,07) = (p, q), then both F*(vs, -+ v5,) and F (v -+ vor,))
lie in ﬁ()&’ x A?). Their supports [o1,...,07] and [07, ..., 0},] are disjoint as shown
by a quick analysis of the sets (8) for vy, - -+ vy, and vy - - V!, - O

Lemma 4. For each n, F2: T'(n) — A is equivariant between v, and o [ Sy,.

Proof. Tt suffices to check equivariance at elements of our basis. Suppose that
g isin S, and vy, --- vy, is a basic product vector in I'(n). Let d be such that
F(vgy -+ V,) = d - X[gy,....s1], and let ¢ be the common value of

Gr G 90 9e,

q
for variants ((7"1, ceyrp)s (B, - 7tq)) of (o1,...,00).
If (a1,...,ap,b1,...,bq) is an element of [01,...,0y], then it belongs to the set

[ra] X - X [rp] X [ta] x -+ x [tg]
for some variant ((r1,...,7p), (t1,...,tq)) of (d1,...,07). Therefore,
gar) -+~ glap) - g(b1) ™" - g(bg) " =g, gr, 0, g, =

and this value does not depend on (ai,...,ap,b1,...,by) in [01,...,01].
It now follows from (3) that

a(g)(X[al ..... a‘l]) :pPJZ(X[O’l ..... O’l]) :C'X[Ul ..... 0’1]7

from which we get
(11) a(g)(FS(UUU cee 7”01)) = (C : d) *Xo1,eeny0ou]
On the other hand, by definition of ¢, and linearity of F, we have

Fg('l/ln(g)(’l)gl T UUI)) = FS(C “Ugy -0 UUZ) = (C : d) *X[o1,eey01]
which together with (11) imply equivariance. O
Lemma 5. Ff =F 0E,
Proof. We need to see that

(12) FO (0, v,) = (\%)l S e (Vo o).

ec2!

We fix vy, - -+ vs, as in (12). Recall that the support of F(vy, - - vg,) is

(13) [o1,...,01],

and the support of F\;(Vgye, =+~ Ve, ) for each e € 2! is included in (13). Now
consider sets of the form

(14) [1€], ..., 01€]]

where ¢ € 2!. These sets form a partition of the set in (13). Thus, to check (12),
we need to see that both sides of (12) are equal on each set of the form (14).
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Fix ¢ € 2! for the remainder of the proof. Set also

m(O'l, sy Ol) = (m8)562" and d(017 cee 7Ul) = (pa q)

The function F%(vy, -+ vs,) is constant on (13), and therefore on (14). We
denoted this constant value by c. For every e € 2!, the function F¢, 1 (Voye; = Vore,)
is also constant on (14). This constant value is equal to 0 if

Voier " " Vo 7é Uole/l te v(ne;a
and is equal to some d, which is independent of ¢, if
(15) Voyer =" Vo = Vore) " Voye)-

Note that if (15) holds, then the numbers ks, s € 2", computed as in Lemma 1(ii)
for € € 2! do not depend on e. Furthermore, there are [Tocon (7]?) choices for the
sequence € for which (15) holds and m(oyeq,...,016) = (M})scon+1, where

(16) m', = ks and m/;; = mg — ks, for s € 2",

for each such sequence e.
It follows from the information collected above that to check (12), we need

w = () (1))

By the definition of F/¥ and (16), we have

2nl n+1

H and d= H k)Y,

ol gl
p-q: se2n

which imply that (17) becomes

V3 ] ey = (%)l (H (T]g)) V2O T (kal (s — ko)D),

se2n se2n se2n

Checking this equality boils down to the tautology

me! = (’Z) (ks! (ms — ks)Y). O

S

The next lemma completes our analysis of the maps F}.
Lemma 6. |J,, F(I'(n)) is dense in A.

Proof. Fix p,q with p,g > 0 and p + ¢ > 0. Let <j, be the standard lexicographic
order on 2". It suffices to show that functions in |J,, F¥'(I'(n)) separate points of
the set K of all (a1,...,ap,b1,...,by) in (2V)P x (2N)7 such that
a1 <ix - Six p, D Six oo Six by, and a; # by, forall 1 <i<p, 1 <5 <¢q
since the complement of K in the set of all (a1,...,ap,b1,...,b,) in (2Y)? x (2N)2
with
ai Slx o glx Gp and bl Slx o glx bq

has A\P*9-measure zero. The separation of points is evident since sets of the form

[Ula"'ao—p-l-q] mK?
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where
oi=ua; [ n, for 1<i<p, and op4; =b; [ n, for 1 <j <gq,
with n large enough so that a; [ n # b; [ n, for all 1 <7 <p, 1 < j < g, constitute

a topological basis in K at the point (a1,...,ap,b1,...,b4) € K. O

Step 3: The maps F? : I'(n) — B and their properties. If s € 2" for some
n, define z; = z,. We define a Hilbert space embedding F/? : T'(n) — B. For each
basic product vector vy, - - - vy, in I'(n), set

!
FB(v,, CUg,) = HZO'
i=1

Lemma 7. Ff extends to a Hilbert space embedding I'(n) — B, which we again
denote by FP.

Proof. Tt suffices to show that F? preserves the norm and orthogonality of the basic
vectors vy, - - - Ug, from I'(n). By (2) and the independence of the random variables

{zs | s € 2"}, we have that if m(oy, -+ ,07) = (ms)se2n, then
155 (v, -~-vm>u2:/ 201+ 20 oo = ] / |22 dyee = [T (my)).
Koo se2mn Xoo SE2™

So F? preserves the norm of basic product vectors in I'(n). Furthermore, (2) implies
any two distinct vectors of the form z,, - -- 25, with [ > 1 are orthogonal. (]

It is immediate from the definitions that, for each n € N, F?: T'(n) — B is
S,-equivariant between v, and b | S,, and also that Ff = Ff 11 ° E,. The next
lemma completes the proof of Theorem 3.

Lemma 8. |J,, F?(I'(n)) is dense in B.

Proof. Let C denote the collection of all constant functions in L?(7s.), noting that
L?(7s) = B+ C. If S C 2", let Ps denote the span of all products of the form

. 2™ where s ranges over S U S and mg > 0 for all such s. Here we allow the
product of length 0, which we define to be equal to 1. Define Qs C Pg to consist of
the span all such products which moreover satisfy that ms +mz <1 for all s € S.
Both Pg and Qg contain C' by convention. If § = 2™ we will write P and @ for
PS and Qs.

In order to show that |J, F?(I'(n)) is dense in B, it suffices to show that
U,, F2(D(n)) 4+ C is dense in B 4+ C = L?(vy). Since Q C U, FF(I'(n)) + C,
it will be sufficient to show that @ is dense in P and P is dense in L?(7).

Claim 1. Suppose that Sy, S1 C 2™ are disjoint sets. If f; is in Pg, Ncl(Qg,), then
fOfl iS in CI(QSOU&)-

Proof. Let 1 > € > 0 be arbitrary. For i = 0,1 let g; € Qg, be such that || f; — gi|]| <
e/(IIfoll + I fill + 1). Note in particular that since |g1| < ||f1 — g1l + || f1]|, this
implies ||lg1|| < ||f1]] + 1. Since fo and f; — g1 are independent, we have that

€
| fof1 = fogrll = I foll - Ifr — g1l < ||f0\|m'
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Similarly, since g; and fy — go are independent

€
I fogr — gogill = llfo — goll - lor |l < 55— (lA1ll + 1).
I foll + Il.foll +1

Thus,
[ folle (ISl + e
[ fof1 = gognll < =
[ foll + [/l +1 [lfoll + Al +1
Since € was arbitrary, fof1 is in the closure of Qs us; - O

Claim 2. For any s € 2™, zFz" is in cl(Qy4}).

Proof. The proof is by induction on k+m. The base cases k+m = 0,1 follow from
the fact that z4, Z, and the constant functions are in Qg. Suppose that k+m > 1
and let [ > 0 be fixed for the moment. Observe

k m
k-m _ o—Il(k+ 2 =
Zs Z;n 2 (em)/ E : H Zst; H Zstrti

te(2t)ktm i=1 i=1

If £ € (21)*+™ is not a constant sequence, then let (u; | 1 <4 < j) be an enumeration
of {t; | 1 <1i < k+ m} without repetition so that

k m
H Zsti H ZsthrL H Zsul 5ul
i=1 i=1

where 0 < k;,m; and 0 < k; + m; for each 1 < ¢ < j. Note that j > 1 by our
assumption that {'is not constant and since k +m = 25:1 k; +m; with each term
positive, it must be that k; +m; < k+ m for all 1 < ¢ < j. Thus by our induction
hypothesis, z¥: Zg 18I0 Qgy,y for each 1 <4 < j. By iteratively applying Claim
1

b
m J
I | | I I | ZMi
Zst; Stm+i Zmlh sul,
% i=1 i=1

is in Cl(Q{sui\lgiSj}) - CI(Q{S})
The sum of the remaining terms from the expansion of z¥z™ is

— I(k+m)/2
=2" Z.stzbt
te2t

k
=1

Since Qg contains the constant functions C, it suffices to show that r; — ¢ — 0
converges to 0 for some ¢ € C.

If k # m, then by (2) {z%,2™ | t € 2!} consists of elements of B and is pairwise
orthogonal. Moreover

lrlf? = 27105 Gz ® = (4 )t 27!,
te2l

In this situation as [ — oo, ||r|| — 0.
If kK = m, then by (2) {2%2™ — vm! | t € 2'} consists of elements of B and is
pairwise orthogonal. Moreover

I = Vml|* = 2727 Y 72520 — Viml|[P = 271D ((2m)! — (m)?).

te2l
Again, as | — oo, |1 — vml|| = 0. O
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Claim 3. @ is dense in P.

Proof. Since P is closed under linear combinations, it suffices to show that if S C
2% for some k, then any product of the form [], g 2720 is in cl(Qg). This is
established by induction on the cardinality of S. If S is empty, this is a consequence
of the fact that @ contains all constant functions. If S is non-empty, let t € S and
set S = S\ {t}. By induction [] g 20" 20 is in Pss Ncl(Qs) and by Claim 2,

z"'zy" is in Py Nel(Qyyy)- By Claim 1, [[ g 28" 28 is in cl(Qs). O

Now we finish the proof of the lemma. As noted above, it is now sufficient to
show that P is dense in L?(7,). Since X, is locally compact, the Stone-Weierstrass
theorem implies that the polynomials in {2, Zs | s € 2"} are dense in L?(+,,). Since
X is an inverse limit of the spaces X,,, P is dense in L?(74). O

4. CONSTRAINTS ON THE SPECTRAL FORM OF KOOPMAN REPRESENTATIONS

In order to state the constraint on the spectral forms of Koopman representations
of LO(\, T) proved in [9] and explain its connection with Theorem 2, we need to
introduce semigroup structures on the objects involved in spectral forms.

We can identify N[Z*] with the collection of all finitely supported functions from
Z* into NU{0}. This identification allows us to regard N[Z*] as a semigroup with
the operation @ of coordinatewise addition. There is an action of the semigroup
Z* on N[Z*]. For x € N[Z*] and m € Z*, let mz be the element N[Z*] such that
dom(mz) = {mn | n € dom(z)} and, for n € dom(mz),

(mz)(n) ;= z(n/m).

The space Cyq,y can be identified with C; x Cy in several ways. To make these
identifications precise, define I to be the set of all ordered pairs = (¢*,:¥) such
that

*: D(x) = D(xdy) Y D(y) = D(xdy)
are injections which fix the first coordinate and whose ranges partition D(z @ y).
For each v € I, define a homeomorphism h;: C, x Cy = Cypgy by

a(k,i)  if o (k,i) = (k, )

hi(a,b)(k,j) == {b(kz,i) if 1¥(k,i) = (k,j)

For p compatible with « and v compatible with y, we define

pow =3 (h)alp x v).
el
It was proved in [9] that if ;1 and v are measures compatible with z and y, respec-
tively, then p ® v is compatible with x & y.
There is a natural homeomorphism between C,, and C,,,. For m € Z*, define

ex,m: Cy = Cpz by

ez m(a)(mk,i) == a(k,i).
For p compatible with x, set mp := (eg,m)«(1). It was observed in [9] that if u is
a measure compatible with x and m € Z*, then mu is compatible with max.
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Theorem 4, proved in [9], gives the additional condition fulfilled by the spectral
form in case the unitary representation of L°(\, T) is a Koopman representation.

Theorem 4 ([9]). Assume that (i), ; determines the spectral form of a Koopman
representation associated with an ergodic boolean action of L°(\,T). Then, for

mi,...,my € {1,—1} and z1, ..., 2, € N[Z*], we have
(18) mlu}“ Q- ® mn,uin < uglc, where £ = mix1 D -+ O MpTy,.
In Theorem 4 the coefficients my, ..., m, come from {1,—1}. It is natural to

enquire, especially in light of the arguments in [9] and the main theorem of [1] as
reformulated in [9, Section 4], if the conclusion can be strengthened so that (18)
holds with arbitrary coefficients from Z*. Theorem 2 implies that this is impossible.

Indeed, let (uf), ; determine the spectral form of the Koopman representation
associated with the boolean action of LY(\,T) from Section 2.2. It follows from
Theorem 2 that for my,...,m, € Z* and 1, ...z, € N[Z*], condition (18) holds
if and only if either each m; = £1 or else there exists 1 < i < n such that m; # +1
and z; # xp 4, for all p,q. In the latter case ml,uil R ® mn,uin is the zero
measure. In particular, for m € Z* we have that

(m,u,;.L0 = pp, for . =mayg) < (me{-1,1}).
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